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ADVERTISEMENT. 


.Z HERE are i%vo points ufii'hieh ii feniK merj- 
farj that the reader of the fo/loivirijr 'rreatde of 
C'jrt'ic SeHlom Jhould he apprized ; fr/f ’lehat pre- 
vious huAelcd^e. tvill be expei'Jed from him ; undje- 
eondl)\ li'hat extent of information the Treafifi itjelf 
is intended to ajfoed. 'I'hc firjl of thtfe tvill prevent 
the yoitnp /Indent from entering upon the tvork till 
he is duly prepared, and the feeond will enable him 
to jndoc hotv far it is likely to eoniribute to the at- 
tainments tvhieh he has in viav. 

It is expected then, that the younp Jludent Jh ndd 
wulerjland thorouphly thejir/lfx Hooks of Kite lid, 
the firJl twenty-one Kropofitions of the eleventh 
Book, the two firjl of the twelfth, and thejirjl pi itt- 
eiples of Algebra, and Plane Trigonometry, 

As no number can he ajtgmd as a limit to the 
properties of the conic feCtions, any treatife on the Jit b- 
jeCl can be Jiippofed to eontain only a /'election of tlnf e 
which are moji important and viojl ttfefnl, either 
gmerally, or with reference to the particular drjign 
(f the. Writer', fn the prefent injlanee the difign 
has been, to furnijk the yonng Mathemaiieian with 
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Juch a fetus of fro^qfitions as might prepare him. for 
confidering fome of the mofl important truths in fci~ 
eTue, and eiiable him to enter on the fiudy of na- 
tural phiJofophy, with the profpcdt of obtaining a 
thorough knowledge of the fubjeQ. According to 
thefe views the feleStion of properties and the extent 
of the work have been regulated ; and at the fame, 
time the arrangement and divifion of the whole have 
been made with a defign of accommodating two de~ 
fcriptions of readers. Thofe who are confdered as 
conjiituting the firji clafs are fuppofed to he defsrous 
of a general but refpedtahle portion of knowledge of 
the fubjeA. For the ife of fuch a penfal of the 
firji three Books will he found fufficient^ as they con- 
tain the properties of the feSions moji frequently re- 
ferred to in pure and mixed mathematics. For tho/h 
who rank under the fecond, or higher deferiptinn, a 
kmwledge of all the four Books will be reqnifte, as 
th^ complete the original deftgn of retidering the 
whole a preparative for the Newtonian Philtfophy, 
The Author flatters hinfelf indeed, that he flail he 
found to have carried his elucidations of the Prin- 
cipia, in the prefent work, conflderably beyond what 
hme been attempted in other treaiifes of coidc fee- 
tions. 


Something tnifl now be added concerning the far- 
'tiedar method, which has been adopted m tltfl fleets, 
of deducing the ' primary properties ef the fltlims 
from the nature- of the cone. 


It 


ABVERTISRMENT. 


// is well knrAvn, ihiit about the 7nuUU of the fe~ 
•venteeuth cmtury a difference of opinion took place 
among nmthciimtic 'iam eoncvruing the proper fource 
from which the. properties of the conic fedfions Jhould 
be, dt'dnccd. Hut mtunthflanding the objedtions which 
then began to be made to their dedncHon fr'uu the cone, 
and which have Jince been con finned^ it appears to the 
Author (if this work that the difficulties attributed to 
the dedudlions from it were, not to be impiilctl to the 
folid itfelf, but that they xvcrc occaftoned folch by the 
nmnner in which the dedudions had been made *. 
1'hc early writers did not hiippeu to perceive that 
the general and e.xten/he properly, exprelfcd in the 
thirteenth Propmjition of the JirJl Hook of this Trca- 
iife, could eafilj be obtained f'om the cone ; and, 
ml adverting to this, their deduilions from the com 
were fomclimcs tedious and intricate. 

The above-mentioned property, as far as fecants 
ai'e concerned, occurs (1 believe for the JlrJl time } in 
a folio volume, of wli/eh a treatije of conic fetlions 
makes a part, entitled, I'iUcHdes Adau^us ct Me* 
thwUcus, he. puhlijhed by Guarinus in 1671, The 
property to the fame extent is to be fomd in Jones's 
Synoplis Palinariorum Mathefeos, pubVfficd in 
1 706 ; hut neither of tlufe two authors conjldered 
the property as a fimlamntal one, nor do they fern. 

* For foundations for fyftcm*, independent of the case, fa* 
the SchoUum in pige 1 to, and the firil feven artkks in th* 
SchoHum at the end of th« third Book. 


to 



advertisement. 

iohai^e hen aware of the aehantagei it um rapa- 
Me of producing. Its estmifive utility was Jirf 
evinced in HamiUorls Conic Sedfhm, piilffml m 
Latin in 1758 ; and on the appear ana of iim %vnia 
ohjeSions to the cone ought to have ccaJeJ. 

This was my psrfuafion when Jfuldi^cJ my for- 
mer treatife*, and eaiety deliheratm tm the/uhjeil 
fmce has tended to Jirenglhen my comniihn of its 
fufiice for the following reafons. FirJ, the xvhok 
trouble with the cone is reduced to a very fno Je- 
monfrations, for which no farther hmwkdge oj 
^mlid is mcejfary than what is requifiHfor Sphe- 
rical Trigonometry. Secondly ^ by this method the 
general properties are obtained with mojl cafe and 
elegance. Lafily, by deducing the properties from 
the cone the treat fe is rendered more rxfeii/ivr^ 
tfful. No work OH conic fcBiom^ mtifmtd to their 
defeription on a plane, can be applied to elucidations 
in Peffpedlive, Projections cf the Sphere, the Doe- 
trine of Eclipfes, and hi fonie other pafUcttlars of 
the highejl importance in fcience. 

^Ppy the reji tl need only he /aid, that the tnanntr, 
ip wUek the properties of the freftom are etqffrd 
and arranged, appeared to the Autlw, on the. whdr, 

' * In ttic year 1792 the author of the piefeat worte pubJilhoA 
» <J«arto volume, eutillc.'l, BcitiMVM (hukantm UM ppirn. 
^decedit Tfi^atvs ik Hdlmikn Cmkis, tl ik yni 

atrttn.do^r'fncm traduhrmt. The laft inenlkwrd Tr 0 . ico!!* 
tains a full biltorical aocount of the fahjevt. * 
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XI 


lo be that which was hejl calculated to Jhew what 
p-operties are general, and what are appropriate to 
each of the fe&ions . 

The trealife. following that on conic fedhms, in the 
■pnfent 'Volume, contains only the niojl common pro- 
perties of the mrves fpecijtcd in the title page. It 
is intended as a preparathn' for ihofe who wifh to 
invejtigate the, higher properties by means of P'lnx- 
ions. hi the JirJl fedlion methods of finding two mean 
proportionals and trifetting an angle, by means of 
conchoids, arc infer ted. In the third fePIion a method 
rf dh'iding an angle in any given proportion, by 
means of the quadralrix, is given ; as is al/o the 
quadrature of the circle, by means of the fame curve. 

N. B. When a demonf ration, in the following 
worh, is efct/cd by means of two rants of mai;iii- 
ludes, which, taken Kvo and two in the fame, or in 
a crofs order*, have the fame ratio to one another, 
they are placed thus, 

A : B : c : » 

K : t’ : G : i f j 

A, B, c, D reprtfeniing thejirf rank, and B, f, o, n 
the feeond. Previous to this arrangement of the 
magnitudes, their ratio to one another is ejlabltjhed, 
and therefore it evidently appears in ivhieh of t/m 
two orders the magnitudes are proportional. In 

• 'I'hal either ex a;i|iiuli, or ex jei|iiali in |iinj«irtiit!u- nf'i ■ 
iuibal.t. 


order 



* , if a tk r,a.ngh undtr it,JipnmU 

if a fecant. 


errata. 

jsg.lise4.fr«Siibebot£mB,^ritisa t€COiiaai<ui , ^ . 

£ fesKiti dkmcter 

*— a:rf« 1«e 5» ^imi M.i«3®psic5 ■ ■ ,, 

Iffl* 21. IHnc^Fatus 

*-— 247- lla^ 8 ® 

— 247. m th€ lEiai^a read Fig. 13. 

^ line 16, &c. anak^s to a feries of loganthms, and the 
ordinates b r, c G, D a, &c. are analosous to natural 

* te 15 . asi %iral 
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LEMMAS 


I 

FOR THE 

FIRST THRJgE FOLLOWING I500RS 

OP 

. CONIC SECTIONS. 


LEMMA L 

^ the plane Jigure a T T) be bounded by the Jlraighl lint i.-.g. t. 
A D and the curve a P D, and if the fquart of the 
Jlraigbt line P l, drawn from any point p in the curve 
perpendicular to A x>, be equal to the reSangle under the 
fegments a I, i D, the figure will be a femicircle. 

For let A z> be btfe<Eted in c, and draw c f. Then 
(47. i.) the fquare of c f is equal to the fquares of c i, 

I F together, and therefore, by hypothefia, equal to 
the fquare of c x together with the re^ngle uikUt a i, 

I D. But as A D is bil'e^tcd in c, the fquare of a c or 
c » (5. ii.) is equal to the Iquare of c t together with 
the rcflangle under a 1, x s. Confequenily the fquare 
of c t is equal to the fquare of a c or c d ; and there- 
fore c F is equal to a c or c ». The figure a p » is 
therefore a fenxicircle. For Prop. IV, Book I. 


s 


I,EMMA 


^ t'WQ- Jlraight lirtBs he fdrallel^ and a plane fnjs ihrmigb 

each of them, the common fe&ion of thefo planes, if they 
cut one another, will his parallel to each of the faralU t 
lines. 

Fig. Let two ftraight lines as A 0, B c be parallel. Let 
the plane A 0 .F pafs through a p, and cut the plane 
B c F, puffing through B c, in fte ftraight line K F ; 
the line of common feftion e p is parallel to A D, b c. 
For let thefe planes be cut by two parallel planes k A B, 
F 0 c. Let the plane e A b cut the plane a 11 c d in 
the ftraight line a b,‘ ihe plantj- a 0 F h in a j; , ;ut<l 
the plane b c f e in b e. Let the plane p 0 c cut the 
plane A B c n in the ftraight line o c, the plane a n f j 
in 0 F, and the plane B c F E in c p. Then the ftraight 
line A B is parallel to D c (16. xi.) A E is paraliel to 
B F, and B E is parallel to c F; Hence (34. i.) a ij, 
0 c are equalj the angle e a b (10. xi.) is equal to the 
angk p 0 c, and the angle e b a is equal to the angle 
F c B. ’ ^nfequently ( 46 ,.i.) A 0 > are equal, atid 
therefore (33. 1 .) a 0, E F are equal and parallel. For 
the fame teafohs E F, B c are\paikilel. For Prop. Vli. 
Book Iv 

LEMMA m. - ■ 

g a firelight line cut either qf tiyo parathl Jlraight lines, 
he in the fame plane with them^ it will, if fujfi- 
, cien^'pyoiiuced, cut the other. 

Fig. 3, ■ Leit the fiihlght lines a b, d e be parallel, mid let 

C F be in the fame plane with thdm, and mit A B in the 
point e ; the ftraight line S F produced will t ftt n n. 

■ For letany point Gbe'takenf in 0 e, and draw c G. 
Then as the angles B tf o/ E b c togetlier (ttqi'i.) are 
equal to two right angles, the angles p c o, e g c to- 
gether 
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gether are lefs than two right angles, and therefore 
{ax. 12. i.) the ftraight lines c f, d e produced will 
meet one another. For Prop. VlII, Book !• 

LEMMA iV. ‘ 

■ • &' 

^ two Jlrdight lines cutting one another he parallel to a 
plane^ a plane pe^ng through them ufill he parallel to 
the fame plane. 

Let the two ftraight lines A c b, cutting one an- Fig. 4- 
other in b, be parallel to the plane D o h E ; the plane 
palling through a b, c js is parallel to the plane 

D GH E. 

For let F be any point in the plane D G h E. Through 
A E and f let a plane be paffed, and let it cut the plane 
I) G H E in the ftraight line o f h ; and let a plane pair- 
ing through c B and f cut it in e f g. Then will a b 
be paraUel to d f h, a^d c b will be parallel to e p a. 

For if hot, ; then A n will meet d f h, and c b will 
meet e f g, and cotifequently a b, c b wilF meet the 
plane d g h e, in which d h, e g are, contrary to the 
hypothefis. The plane palling through a b, cb ( 15 . xi.) 
is therefore parallel to the plane d G h e. For Prop. 

X. Bookl. 

LEMMA y. - 

^ the JirJl of eight Jlraight lines he to the femnd as the 
third to the fourth^ and if the fifth he to the fixth as the 
feventb to the eighth ; then the reBangle under the firf 
and fifth will he to dbe rehtangle under the- fecond and 
fixth as the rehtangle under the third and feventh to the 
^eB'angle und^ the fourth a7id eighth. And fi the reB-^ 
angle under the' firfi arid fifths of eight firaifijt lines^ be 
to the redangle under thf fecond and fixth as the red^ 
angle under the third arfi feverith to the redangle under 
the fourth and eighth ^ and if the firfi he to the fecond as 
' ' B 3 the 
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the third to the fourth^ then the JiJth will he to the Jixib 
ds the fevertth to the eighth. . . 

Parti. Let A the firll of eight ftraight llnes^ he 
to B c the fecond, as d e the thircf to e f the fourth^ 
^nd let G B the fifth be to b h the fixth as r E the fe- 
tenth to E K the eighth ; then the reftangle under a b, 
G B is to the reftangle under B b h as the re6langle 
under o i .e to the reftangle under e e k . 

For let.^ABj B c be in a ftraight line; g B h be in 
h'firaiglit lihe; e f be in a ftraight line ; and i e, 

B k be in a firalght liiie ; and let thefe ftraight lines be 
at right angles to one another^ and let the re^angles 
be completed as reprefented in the figure. Then A q is 
the rectangle under a g b ; c h is the reftangle un- 
der B C5 B H I is the reSangle under n e^ i b > and 
F K is the rectangle under e f, e k. By hypothefis 
A B : B c : : D E : E and tlierefore (ii. v. and i, vir} 
A G : G c : : D i : I F. Again^ by hypothefis^ G B : 
JB K ; : I E and and i. vi.) g c : 

cBiiieVfeX^C 

\ ^ AG : GC*:”c G 

D I : I F : p K5 . ^ 

and therefore (aOr, v.) a g : c h : : i> i : f k. 

Fig. 5. Part II. The conftruftion^ with relpeft to the re6i- 
angles^ remaining as ftated above, let the refiangle a q 
be to the redariglec H as the.reaahgle d x to the reft- 
an^ P K, and let a b be to b d as xj e to e p ; then 
G B is as I E to E K. 

For, by hy|)othefis and inreididn, B c : A E : t E p 
D e; and therefbi^ (ri\ v. smd lyvi.) g c : a g : m f : 
i> I. Again by h;^t!ieffs a g : c n : : d x ; p fc. Con- 
leqmently, ■' * ;•' - ‘ 

■ \ \ G C: A G : c H .. ^ " r 

. ' ' ' 'and 
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^ikI therefore {%%. v.) a c ; c n : : l f : f K. But (r • vi.) 
a c : c H : : G B : B ii, and i f : F k : : i K : r: Kj and 
therefore (ii. v.) G b ; B ii ; : i k ; E R, For Prop. 

%. Book L 

LEMMA VL 

^ Um foinis €5 I> /?#; Jh Jkuakui in the Jlralghi Um A Fi|t. 6, 
ilmi redarigle ,D A c is to the reBangh C B i>^ 

then A c is efpial to n n ; or if the reiinngle a c: B he 
e*iual to the reiidngie n D A, then A C is etjuid to b f>. 

Cafe T, Let c i> be blfeftccl in and then {fu ii,) 

■^he rcfitanglc i> h r toQeXhvv with the hpiare of e v, m 
4-(jual to tlu‘ fejuarc of a k ; and theredangle c B D to- 
gether with tlu* f juarc of h d h equal to the fquare of 
H, 11 k‘ fquare^ of a ii e are therefore ecpial^ and 
^^onfeciuently a h is equal to 11 E, and a c is. e*|uai to 

„JP H. 

Cafe II. Let a b be bUedled in and, then (5. it.) 
fjic re6buigle a c n together with th<^ fquare of i*: c 
iC^qual to tlic fquare of a e or i: » ; and tlie rc^langlc 
jo; o A together with the fquare of .k i> i,s ta|ual to the 
fi|uan* of K B, Liie fquares of k cq k i> are therefore 
eciuah and ccmfequently e c h equal to i: o, and a c is 
equal to b i>. For l¥op. L Book II. 

L E M, M A VIL 

Jh'ulghi line hneh a einle^ ami turn might lines eui^ 
ting theeirele jnifs ihmugh the point 0/ eontael^ trmi meti 
a Jimighi hue parallel to the tangent^ the reliangie 
nnJer the fegmeuts of the one^ hdaorn the point tj' 
tahi ami ilremHjrrenei\ ami loin een the point of tuniitei 
iimljlrmgbi line parallel to the tangent^ vri// he e^gial to 
the 7 \:tiaugle unJef tlje Jlgfmnts of the other ^ i^eiiveen the 
point nf eoniaii ami emnwjereaee afij hetween the fmmi 
0/ coniai'i ami Jiraighi line parallel to the iangmi0 

u j I.et 
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Fi^ 7. 'Let the flralght line a b be parallel to the ftraight 
^ line R G touching the circle e p f in the point and 
let the two foaight lines e p, f p, paffing through 
meet the circumference again, the one in e and the 
other in and let e p meet the ftraight Hne a b in c, 
and p p meet it in d ; then the reSangle under e 
' p o is equal to the refiiangle under f p^ p d. 

For E F being drawn, the angle e f p liL) is 
eqml to the angle r p e, which (39. i.) is equal to the 
angle Pt c t). The triangles £ p e, d p c are therefore 
equiangular, (4. vi.) e p : p f : : d p : p c. Con- 
iequently, (16. vi.y the re<9:angle under e p, p c is eq^u^ 
to the re( 9 :angle under f p, p d For Prop. I. Book 
III. ■ ■ ^ 

Cor. 1. if A cut the circle in B, and p b be drawn^ 
it may be proved in the fame way that the reftangle 
under fp, p d is equal to the fquare of pb. For the 
tangent r p being produced to g, and b f being drawn, 
the angle b p g (3^. Hi.) is equal to the angle b f p ; an4 
(219. i.yitls alfd equa to the angle d b p. The trian- 
gles B F p, D B p are ther^ore eq^uiangular, and (4. vl.) 

F p B : : p B T p D, and (^ 17 . vi.) the redlangle under 
F p, p D is equal to the fquare of p b. 

Fig. 8. Cor. 3. The reft remaining as above, if b G be dfawi^ 
parallel to p p, B g is (34. i.) equal to p D, and there«^ 
p n ^ ' 

fore by the above, p p = ^ 

Z . B G 

LEMMA VIIL 

^ the Jirfi l3htee Jlraight lines he to the third th^ 
fqmre of the fzm of the jirjl and fecmd to the fquare ^ 
the fum of the femnd and tbzrdy the feaond will he a, 

* liioe a b may be on eitlier fide of the tangent R G, 

.and it h not necefey, npon b^g produced kdefimtely, that it ihouH 
meet the circumfepcnoe of die circle. * ’ ’ ' ' 

fneau. 


iTOW/i and ihirdj ' tin' jWodd unll he a mmn prcforthrml 
hetzuccti iht' tjifui thtedm 

f 

Part L Let a denote the firft, n the fcconcL and e 
the third, of the ftnught Hiich. Then by hypothcfin a i. 
c : : A n + and it \n to be proved tluit 1 In 

a mean proportional between a and c. 

lA‘t i> be a mvm proportional between a and c\ 
and then, by inverfion, i) : A : : C : o, and (iH, v.) 
A-f D : A : : o 4 e: ; i) ; and therefore by alternation 
A : I) : : A 4- t> : o 4- Cbnfcc|ueutjy (ai, v’n) a : 
d" : : AT-'h : i> 4‘ o*'- Btil (Cor. a. 20. vi.) a : c : : 
A*: D anel therefore by bypothefiH (and u. v.) 

t : : A + : h + c?L Confec|UentIy 

(2%. vi.) A 4- B : B + : A + i> : 4- c ; and there- 

fore, by convarfion, a + b ^ a — e : ; a 4* s a c, 
and ( 14 . V.) A ‘f B is eqtml to a + i>. Corifequently i> 
is to d, and the.reforc B is a mean projjortioiud be- 
tween A atui c. 

Part 11. I>ct A denote the firft of the three ftraiglrt 
lines, B the fecond, ainl i* the iliird. Then by hypo- 
thefis A : c ; : A — » ^ : II — t!'; and it is to be proved 
that B is a mean proportional between a and c. 

Ixt i> he a mean proportional between A and c. 
Then a : i> : : i> : c, and by converfion a : a — o ; : 
D : II — c ; and by alternation, a : n : : a — i> : o — c% 
Confeqnently (aa. vi.) a * : D ^ : a — o ^ : 11 — c L 
But (Cor. a. ao. vi.} a j c : : a ^ and thert!fore by 
hypothefis (and ii. v.) a — : aTL C'* : : s 

Confcquently (ai. vi:) a — a ; b — c : s 
A — D : 0 — c 5 and therefore (18. v.) a — v : e — e 
: ; A — c : 0 — e. Hence (14. v») a c is equal to 
, ■ Ji 4 0 ^ 





«' ■ > ' ■ ■ t'EMMJlS, &C. 

B — lii«i^ore b is ^ual to r>. Confequentljr B 
is a mean proportional between A and c. For Prop- 
xxm. Book III. 



A 


GEOMETRICAL TREATISE? 

• • . ■ -OF ,, 
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BOOK L 


Containing general Properties deduced Jrom the Cone. 


DEFINITIONS. 

I. 

I F through the point without the plane of the 9% 
circle a f e, a ftraight line A v d be drawn^ and ex- 
tended indefiniteljr both ways, and if the point v re- 
main fixed, and the ftraight line a v d be moved round 
the whole circumference of the circle, two Superficies 
will be generated by its motion, each of which is called 
a Conical Superficies.*^ and thefe mentioned together are 
called Oppofiie Superficies. 

Cor. A ftraight line drawn from the fixed point v to 
any point G- in either fuperficies is wholly in that fuper- 
ficies I and, being produced, the part on the other fide 
of V is wholly in the oppofite fuperfici^. For a ftrai^t 

line 


luperncies; and^ being produced^ the part beyond v is 
in the oppofite fiiperficies. Hence the Cor. is evident ; 
for only^ one ftraight line can be drawn from v to as 
two ftraight Iines*cffliaot hrclofe a fpace. 

ir. 

^ The folid contained by the conical fuperficies and the 
circle a f b is called. ^ C^m. 

III. 

The fixed jxjint v is called the Vertex of the Cone. 

IV. ■■ 

Tlie circle a f b is called the Safe of the Cone. 

, V. 

Any flraight line drawn through the vertex of the 
cone to the circumference of the bafe is called a Side of 
the Cone. " 


A firaight line v c, drawn through the vertex of the 

^e and the center of the bafe, is called the^ww of the 
Cone. ^ - 

, ^ . .. 

^ If Ae axis of the cone be perpendicular to the bafe, it 
3s called a Cone^ » 

VIII. 

If the axis of the cone be not perpendicular to the 
Bale, It IS called a Scalene Cone. 

■;* - ** .r. 

r A plane is IHd to touch 'a cuucal fwpetfines. when it 
^ts the fuperficies, and when, being produced inde- 
finitely, in -any direflion, it faUs without the fuper- 

*«es- ■ , .i-.A.k..'*.;;.,-,,:. ' 

" ' ..... 

^ A^ghf.line 

which,' being produo^ hodi ways, falls wj^out the 

fuper- 
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fupcrficles, is called a Tangent; but a ftraiglit line BOOK 
%vliich meets a conical fuperficies in two points, or each 
of the oppofite fuperficies in one point, is called a iV- 
fan in 

XL 

A ftraiglit line is faid to be parallel to a plane, when 
both being produced ever fo fiir, both ways, they d9 

not meet, 

XIL 

If a cone be cut by a plane, their common intcrfcc- 
tiou is called a Canie Seiimin 

XllL 

The common interfedLon of any plane, not paftitig 
through the vertex of the cone, with the conical 
ficies, is called the of a Conk SfiTio/u 

PROF* L 

jf a coMf h‘ mi i^y a plane pafing through ihi vertex^ th& 
fcfilon *ivlll be a triangle. 

I^et the cone v a f h be cut by a planer paftlng through Fi^, 9, 

V the vertex, and let v a b be the common intei1c4!:tion 
of the cone and plane; t!ie fciHion v a a is a triangle. 

For let the platte, pafting through v, cut the plane of 
the bafe in the ftraight hue (3, xi.) a b, and the cir- 
cximiureuci^ of the bale iu the points a , b; and let the 
ftraight lines v a, v b be drawn. Then, as tlie points 
V, A, B are in the plane cutting the cone, tlu: itraighi 
lines V A, v b are wholly in the ftime planes ; and as tlie 
points A, B are in the conical fupcrficicH, tlie ftraiglit 
lines V A, V B are alfo wholly in tiic lupcrficies, by tlie 
corollary to the firft Definitiun. The ftraight lines v a, 

V B are therefore the common mtcrihbilunu of the co- 
nieal fuperficies and the plane cutting the cone ; and 
confcqucntlv the fe^llun v a b is a triangle. 

Cor. 
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cof^itm-n through the vertex, cut a 

~ lines’ anrt ^ in two firaio-ht 

pofi.. t: SCv.v “'“ 'J“ T 

and in them only. This is L/Jn^ J ’ u 
the corollary to the firft Definition. 

PROP. II. 

L4 ;:::“ ::X: 

•/« w., fc i» ,i. 

xs£"-s.xrAS: 

We. .ndX ;,t:Tr “ff “ 

fWe, ,„d i.. i„«. i i„ V e 7, !;'"“ «f 

xn V c produced. “ ^ 

ht t - 

a»d in to™* n "h d'eT”' ^ •*■" !»>”' 

> n to the 1 W rupSitr ‘Sl° S™*’’' '> 

plane be palled, and let it mf ft. ? ^ ^ *i’ t f let a, 
fide V F A and fKp Kaf c i.^*’ fixperficies in the 

«f ton cnnc b Z dS^hut c f S 
A c, and alih ^ r ^ ®‘ ^^en (i6. xi.) f i, 

rtb tfe ’ a , ” 'i- «"d 

tonh. Co„4n«nay u 7?!' «l™»«nla,, eed. ., 

P r • ■ B c - o ; r ’ ^^re (ii. v ) a c • 

eqnaito o', 7,7 ^ “ 'WJ to E c, p . i. (if, 1' 

’ to = '• In the fttoe rrm^f U 

that 














BEBUCEI> ER'OM THE CONE. 

that any other ftraight: line. drawn in; the plane f g h‘ b o o Ki 
from the point I to the conical fuperficies is equal tO; 

F I ; and therefore ’ f'g h is the circumfermce of a cir- 
cle^ and the point I, in the axis v is its center. ^ 

Cor, T, From this Propofition;, and the firft Defini- 
tion^ it appears that any., circle parallel to the bafe of 
the cone, having its center in the axis, and its circum- 
ference in either of .the oppofite fuperficies, may be, 
taken, for the bafe of ;the cone. 

Cor. 2,. The folid contained by the conical fuperfi- 
cies V F G H, oppofite to T A B o, and the circle f g h, 
is a Gone. . . : 

PROP. III. 

If a fcalene cone be cut through the axis by a plane per^ 

‘ pendicular to the bafe, of the flies of the feEtion^ meeting 
in the vertex^ one ‘will be the great eji^ and the other the 
haft of all the Jides of the ' cone. 

For let V N o p be a fcalene cone, of which v is u. 
the vertex, nop the bafe, and c the centre of the 

12 *» 

bafe. Let the ftraight line v b be perpendicular to 
the plane of the bafe, and meet it in b. Draw the 
ftraight line b c, and let it meet the circumference of 
the bafe in the points p, n. Through the ftraight 
lines V B^ B c let a plane be pafled, arid let it cut the 
cone; and let the fetSlion formed, with the cone, be 
the triangle v n p, as in the firft Propqfition. Then 
as- the plane of the triangle v n p paffes through c, 
it cuts the cone through the axis*; and, as it pafles “ 
through VB, it is alfo (i8. xi.) perpendicular to the 

♦ As the reprefentation of the axis could not render the demonflra- 
tlon more perfplcuous, it v^as intentionally omitted in the figures. The 
jReader will find the fame omiilion in the figure for Pn^p. IV. and V, 
and intentionally made, for the lame reafon. 


bafe 
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BOOK bale nop. If therefore thepoiM b be farther from H" 
than from p, it remains to be proved^ that v n is greater 
~~~~ and V p lefs than any other fide of the cone. 

Let V o be any . other fide of the cone, and let it. 
meet the circumference of the* bafe in o,, and draw 
B- o. Then, as v- b is perpendicular to the plane bf the 
bafe,»the angles v b v -b p, t b o are right angles; 
and therefore (47.1*) the fc|uare of v n is equal to the 
fquares of v b, b n together 5 and the fquare of v o is 
equals t5 the fquares of v b, - 3b-q together ; and the 
fquare of v p is equal to the fquaFes of v b, B p toge- 
ther. But (7. and S. iii.) b n is greater than b o, 
and B o Is greater than B p ; and therefore the fquare 
of B N is greater than the fquare of b o, and the’ fquare 
of B o is greater than the fquare of B'P. Confequently 
the fquare of v n is greater than the fquare of v o, and 
tire fquare of t. o is greater th^ the fquare of v p. 
Of all the fides of the cone therefore, v n Is the greateft, 
and V p is the ieaft. 

If the perpendicular v b fall into the cirCumfqrerice 
of the bale, then B and f will coincide ; and (referring 
to 15. hi. infiead of y.knd Siriii) the demonftfation will 
be the fame as above . . . 

Cor. As there can be only one perpendicular to a 
plane (13. xi.) drawn from the fame point above the 
plane^ it is evident from the demonftration of this Pro- 
pDfition that only one plane can cut a cone through 
the axis, and be perpendicular to the bafe. 

* It is eridmt timt all the fides of a right cone are equal to onp 
asiother. is this' the perpendicular to the hafej^dikwn from 
V, will fah into c, the centre, according to the feventh definition. 


PROP, 
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PROP. IV* , . L 

Lei the fcahm cone ^ n o ^ he cut hj a plane 
through the axisy ami perpendicular to the ha/e N O 
mid let the common JetMon he the triangle V n p ; in Urn 
fide V P take any point B, and in the plane of the tri^ 
angle make the angle v l> a equal to the angle V N F ; 
then if the cone he cut hy a plane pa/Jing through JD 
and perpendicular to the triangle v N is its common fee*' 
tion A F D B with the cone kcHI he a circle. 

For let the fide v p be lefs than the fulc v as in 
the preceding Propofitlois an<l prcKhicc a u t<» r and 
N p to R, Hicis us V N is greater than, v is the angle 
VPN (uS. i.) is greater than tlic angle v N p* But the 
angles v n is v i> a arc eciuai, hy iijSB>the{i.s ; anti as 
the angle p i> t is equal (15*1.) to the angle v o a, the 
angle v p n Is greater than tlic angle p d r. Hie angles 
V F N, D F E together arc therefore greater than the an- 
gles FBT, 0FE together; and confcqueatly the an- 
gles F D Ty o p K together are Ids than tavo right ati- 
gles. If thereture tlic iiraight Hues a iq n p he iUtli- 
ciently produced tlicy will meet. Let tlnan l)e jumlucrd 
and meet in k ; and let the plane of tlic fctlion a fob 
cut the plane of the bate n o f in tlie ilniight line u s. 

In 0 A take any |>olnt ij and let the cone be cut by a 
plane paffing through 1 and par4illcl to the bafe ; and 
let the feftion formed lie the circle hvkb, as in tlic 
iecond Propofitiorn IaU the circle h f K R cut tlie tr 5 « 
angle v k p in the flnught line n t k, and the {c\''ii(.ni. 

A F 0 B in the ftraight line f i b. Then an the fcetluii 
II F K s is parallel to the plane of tlie bafe, and as thcle 
parallel planes are cut by the plane of ilio feftiwi 
A p 0 B, the common Icrtions (16. kL} fib, s ii are 
parallel ; and as the platre of tlic fcction a r D 11, and 
the plane of the bafe n o f are pcrpeudicTdar to the 

plane 
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B 0 o 1 plane of the triangle v n p, and cut one another in s'n.f 
the ftraight line s r (19. xi.) is perpendicular to tji^ 
. pjatie of the triiigle V N p. The ftraight line fi 0 
{8, si.) is therefore perj^dicukr to the plane v n p^ 
wM. confeqii^ntly (4* xL) perpendicular to h k^ a 
B ut, as the plane of the triangle w n p pafles through, 
the axis, h K is a diamet^ of the circle h p k b by the 
fecond Pro|^fition,.and .therefore (3. iii.) f b is bifefted 
in I# ^Corfeqpently (35. iiii) the reflhangle under k 
I H Is equal to the fquare of f i or b.i. Again, as the 
circle h f k. p is. parallel to the plane of the bafe, and 
as th6fe pafallei jplanes are cut by the triangle V n v, 
the eomihofi fe"M6iis {16. xi.) h i k, n p are paralleL 
The angle a h i i.) is therefore equal to the angle 
V N p, and cqitl^uetitly equal to the angle k i> i* ■ The 
angl^ A I H, K I D are abb ^ual, and there- 

fore the triangles' A i h, k i d are equiangular. Con- 
feque!itl3r*(4: ri.) Ar : i h : : ki : id, and (16. vL) 
the re<ftangle under a i, i d is equal to the reftangle 
under k r, t h ; ^nd therefore, by the above, the re6t*- 
angle under A i, i d is equal to the fqusne of f i or i b. 
The feSiori a f d b Is tih^fore a circle, by the firft 
Lexxima.- ■ '■ • 

The circle a f d b fimned in a fcalene cone, in the 
manner motioned in the Propofitlon, is a 


PROP* 

a i^nic fcBlon be a circle y and be mi paraUelio ibehafe 
it will be a fubmntrccry fedim* ; 

Fig 13. ‘ I^t the cone t h o p be cut by a plane not parallel 

to the tefe M O P, and let the feftion af d e formed 
by it^ wiA the cone, be a cfccle 3 a f d b is a fubcon- 
traryfeffibn, ■- : 

Fot let % be the pcftnt in whieh the axis of the cone 

meets 
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Bieets the circle A f d b, and through i let a plane be book 
pafled parallel to the bafe^ and let f k b h be the circle 
formed by it with the cone^ as in the fecond Propofi- 
tion. Let b p be the common feftion of this circle 
with the circle a f d b. Then by Prop. II. the point 
1 is the center of the circle f k b and confequently 
B F is bifefted in i. Through i draw in the circle 
A F D B the ftraight line A d at right angles to b p ; 
and through A d and v, the vertex^ let a plane be 
paffed, and let v n p be the triangle formed by it with 
the cone, as in the firft Propolition, Let h k be the- 
line of common fedtion of the triangle v n p and the 
circle f k b h. Let l be any point in a d, and through 
L let a plane be paffed parallel to the bafe n o p, or to 
the circle f k b h. Let m c e g be the circle formed 
by this plane with the cone, and let m e be its line of 
common fecrion with the triangle v n p, and c l g its 
line of common fedtion with the circle a f d b. Then 
(16. xi.) the ftraight lines h K, m e are parallel, as are 
alfo B I F, c L G ; and as A i b is a right angle, A l c is 
(eg. i.) a right angle. Again, as the ftraight line a d 
blfe^fts the ftraight line B f at right angles, a d (Cor. 

I. iii.) is the diameter of the circle afdb. The 
ftraight line G c (3. iii.) Is therefore bifeSed in l. But 
as I Is the point in which the axis of the cone meetB 
the circle a f n b, it is evident that the triangle y n p 
cuts the cone through the axis, and CQnfequently by 
Prop. II. M E is a diameter of the circle m c e g, and 
the point l is not its center. Hence the diameter u e 
(3. iii.) bifefts g c In l at right angles, and g l is at 
right an^es to a d, m e, and therefore it is at right an- 
gles to the triangle (4. xL) V n p. Confequently (18. 
xi.) each of the feftions a f © b, m g p c is at right 
angles to the triangle v n p, and therefore as m g e c 
is parallel to the bafe, the cone Is cut by the plane 

C VHP 



6 0 O K V- N p pafling through the axis of the cone, and p<;r- 
pendicular to the bafc nop. Again as o i. is at right 
angles to each of the two diameters xr E, a d, the n^et- 
angle under M t, h E is equal to the rectangle nmi< r 
D L, L A, each of thefc redlangles (35. iii.) being ctjswl 
to the fquare of o l 5 and therefore (i(S. vi.) d r. : i. K : : 
M L : LA, and (6. vi.) the angle t , d k is tHpial t<» thi! 
angle a M L, or (29. i.) V n p. Tlie circle A v i> r. is 
therefore a fubcontrary fhdlion. 

Car. A conic fedtion neither parallel to the hah: of 
the cone, nor a fubcontrary Icdtion, is not a circle. 


DEFINITIONS. 

XIV. 

Fig. 10. The cones vabd, v r g it, having the comniuti 
vertex v, and whofc fuperflcies are opjmlite, heing gi’- 
nerated by the fame line as in the firll Dctiiiitioii, au* 
called Oppojite Cones. 

Cor. It is evident from this, and the fccoiKl lV«»po- 
fition, that if either of the oppofite cones be cut by .t 
plane parallel to the bafe <rf eitlier, the fedtion will be a 
circle. 

XV. 

Rg. 15. If the plane v b e touch the conical fupcrficics in the 

fide V B, and the cone v a b p be cut by the plane i' t> c 
parallel to the plane v b e, the fedtion p d c, formetl by 
fhe cutting plane and the cone, is called si Parukhs. 

xvr. 

The plane VBE is called the Fartkal Plane to the 
Parabola. 

Cor. I. As the cone may be indefinitely extemled, it 
is evident tliat the parabola may alfo be indefinitpiy ex- 
tended; and as the parabola docs not furrmmtl the 
cone, it Is evident that its curve docs not inclutle « 
Ipace, 

Cor, 
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Cor. An indefinite number of firalght lines parallel 
to V B may be drawn in the- plane of the parabola. For 
the common fection of any plane paffing through v B;, 
and any point in the parabola^ with the parabola (i6. 
xi.) will be parallel to v b. 

xvir. 

If the cone v a b c be cut by a plane^ and if the fec- 
tion D K L formed by the plane and the cone^ fur- 
round the conC;, and is not a circle^ it is called an El- 
lip fe, 

xviii. 

If the oppofite cones v a b e, V m be cut by a 
plane v b e paffing through the vertex and if they 
be alfo. cut by a plane parallel to v b e^ forming with 
the oppofite cones the fedions f d a n s ; each of 
the fedions f d c, a r s is called an Hyperbola, and 
when mentioned together they are called Oppojite Hy- 
perbolas, 

XIX. 

The plane v b E is called the Vertical Plane to the 
Hyperbola^ or Oppofite Hyperbolas. 

Cor, I. It is evident^ as each of the oppofite cones 
may be indefinitely extended, that an hyperbola may 
be indefinitely extended ; and that its curve does not 
include a fpace. 

Cor, An indefinite number of ftraight lines pa- 
rallel to V B or V E may be drawn in the plane of the 
oppofite hyperbolas. For the common fedlion of any 
plane paffing through V b, or V and any poiiit in ei- 
ther hyperbola, with the plane of the hyperbolas, will 
be parallel (i6. ii.) to v b or v e. 

XX. 

A ftraight line in the plane of a conic feftion, which 
meets the curve, and which being produced both ways 
falls without it, is called a Tangent \ but a ftraight Hne 

c % which 
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Fig. 16, 


Fig. 17. 
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BOOK which meets the curve of a conic fcflion in two jtoints, 
or each of the oppofite hyperbolas in one, is calleil u 
Secanl, 

SCHOLIUM. 

Although only the Parabola, Ellipfe, and 1 Ij^pcrhola , 
are denominated Conic Sefition#, the atteiUivc reader 
will readily perceive from the foregoing Prnpotitioni* 
and Definitions, that five different Sedtioiw may he 
formed by the interfeAion of a cone and a plane va- 
rying its pofition, For if a flraight line |)arallcl to tlie 
bafe be within the cone and remain fixed, and a jdane 
move about it as an axis, when the plane pafles through 
the vertex, the interfeiftion of the cone and plane will 
be a triangle, as in the firft Projwfition. When the 
plane has moved from the vertex, hut fiill cuts both 
the oppofite cones, the fedion formed in each will he 
an hyperbola, as in the eighteenth Dcliiiilion, Wbeu 
the plane, proceeding in its motion round the fixed 
ftrmght line, has arrived at a pofition paralld to that „r 
a plane touching the cone in one of its fidci, the fre- 
lion which it then forms with the cone is a piirabola, 
as m the fifteenth Definition. In any other pofition of* 
the moving plane, befides thofc already mentioned, m 
ellipfe or circle will be formed with the cone, ac- 
cording to the circumftances dated in the feventeeitth 
Definition, and in the fecond and fourth IVopofitions. 

PROF. VI. 

One Jraight I'm), and one only, can he drawn h Wnd « 
conic fe&ion in a given foml m the curve. 

Fie. 14 - G O H be a conic feaion, and let d be a mven 

point m the curve j through » one liraight line, and 
only one, can be drawn to touch the feftion. 
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Let V be the vertex of the cone v a c and through BOOK 
D draw V c a fide of the cone^ meeting the bafe in the 
point c. Draw cf (17. iii.) touching the bafe^ and 
through V c F let a plane pafs, and let its line of 
common feffion with the plane of the feftion o d H be 
D E. Then the ftraight line d e touches the feftion 
G D and no other ftraight line can touch it in d. 

For, as c F meets the bafe in the point c only, it is 
evident from the firft Definition, that every ftraight 
line, excepting v c, drawn from v to the tangent c f 
will fall without the fuperficies v A c B. The plane 
palling through v c, c f, therefore, can only meet the 
fuperficies in the ftraight line v c, and the curve of the 
fe&ion G D H in the point d only. Confequently as 
D E is in the plane palling through v c, c f, d e touches 
the feaion g d h, according to the twentieth Defi- 
nition. 

But no other ftraight line can touch the feftlon 
G D H in the point d. For, if it be poflible, let d i 
touch the feftion, and then as d i meets the curve 
G D H only in the point Dj it can meet the fuperficies 
in that point only, and it will therefore touch theTu- 
perficies in d. Moreover as no ftraight line, except- 
ing D E the line of common fedhon, can be in the plane 
of the fedlion g d h and alfo in the plane v c f, and as 
D I, according to hypothefis and the twentieth Defi- 
nition, is in the plane of the fe£tion g d h, d i is not in 
the plane v c f. Let a plane be pafled through the 
ftrai^t lines v d c, d i, and let it cut the plane of the 
bafe in the ftraight line k c. Then as the ftraight line 
D I touches the fuperficies, every point in it, excepting 
D, falls without the fuperficies, according to the tenth 
Definition. It is therefore evident, from the firft De- 
finition, that every ftraight line drawn from v, except- 
ing V D c, in the plane palling through v d c, d i, will 

c 3 fall 
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BOOK fall without the fuperficies. The plane palling (hiough 
VDG, Di will therefore meet the iuperliries in the 
ftraight line v d c only ; and confcquciitly k c will 
touch the bafe a c b. Again, aa the planes v c k, v t s, 
cut one another in the ftraight line v c, the ftraiglit 
lines K c, c F are not in the fame ftraight line, T!i,- 
two ftraight lines kc, cf therefore touch flu- cirrlc 
A c B in the point c, which (i<S. iii.) is ahfurd. t*<»n!r- 
quently no other ftraight line, bcliclcs n e, can be 
drawn to touch the fedibn o d h in the point ii. 

Cor, I. If a ftraight line as c f tout h the hale of the 
cone in the point c, and from v, the vertex, the litiis 
V c be drawn; a plane palling through c r, t: v will 
touch the conical fuperficies in the fide v c j and it is 
evident from the firft Definition (and j, xi.) that this 
plane produced on the other fide of v will touch iho 
oppofite fuperficies in c v produced. 

Cor. 3. If a ftraight line as d « touch the conical 
fuperficies, or a conic ledion o o h, and a fitfo v i> c of 
the cone be drawn through d the point of contt^, a 
plane paffing through this fide of the cone and the tan- 
gent D E will touch the fuperficies of the cone; and 
being produced beyond v, it will touch the op^rfito 
fuperficies in v c produced. This is evident from the 
demoiiftratipn of the Propofition, and the preceding 

Cor. 3 , If the fedion g d h be an hyperbola, the 
tangent d e cannot meet the oppofite hypcrlrola. For 
» E IS the common interfedion of the plane v c r and 
the plane of the ^ion o d h, and, by the firft Cor. the 
plane V C F touches the oppofite fuperficies in c v pro- 
duced. It IS therefore evident from tl»e ctghuwmh 

fite 'W- 
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PROP. VII. 

If a Jhatght line fafi through the vertex and fall nuithout'- ’ 

the oppojltc cones, two planes, and only two, can he 
drawn thrnuqh it to touch the conical fuferjlcies ; and 
Ibcj'e planes will he on the oppojitcfules of a plane paj- 
ing through the f might line, and cutting the hafe. 

Let the ftraight line v o pafs through v the vertex. Fig. iR. 
and fall without the oppofite cones v a m «, n v k ; 
two planes, and only two, can be drawn through it to 
touch the fuperficies; and if a plane pafs through v o, 
and cut the bafe in the flraight line c f, the tangent 
planes will be on the oppofite fidcs of the plane palling 
through V G, c F. 

Pirll; let the llraight lines v o, c F be parallel. Let tig. iS. 
c P be bifefited in t., and draw i t, m at right angles to 
c K, and let it nreet the circumference of the circle in 
the {joints t. Let a plane pafs through the llraight 
line V o and the {joint i, and this plane will touch the 
fu{)crficies. For let it cut the {ilane of the bale in the 
llraight line i K. 'Fhcn as c v, V c, are {jarallel, and as 
the {jlano of the bafe palll-s through c f, and the plane 
V 1 K pallbs through v a, the intcrfcdliou t K of thefe 
jjlanes will be {jarallel to c f, by the fccond Ixmrna. 
liut as I M bifttits c f at right angles, it palfcs through 
the center of the circle (Cor. i. iii.), and as i k, c F are 
{jarallel, and as tlie angle t i, F is a right one, the an- 
gle K 1 1, is alfo a right one (19. i.), and therefore j k 
(td.. iii.) touches the circle in t. Confcquciitly, by 
Cor. I. Prop. VI. the plane palling through v i, i K, 
or, as above, through v a, v i, touches the fu{>erlicie8 j 
and in the fame manner it may he proved that the 
plane palfing through v o and the {joint m touches the 
lu{jerlicie8. 

Secondly, let the llraight line v o be not parallel to iRg. 19. 

C 4 C F, 
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BOOK c F, but let it meet it in k. Draw k J, k m (17. ii!.) 
touching the bafe in i, m ; mul tiicii <!ic p.tflijuj; 
through V G, I Kj and alfo that paffing fhrn!ir;h \ r, 
and M K, will touch the fuperlicics, by ( ’or. i . i’l 1 !p, 
VI. 

It is evident, in either cafe, that no other plane, he- 
fides' the above-mentioned two, can pafs thmogh v o, 
and touch the fuporficics ; and tliat one of thele tan- 
gent planes is nu the one tide, and the other on iho 
oppofite fide of the plane fwAing through v o, c r. 

PROP. VIH. 

If a conic fclHon furround th com, two Ihiif, and 

only two, parallel to otic anuthcr, can h drawn In tmeh 
' tie fcBion^ f tic fedion does not furround the emr, no 

Jkmgbt line, parallel to a taugiut, can h- dram n to 
touch tbefcBion ; but if the fedion he an irpirl-oh:, r?,v 
Jlraight line, and one only, parallel to a taugenf, can h 
drawn to touch the oppofite hyperbola, 

F15.16. Part I. Let the feaioii 0 h l k furround the atne 
v A F Bi, and let the ftraight line a 0 touch the fcaioii 
in the point d t another ftraight line, and only one, 
parallel to a d, can be drawn to touch the fettiwij. 

For let V 0 A be the fide of the a>nc pafling thrcHiglt 
D, the point of contaa, and let a plane |mfii thnwgh 

V A, o G, and this plane will touch the conical furwr- 
fi^es in the fide v a, by Cor. a. i»rop. vi, in tin* 
fdane, and through v, the vertex of the cone, draw 

V ^ parallel to 0 e. Then v t will fall witltout the 
^pofite oonesj and byPmp. vn. anotiier plane can 
be paflW through v t touching the conkal liipcrficieii. 
Let this plane touch the fupcrficks in the fide, v *. *, 
and let its anterfedion with the plane of the fe^tiori 

^ t Lt, Thm as ii I is ill tli0 pltn^ t€«iclii«g 

tile 
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the cone In the fide v l b, it meets the conical faperfi- BOOK 
cies in the point h only. It will therefore meet the 
curve of the feSiion d h l k in the point l only, and ” " ' 

confequently it will touch the fedtion : and as the plane 
T V L I pafles through v t, and the plane of the feftiou 
pafies through d g parallel to v t, by the fecond Lem- 
ma L I is parallel to d g. And as no other plane pair- 
ing through V T can touch the conical fuperficies, be- 
fides the two x v A, t v b, it is evident, from the fe- 
cond Lemma, that no other ftraight line befides l i, 
parallel to d g^ can be drawn to touch the fe6lion 
D H L K- 

Part 11. Let f d c be a fedtion which does not fur- Fig. 
round the cone, and let d g touch the feftion in the 
point D. No other firaight line, parallel to d g, can 
be drawn to touch the feftion. 

For let V B E be the vertical plane to the parabola, 
or hyperbola, as in the fifteenth, fixteentb, eighteenth, 
and nineteenth Definitions. Let v d a be the fide of 
the cone pafling through d, the point of contaft ; and 
through V D A, D G let a plane pafs, and let it cut the 
vertical plane in the ftraight line vx. Then, by Cor, 3.. 

Prop. VL the plane v d g will touch the conical fu- 
perficies, and (i6. xi.) d g, vx will be parallel; and 
as V T is in the plane, touching the conical fuperficies 
in the fide v d A, it will fall without the oppofite cones* 

Another plane, therefore, and only one, can be pafled 
through v T to touch the conical fuperficies, by Prop* 

VII. But when the feftion is a parabola, the other 
plane pafling through v t and touching the fuperficies 
is the vertical plane v b e, which is parallel to the pa- 
rabola. When the feftion is an hyperbola, then the 
vertical plane v b e pafles through v x, and cuts the 
bafe of the cone in the ftraight line be; and fuppof- 
ing X V L to be the other plane pafling through v X, 

and 
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to OK and touching the conical fiiperficics, the planes t v r,, 
V » G are on oppoiite tides of v j> i:, hy the iVventh 
Propofition. Coni'equently the pi, me r v i. (*animt meet 
the hyperbola f i> c. It thctefoie follows from the 
above, and the t'e.cond Txuinia, that if the ft’iflion docH 
not furround the cone, no liraight line, parallel to a 
tangent, can be drawn to tcnieli the fectiftn, 
j ,,, Part III. Let f n c, q k s he oppofife byprlmlas, 
and let d g touch the hyperbola v n f in the point n. 
Then one ftraight line, and only one, p,ir.illel to i* a 
can be drawn to touch the. oppo!it<^ hypetlMtla a n s. 
For, every thing remaining as in the preerdintt part, 
through the fides v a, v i., in whicii the pianr?. n v .t, 
T V r,, pairing through x v itarallel to u tt, ttaich the 
/uperlicles, let a plane be paffr-d, cutting tiie vritir.di 
plane in the ftraight line v w and the plane, of the hy- 
perbolas in the ftraight line o a. 'rhen as v w, n r». 



h V are in the fimte plane, and as (t6. xt.) v \v , n o 
are parallel, and i. v meets v w, it will allo tnei l h u, 
Ity the third Lemma. Let thent nwet in the ptiiut «. 
ThoE as the plane xvi, touches the opjaditc nme 
MV N in I. V produced, it will meet the plane of the 
hyperbolas in the jroint a. Iwt the interfeeiion of 
thefe two planes therefore he n x ; and as the jihmp 
of the hyperbolas patlcs through o ti, and the pl.ine 
T V L pafles through x v parallel to u o, by the Iheoiid 
iLemiua r x is parallel to » t; ; and being in the pl.nte 
touching the conical fuperficics, it will toueh the Ity- 
perbol# % a s in the point a. It is altir evident, fur 
the fame reafons as are mentioncti alxrvc, that no other 
ftraight line parallel to a x, or it u, can Ixs drawn to 
touch the hyperbola a e s* 


Cor I. If a ftraight line touch a conic Ita ti.m, a 
ftraight line drawn through any jjoiut within the icc- 
tion, and parallel to it, will meet the curve in two 
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points. Fur let every tiling remain as in the denioii- 
llration of the Propofition, and let i> he any point 
within the fc^tion. I'hrough v T and the point i» let 
a plane be pafled, and let this plane cut the plane of 
the fccHlon in the hraight line H K 5 and, by the fe- 
cund f.ennna, n ic will be parallel to g d the tangent, 
and alii) to v T, Now as the point p is within the 
fection it is alfo within the cone, and therefore, by the 
firfl: Prupolition, the plane palling through v t and the 
point p will cut the cone in tvvolidcs ; and asthefe two 
lidcs and v ii K are in tlic fame plane, and y r, n k 
arc panillcl, n k will iiicet each of thefc two lidcs, liy 
the third Lemma ; and as ii K is in the plane of the 
feftion, it mull meet the curve of the fc<JUon in the 
lame; points in which it meets thefc two fules of the 
cone. It is alfo c\'i{lent from the iVopofition, and the 
preceding part of this Corollary, that a llraight line 
drawn through auy point within the oppolite hyper- 
bola a R s, and parallel to a i>, will xueet the curve 
a ii s III two points. 

Cor. t. If a ftrai|i;ht line meet the ciu'vc of a conic 
fei*rH»n in two j>oints, two llraight lines may be drawn 
parallel to it to touch the fetHiun, if it llirround the 
cone; but if tlie ftaHiem d(K*s not furround the cone, 
only one llraight line parallel to a fecant can be drawn 
to touch ilut Icilion ; and, if the feition be an hyper- 
bida, only one llraight line {mrallcl to a fecant can be 
drawn to touch tlus opjK)IIte hyperbola. For, let n, k 
be tljc jiuints in which the fecant H k meets tlie curve 
of the lection ; and tlirough n k and v, the vertex of 
tlie cone, let a plane be paire<l, arul, if the IciVion fur- 
round the cone, draw v t in this jdane parallel to 11 k* 
Hum as this plane, liy the ('or. to Prop. L can only 
cut the oppofite ruperficicK in llraight lines drawn 
through Y tlie vertex and the points n, k, it is evi- 
dent. 
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BOO'K^ that VT mart fall without tlu^ oppnfifr ^ 

Confequentlyj by Prop. VIL tivo pluu's can lio ji.illril 
" through V t to touch the conical fiipcrflrir^^ ciiu* oii 

each fide of h k: 5 and the intcrfcciious of thefc* |il;iiirs 
with the plane df the lection will touch the fcdiciiiy 
and, by the fecond Ixmiua, thefe taiigentii %%ill lie jia- 
T5. rallel to h k. If the lc<htion does not furroiiiMi thm 
cone, let the plane palling through t!ie rfr;mt li e tiiiii 
V cut the vertical plane v b k in the ftniighi. line v r, 
and, for the fame reafons as are mcnlioried aiiorr, r 
will fall without the oppofitc cones, "'fheii ilirinigh 
IT T two planes may be palled, by Prop. VIL loiicliiiig 
th€ conical fuperficics. But, according to the driiion- 
ftration of the Propofition, only one of thefe pLiiies cm 
meet the parabola, and one of them can meet ilie hy- 
perbola, and the other the oppofitc hyperbola ; and, by 
the lecond Lemma, g b, the interfcaion of the platitj 
T v A with the plane of the fcQ^ion p i> e, will fie pa- 
rallel to H K, and K X the interfe^timi of the pLine 
T VL with the plane of the oppofita hyperholai, will 
be- parallel to H K, and each of the ftraight lines 
G D, B. X ttwift foHch the feAion which it meets. 

PROP. IX. 

^ Jiraiglt liru meet the curve of a emk frflkn In t u 
faints, any Jlraigbt line fnralld to it, drawn ihreugh a 
pint within the fame Ji-aion, or, if the fefthn he nn In . 
prhota, within the appftte hyperbola, will alfo meet the 
curve of the feaiort, in which ids drawn, in km points, 
Jndf a firt&gblline meet each of the curves of two op. 
pofte hpperholca hi one pint, a Jlraigbt line parallel to 
a, drawn through any point in the plane of thef; fir. 
tions, will alfo meet each of the curves of 'tbfe oppofitc 
hyperbolas in one point. 
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. * t^ait I. Let A c D B be a conic fe&ion^ and let the 
liraight line c d meet the curve in the points c, d ; a 
ilraight line^ as a b, drawn parallel to c b through any 
point p within the fedtion will meet the curve in two 
points. 

> For let V be the vertex of the cone v e g h In 
, which the fedlion is formed^ and through c b and v let 
a plane be paffed^ and let it cut a plane pafGng through 
‘A B and V in the ftraight line v T. Then the plane 
pafling through c d and v mufl: cut the Cone in the 
fides V V Bj and^ by the fecond Lemma, v t is pa- 
rallel to c B and alfo to A b. Again, as v t is in the 
plane v c b, and as this plane, by Cor. Prop. L cuts the 
oppofite fuperficies only in v c, v d, or in thefe lines 
- produced, it follows that v t falls without the oppofite 
cones. The plane pafling through v x, a b will there- 
fore cut the cone in two fides, and, by the third Lem- 
ma, A B will meet each of thefe two fides in the fuper- 
ficies of the cone, and being in the plane of the fedipn, 
it mufl: meet the curve in the fame points. If the fec- 
tion be an hyperbola, it is evident, for the fame reafons, 
that a ftraight line drawn parallel to c b, through any 
point within the oppofite hyperbola will meet the curve 
in two points. 

Part 11. Let a c, b b be twp oppofite hyperbolas^ 
and let the ftraight line c d meet the curve of one of 
them in the point e, and the curve of the other in the 
point B. Through the point p in the plane of thefe 
feftions let the "^ftraight line a b be drawn parallel to 
c B 5 A B wdll meet' each of the oppofite hyperbolas 
a c, B D in. one point. 

For let V be the vertex of the oppofite cones, in 
. which the hyperbolas are formed, and through c d 
and V let a plane be paffed, and let it cut a plane pafiT- 
ing through a b and v in the ftraight line v T. Then 

the 
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book the plane pafling through c D and v niuft cut the Op- 
polite cones in the lides v v d ; and, by the fecond 
Lemma, v t is parallel to c o and alfo to a b, Again^ 
as V T is in the plane v c d, and as this plane, by Cor. 
Prop. I. cuts the oppofite fuperficies only in v c, v b, or 
in thefe lines produced, it follows that v t falls within 
the oppofite cones. The plane palling through v 
A B will therefore cut the oppolite^cones in two fides ; 
and from the above, and the third Lemma, A B will 
meet one of thefe two lides in the one fuperficies, and 
the other in the oppofite fuperficies. But as A b is in 
the plane of the oppofite hyperbolas a c, b b, it muft: 
meet the curve of one of the hyperbolas and the fuper- 
ficies, in which this hyperbola is, in the fame point. 
The firdght line a b will therefore meet the curve of 
eaph of the oppofite hyperbolas in one point. 

Cor, If a ftralght line as c d meet the curve of a co- 
nic fedion in two points, it will fall wholly within the 
fedion, but being produced it will fall without the 
Xeftion, If a ftraight line meet each of the curves of 
oppofite hyperbolas in one point, It will fall wholly 
without the hyi^rbolas, but being produced it will fall 
on the one fide within one hyperbola, and on the other 
within the oppofite hyperbola. For it is evident from 
the demon fixation of the Propolitlon that c b in Fig. 20. 
is within the cone, and that being produced it muft fall 
without it; and in Fig. 21. it is evident that CB is 
without the oppofite cones, and that being produced it 
falls on the one fide within one cone, and on the other 
fide within the oppofite cone. 


PROP. X. 

If a Jlrmght line cut either or both of the opfofte conical 
faperfcieSy and meet a Jiraight line ^b’hich is parallel to 
the hafe of the cone^ and which cuts either of the oppofite 

fuper^ 
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fuperjicies^ the reB angle under the fegments of the firjl BOOK 
mentioned line *ivill be to the reBangle under the feg- 
ments of the other in the Janie ratio^ wherever the pomt 
of concourfe may be in thefrft menthned line 

Let the ftmi^ht line P G S cut either or both of the 2^, 
oppolite fuperficies in the points and meet_, in the 
point F, the ftraight line foe parallel to the bafe of 
the conCi, and cutting either of the oppolite fuperficies 
in the points d ; the reftangle under g f, f h will 
be to the reftangle under o f e in the fame ratio, 
wherever the point of concourfe f may be in the 
ftraight line f G h. 

Cafe I. If the ftraight line f g h be alfo parallel to Fig. 
the plane of the bafe, then the feftion g o h e, formed 
by the cone and the plane paffing through f g h, 

FED will be a circle, by the fourth Lemma, and Prop* 

II. and therefore (35 or Cor. 36. iii.) the re6tangle un- 
der G F, F H will be to the redangle under o p, p e in 
the ratio of equality. 

Cafe a. Let f g h be not parallel to the bafe of the Fig. 27* 
cone. Through fed let a plane be palled parallel to 
the bafe, and let the fedion formed by it with the 
cone be the circle d e i k, as in the fecond Propofition. 

Through the points g, h, and v, the vertex of the 
cone, let a plane be pafled, and let it cut the fuperficies 
in the fides a v i, B v k, the plane of the bafe in the 
ftraight line a b l, and the plane of the circle d e i k 
in the ftraight line i f k ; and in the plane v g h draw 
V L parallel to g h, and let it meet a b l in the point l. 

* Wlien two ftcants meet one another, the fegments of either of the 
two are its parts between the point of concourfe and the points in 
which it meets the fuperficies 5 and if a tangent meet a fecant, or an- 
other tangent, its magnitude is limited by the point cf concourfe, and 
its point of conta(5l. 


Then 
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BOOK Then as the llraight Knes A b l, i f k (x 5 * xi.) are 
parallel to one another^ and the ftraight lines v 
F G H alfo parallel to one another^ in the triangles 

V L B, H F K, the angles (29. i.) b v V B l in the one 
are equal to the angles k h h k f in the other^ each 
to each ; and in the triangles v l a, G f the angles 

V A L, A V L in the one are equal to the angles gif, 
I G F in die other, each to each. The triangles v l e, 
H F K are therefore equiangular to one another, as are 
alfo the triangles v i. a, g F i to one another* Hence 
(4- vi,) 

vl:ea::gf:fi, and 

V L : L B : : H F : F K, and therefore, by the 
fifth Lemma, vl'';alxlb::gfxfh:if x 
F K, But (35 or Cor. 36. iii.) if x f k = o f X f e, 
and confequently, 

V : A L X L B : : g’f xfh:dfxfe. 

Cor. I. If the ftraight line f G h meet the ftraight 
line F p parallel to the bafe^ and touching either fuper- 
ficies in the point p, the rectangle under g f, f h i^irill 
be to the fquare of f p in the fame ratio, wherever the 
point dF' concourfe may be in the line f g h, as is evi- 
dent from the above (and 36. iii.) And if the ftraight 
line M V, paffing through v the vertex^ be parallel to 
the bafe, and meet g h in My m v is to be confidered 
as a tangent 5 for as above, by fimikr triangles, 

V L : L A : : g M : M V, and 

V L : L B : : H M : M V, and therefore, by the 

aSik Lemma, v l'' : a l x l b : : g m x m h ; m v 

Cbr. If a ftraight line cut either or both the op- 

pofite fuperficies, and meet a ftraight line parallel to 
the bafe, and touching or cutting either fuperficies ^ 
the reSangle under the fegments of the firft mentioned 
line will be to the fquare of the tangent, or the reft- 
angle under the fegments of the fecaut which it meets 

in 
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2X1 a conftant ratio^ wherever the point of concourfe BOOK 
may be in the firft mentioned line. For this ratio will 
be either that of equality, as in the firft cafe of the de- 
Bionftration, or it will be that of v to a l X l b, as 
in the fecond cafe, and in the preceding Cor. 

PROP. XI. 

^ a Jlraight Ime touch either of the oppofife fuperfdes^imd 
meet a Jlraight line parallel to the baje of the cone^ and 
'luhich cuts either of the oppojife fuperficies^ the fquare of 
the tangent will he to the reBangle under the fegments 
of the fecant in the fame ratio ^ wherever the point of 
concourfe may he in the tangent. 

Let the ftralght line t f touch either of the oppofite Fig. 22. 
fuperficies in the point t, and meet in the point f the 
ftraight line p e, parallel to the bafe of the cone, and 
cutting either of the oppofite fuperficies in the points 
G, £ 5 the Iquare of the tah^Bt t p will te to the 
reftangle under g f, f e, in the fame ratio, wherever 
the point f may be in the tangent t p. 

Cafe I. If the tangent t f be alfo parallel to the 
plane of the bafe, then the feclion t g e, formed by 
the cone and the plane palling through t f, f e will 
be a circle, by the fourth Lemma, and Prop. II, and 
the fquare of t f (35. iih) will be to the reSangle gf> 

F E in the ratio of equality . 

Cafe a. Let t f be not parallel to the bafe of the ^ 3 - 
cone. Through f e let a plane be palled parallel to 
the bafe, and let the feSion formed by it with the cone 
be the circle d g e, as in the fecond Propofition. 

Through the tangent t lF^and v, the of the cone, 
let a plane be pafled, ^itedlet it touch tile fuperficies in 
the fide v t d, according^ to Cor, a, Pibp. VI. and let 
it cut the plane of the bafe in the ftraight line c and . 

D the 
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BOOK the plane of the circle d G e in the ftralght line D 

In the plane vcl draw v l parallel to x f, and let it 
" meet the bafe in the point l. Then as the ftraight lines 

c L, D F (i6. xi.) are parallel to one another^, and the 
ftraight lines v L, T f alfo parallel to one another^ in 
the triangles v c l, t d f, the angles (29. i.) c v 
V c L in the one are equal to the angles d t t d f 
in the other, each to each* ^ 

•Rie triangles v c t d f are therefore equiangular^ 
and confequently (4. in*) 

T L : n c : : T F : F D, and by the fifth Lemma^ 
VL^: Lc"": : tf"": FD^ 

But (35. iii.) F i>^ is equal to the re<ftangle, under 
G F, F E, and confequently v l"' : n : x : g- f X 

F 

Car. I* If a firaight line, as x f, touch either of the 
oppofite fuperficies in x, and meet a firaight line, as 
F D, parallel to the bafe of the cone, and which touches 
either fuperficies as in d y the fquare of x f will be to 
the fquare of f d in the fame ratio, wherever the point 
of coBcourfe f may be in x f. If m v, paflGng through 
\ the vertex, be parallel to die bafe and meet x f in 
M, then M V is to be conlidered as a tangent j and as 
V : E : : T : m 

Cor. 2. If a ftralght line touch either of the oppofite 
fuperficies, and meet a ftraigbt line parallel to the bafe, 
and touching or cutting either fuperficies y the fquare 
of the firft mentioned tangent will be to the fquare of 
the tangent, or the re&angle under the fegments of 
the fecant which it meets in a conftant ratio, wherever 
the point of concourle may be in the firft mentioned 
tangent. For this ratio will be that of equality, as in 
the firft cafe of the demonftration, or it will be that of 
v to E c% as in the fecond cafe* 


PROP. 
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PROP. XII. B 

the JirJi of tzuo Jlraight lines he parallel to the Jecond^ 
and touch or cut either or cut both of the oppofte fuperfi^ 
cieSy and if the fecond alfo touch or cut either^ or cut 
both of the oppofte fuperficies^ and if each of the two 
meet a fraight line parallel to the lafe (f the cone and 
touching or cutting either fuperfcies ; then the fquare (f 
the frfy f a tangent^ or the reBangle under its feg^ 
meniSy if a fecant^ will he to the fquare of the tangent 
or the re6langle under the fegments of the fecant zuhich 
it meets y as the fquare of the fecond^ if a tangent^ or the 
re3angle under its fegments^ if a fecant^ to the fquare of 
the tangent^ or the rediangle under the fegments of the 
fccant which it meets. 

Cafe I. If the firfl: and fecond ftraight lines^ parallel 
to one another, be alfo parallel to the plane of the bafe, 
then the fquare of the firft. If a tangent, or the reftan- 
gle under its fegments, if a fecant, will be to the fquare 
of the tangent, or the re£langle under the fegments of 
the fecant which it meets in a ratio of equality, as in 
the firft cafe of the demonftration of Prop. X. and XI. 
And, for the fame reafons, the fquare of the fecond, if a 
tangent, or the reftangle under its fegments, if a fe- 
cant, will be to the fquare of the tangent, or the reft- 
angle under the fegments of the fecant which it meets 
in a ratio of equality. In this cafe therefore the PrO'- 
pofition is evident. 

Cafe 2. Let the firfl: and fecond flraight lines, pa- 
rallel to one another, be not parallel to the plane of the 
bafe." Suppofe a plane to pafs through each of the two 
paraliel lines, and v the vertex, and then thefe planes 
will cut one another, and their line of common fe£lion 
will pafs through v, and, by the fecond Lemma, it will 
be parallel to each of the two ftraight lines parallel to 

D % -one 
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BOOK one another. Let v l be tlieir line of eomnjoti fcttiori}- 
as in Fig. 37. 38. and 33. and let it meet the hate in 
the point t. Then the planes pafling through the two' 
parallel lines and v t, will cut the plane of the hale in 
tlraight lines pafilng through t ; and each of thefe 
lines of common fefl;ion with the plane of the bafe will 
cut or touch the bafe, as in the fecond tvife of the de- 
nionftration of the tenth and eleventh Propofitioiis ; and 
the redkangle under the fegincnt.s of either, if a Iccant, 
or its fquare, if a tangent, will be (35 ami 36. iii.) equal 
to the redkhglo under a i,, i. n, i. a being a (Iraight 
line cutting the bafe in the points n, a. ( 'onfi-quently 
by Cor. 3. Prop. X. and Cor. 3. Prop. XI. tfte lqit.-»e of 
the firft llraight line, if a tangent, or the reetaiigic: un- 
der its fegments, if a fecant, will be to the hjiiarc of 
the tangent, or the rectangle under the legmcnfs of the 
fecant, which it meets as the fquare of v i. to the reft- 
angle under a l, l b. For the fame rcafon, the fquare 
of the fecond, if a tangent, or the redtaiiglc under its 
fegments, if a fecant, will be to the fquare of the tan- 
gent, or the reOangle under the fegment# of the fe- 
cant, which k meets as the fquare of v t to the rcdl- 
angle under al, lb. Hence (11. v.) if tlm firfl of two 
flraight lines be parallel, See. 

schClium. 

As every point in the curve of 3 Conic St-aioH is alfo 
in Ijm conical fuperlicies, It is evident that .all the I’ro- 
pofilit^ dmnonftrated concerning ftraight Hues umch- 
ing or coJ*pg the conical fuperficies, or opj>ofite iuper- 
ficies, may be transferred to ftraight Htics, which in 
the lame manner touch w cut a conic fettion, or ot>po- 
fite hyperbolas. 


PROP. 


DEPt’CED FROM THE COKE. 


3 ^ 


PROP. XIII. 

Jf there he four ^flraight Tines in the plane of a conk ftBiony • 
and if A B the firf meet c B the fecond^ and X> E the 
third fneet F E the fourth, and if the frjl he parallel to 
the third, and the fecond to the fourth^ and if each of 
them either touch or cut a conic feBion^ or cut oppoJiU 
hypcrholas ; then the fquare of A if a tangent, or ib$ 

redtarigle under its feg^wnts, if a fecant, unll he to the 
fquare of c B, f a tangent, or the rcBangle under its 
figments, if a feca7it, as the fquare of x> Z, if a tangent, 
or the reSiangle under its figments, if a fecant, to the 
fquare of F if a tangent, or the rectangle under its 
figments, if ufeca/it, 

C.afe 1. If tlie flniiglit lines a b, on, and confe- 
qucntly n f:, f k, be each parallel to the bafe of the 
cone in which the fcfliion was formed, or the bafe of 
the oppofite cone, the feftion muft be a circle, as in the 
firft cafe of Prop. X. or Prop. XI, and the ratio above 
dated will be that of equality. 

Calc 2. I.ct A B, D z be not parallel to the lialc of 
the cone, in which, or in which and its opiK)(ite, the 
ieilion or oppolite hyperbolas were formed ; but let 
c B, F E he panillcl to the bafe, and then the Propo- 
lit ion is evident from the twelfth Propofition. 

Cafe 3. Ix^t neither A B nor CB, and confeqtiontly 
neither d k nor f h, be parallel to the bafe of the cone; 
but fuppofe B o, k II to be ftraight lines parallel to the 
bafe of the cone in which the feSion, or in which and 
the oppofite cone the oppofite hyperbolas were formed; 
and iet s o, M ii touch or cut eitlier of tlie oppofite co- 
nicml fuperficies. Tlicn by the twelfth Propofition, the 
Iqnare of A B, if a tangent, or the rectangle under iti 
fegments, If a fmmt, will be to the fijuare of b 0 , If a 
tangent, or the re£langlc under its fegments, if a 
m 03 
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cant, as the fquare of d E, if a tangent, or the rciftan- 
gle under its fegments, if a fecant, to the fquare of 
E H, if a tangent, or the reaangle under its fegments, 
if a fecant. Again, by the twelfth Propofition and in- 
Terfion, the fquare of b g, if a tangent, or the redtan- 
glc undo- its fegments, if a fecant, is to the fquare of 
if a tangent, or the redtangle under its legments, if 
et fecant, as the fquare of e h, if a tangent, or tlic re<ft- 
an^ under its fegments, if a fecant, to the fquare of 
F E, if a tangent, or the reSangle under its fegments, 
if a fecant. Coiifequently, 

t. rt.BG^1 

or f : or f : "S or 

f. AB'-J i-f. BG’fJ hf. CB' 

t. DE®*! rt. EH®^ ft. PE® 

(M- f : < or > : ■{ or 

f. DSV U. EH'J M. PEf 

The fquare of ab therefore (23. v.) if a tangent, or 
the redtangle under its fegments, if a fecant, is to the 
of c B, if a tangent, or the reaangle under its 
f^ment^ if a fetant, as the fquare of d e, if a tangent, 
CB- &e xe&mgte uniar its fegments, if a fecant, to the 
fquare ttf r e, if a tangen^ or the reftangle under its 
fegments, if a fecant. 

Cor. If A B, c B, D E, F e be tangents, then it is evi-^ 
dent (23. vi.) that ab:cb::de:fe. 

PROP. XIV. 

^ parallel io the _fide of a cone, provided it 
hemi ’m ^plme tmching the cone in that fde, will 
ned om ^ tfp^e Juperjicm in one point, and in 

Let the fought line 0 c be parallel to v b a fide of 
the ecme v A k s, but not fituated in the plane touch- 
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tilriet cone In the fide v B ; the flraight line d c will BOOK 
Jucet: oxie of the oppofite fuperficies in one pointy and 
^41 on^ point only, ' ' 

Lot: .a. plane pafs through the parallels d c, v and ^ - 
as Icyy l^ypothefis D c is not in the plane touching the 
con e: in the fide v b, the plane paffing through d v b 
siiuft. oia.t the cone. Let it cut the oppofite fuperficies 
tliereifore in the firaight lines a b v. Then as a v 
meets ^ v in v the vertex, and as it is in the fame 
plan^ with the parallels v b, d c, by the third Lemma 
^ -A V produced, mufl; alfo meet d c. Let them 

meet in d. Then d c muft meet one of the fuperficies 
i>^ and as it is parallel to v b, it is evident it cannot 
meet tine other fuperficies. It is alfo evident, that it 
can xxieet one of the oppofite fuperficies in one point 
only - for on one fide of d it is entirely within the f\i- 
pcrfxoies^ and on the other entirely without it. 

PROP. XV. 

if ^ y?^€Xzght line parallel to a fide of the cone cut either of 
thi^ oppofite conical fuperficies, and meet two firaight 
parallel to the hafe of the cone, and which cut ei^ 
f b^T^ J'hejperficies \ the fegments of the firjl mentioned line, 
het^c7aan the fuperficies and the points of concourfe, will 
he to ' one another as the reBangles under the fegments of 
the a ants which it meets. 

Let tLe firaight line d c, parallel to v b a fide of the Fig. 29. 
cone 'v A M B, cut either of the oppofite fuperficies in 
the j>oint d, and meet in the points e, r the firaight 
lines je: j: p, l r t, which are parallel to the bafe of the 
cone, cut either fuperficies in the points i, and 

I., T ^ tLen the fegment d e is to the fegment d r as 
the irocSb^ngle under e x, e f to the rectangle und^ 
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book For through the jOTallels d Cy v b let a plane pafg, 
and let it cut the plane of the bafe in the ftraight line 
AC By and the fuperficies in a v, b v. Through each 
of the llraight lines l r T, e i f let a plane pafs pa- 
rallel to the bafe a m b, and let o l n i f h g be the 
circles formed, as in the fecond Propofition. Let e g h, 
o E N be the intcdeSions of thefe circles and the plane 
paffing through a v, b v. Let e g h meet a v in g 
and B F in H | and let o r n meet a v in o and e v in 
M . Then ( i 6 % xL) the llraight lines e g h, or 
A c B Mm parallel, and therefore (34. i.) e h, c e, r k 
^ to one another; the angle d g e (39. i.) is 
^iial to the m^e 0 ac, and the angle d e g to the 
angle ocA. Haace (4. vi.) b e : e g : : b .c ; a c 
mi OR : 0 m : : Bc : Ac; and therefore (n. v.) 
BE ; E G : : B R : o R. and ( 16 . v.) b e : b r : : e g ; 
o B. Cmifeqmutly (r, vL) b e : 0 r ; ; e g x e h : 

O R X R N. 

But (35. and 36 . iii.) e g x e h = e i x e p, and 
Cl R X m R 5= L R X R Tj and therefore be*br*- 
.S|*R X'RT. 

dr. If a^togUlise parallel to a fide of the cone 
cut of the oj^fite onical fuperficies, and meet 
t^o feght Imes i^rallel to the bafe, and which meet 
either fup^ciesj Its fegment between the fuperficies 

m, xf a tangent, or the rfedlangle 
rate%%afnts, if a fecant, to the fquare of the fe 

B p he wwiel to ^ P^mning as abore, if 

e«. iii.) tkeWrf “1“^* ' ' ® ® 

£l= under , uT lud ^«ul M du, reauu. 

1 tor die lame reatoa^ if the 

point 
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point R were without the circle, the fquare of a ftralght BOOK 

line parallel to the bafe, drawn from r and touching 

either fuperficles would be equal to the rectangle under 
L R, R T. If a ftraight line v k parallel to the bafe 
pafs through v, the vertex, av-d meet c d in v k is 
to be confidered as a tangent. For d k : k v : : d c : 
c A, and dr:or::dc:ca. Hence (i i . v.) p k : 

K V : : D R : o R, and (i6. v.) D K : D R : : k v : o R. 

But K V, R N being parallel to the bafe are parallel to 
one another, and therefore (34. i.) k v, r n are equal, 
and confequently (i. vi.) dk;dr: :Ky^:oR x 


PROP. XVL 

If a fraight line ciilting a parabola or hyperbola he pa^ 
rallel to a fide of the cone in which the feliion is formed^ 
and if if meet two fraight lines which are parallel to 
one another, and meet the fame fe&ion, or the oppofte 
hyperbolas ; its fegment between tht curve and the frf 
of the two parallels will be to its feg'mcnt beHueen the 
curve and the fecond, as the fquare of the firf^ if a tan^ 
gent, or the reBangle under its fegmertts, if a fecant, io 
the fquare of the fecond, if a tangent, or the reBangle^ 
under its fegments, if a fee ant, 

Suppofe the ftraight line b c to cut the curve of a 
parabola or hyperbola in the point a, and to be parallel 
to a fide of the cone in which the feQiion is formed, 
and let it meet the ftraight lines b d, ce which are 
parallel to one another, and meet the fame fedion, or 
the oppofite hyperbolas ; then a b is to A c as the 
fquare of B D, if a tangent, or the redangle under its’ 
fegments, if a fecant, to the fquare of c e, if a tangept, 
or the redangle under its fegments, if a fecant. 

For, as B c cuts the curve of the parabola or hyper- 
bola 
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I BOOK bola In the point a, it will cut the conical fufwrficifs 

j in which the curve is formed in the fame point ; ami 

I the ftraight lines B d, c e will meet the conical fufwr- 

I ■ ficies in the fame points in which they meet the curve 

I of the leftion, or the curves of the oppofite hyperbolas, 

j ■ If therefore b D, c E be parallel to the bafe of Ac cone, 

i the Propofition is evident from the Cor. to Prop. XV, 

I but if Aey are not parallel to the bafe of the cone, let 

I »F, c G be parallel to the bafe of the cone, and let 

j them meet the fsune or the oppofite conical fuperlicics. 

j Then by the Cor. to Prop. XV. a b is to a c as the 

t %uare of b f, if a tangent, or the rcftangic under im 

! fegments, if a fecant, to the fquare of c o, if a taii- 

f gent, or the reflangle under tt» fegments, if a fecant. 

j Prop. XIL (and i(5. v.) Ae fquare of s r, if 

i 8 tangent, or the reAangle under its fegments, if a fe- 

j cant, is to Ae fquare of c o, if a tangent, or the reft- 

i angle under its fegments, if a fecant, as the fljuarc of 

B D, if a tangent, or the rciftanglc under its fegments, 
a fecant, to Ae fquare of c *, if a tangent, or the 
i y»to:tgfei»»der ^8 figments, if a fecant. Confequcntly 

In. V.) A B k tb A G as the fquare of b o, if a tangent, 

I or the reftangle under its fegments, if a fecant, to the 

! fquare of c e, if a tangent, or Ac rctSangle under its 

I fegments, if a fecant. 

PROP. xvir. 

Jlraigbt lines meeting one mother touch a conic fee- 
thdim opitfUe hyperholas, mi if u feemt faralld fs 
cm the other and the freight line joining 

■ ihefoints of iWoS, the redmgle under the fegments of 
the fecant hiOween the curve and the tangent will be 
equal to the f^e af Us fegment between the tangmt 

J the points ^ emtatt, 

' : - ' ' " ■ ’ ■ ' lA*t 






in me points o, aiiu icl uic maigut iiuc jrjg. 31, 

to c F, cut the feSion or either of the oppofite hyper- 33 » 34 * 
bolas in d, p, and meet the tangent a f in G, and the 
liraight line A c, joining the points of contail, in fi ; 
then the reftangle under o G, g p is equal to the 
fquare of G B. 

For by Prop. XIII. d g x g p : a g'' : : c f"" : a f*. 

But as c F, B G are parallel, by Lemma V. (and 4. tL) 
c : A F^ : ; G : A G% and therefore (ii. v.) i> g x 
G p : A G^ : : G : A g\ Confequently (14, v.) o a 
X G p = G B“. 

Cor, I. The reft remaining as above, if from any 
point E in the tangent a f, there be drawn the ftraight 
line E H parallel to the tangent c f, and meeting A c 
in H, and if from the fame point e there be drawn any 
ftraight line e i l, cutting the feftion or oppofite hy* 
perbolas in i and l ; then the re 0 :angle under i e, E L 
and the fquare of e h will be to one another as the 
fquares of the tangents, or the rectangles under the 
fegments of the fecants meeting one another and pa- 
rallel to I L, E H. For from the point G draw g n pa- 
rallel to I L, and let it cut the curve or curves in m, 
and N, Then by Prop. XIIL iexelimgXgn:: 

A : A G^; and by fimilar triangles, and this Propo- 
fition, A : A : : E G or its equal d G x G F. 

Hence (ii. v.) iexee:mgxgn::eh^:dgx 
G P, and, by alternation, iexel:eh^:: mgX 
G N* : D G X G p. Confequently, by Prop. XIIL (and 
II. V.) the Cor, is evident. 

Cor, 2. If a ftraight line B h cut a conic feCtion, or 35- 
oppofite hyperbolas in d, g, and meet in the points b, 

H two ftraight lines A B, c H which touch the feClion 
or oppofite hyperbolas in a, and c, and if b h meet 

AC 
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KOOK AC joining the points of contaft in k ; the rcrtaiigle 
under n b, b g will be to the re^langlo utider (} h, ii r> 
~ as the fquare of b e to the fquare of ii k. For if 
tangents a B, ch be parallel, the triangles (aq. i.) 
A B E, c H E will be equiangular, and therefore, by the 
fifth Lcmnia, (and 4. vi.) in this cafe A »* ; c h* : ; 
B E' r H E*; and by Prop. XTIl, a b* : c 11* : : n » x 
B G : G H X H 0. In this cafe therefore (1 1. v.) the 
6br. is evident. But if the tangents be not paraJk;}, 
through H draw the Ilraight line i, k parallel to a n. 
and let it meet a c in k, and the curve or curves in the 
^nts L, M. Then the triangles a n n, k n t-: are (39. 
i.) equiangular, and as above a b* : 11 k® : ; h k’ : 4i ir'. 
But by this Propofition h k* is equal to 1, n x if m, 
and therefore A b® : l n X h m t : b k’ : it k*; ntid by 
Prop. XIII. A b® ; 1, II X H M : 1 n B X B a ; 0 II X It i». 
Coiifequently (11. v.) d B x b G ! 0 H X a 0 : ; B n * : 

II E'. 
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Of ibe EU'ipfc and Hjperlola. 


DEFINITIONS. 

I. 

That point within an ellipfe or betwreen oppofite 
hyperbolas, in which every ftraight line, palling through 
it and terminated by the curve or oppofite curves, 
bifefled, is called the Center of the ellipfe, or the Center 
of the hyperbola or oppofite hyperbolas, 

II. 

Any ftraight line paifing through the center- of an 
ellipfe^ and terminated by the curve, is called a Dza^ 
meter of the ellipfe. 

ni. 

A ftraight line paffing through the center of oppofite 
hyperbolas, and terminated by the oppofite curves, 

called 



46 

BOOK 

II. 


OF THE ELLIPSE AND HYPERBOLA^ 

called a Tranfuerfe Diameter of the oppoCte hyperbolas, 
or of either of the oppofite hyperbolas. And a ftraight 
line paffing through the center of oppofite hyperbolas, 
and bifefting a ftraight line not paffing through the 
center, and terminated by the oppofite curves, is called 
a Second Diameter of the oppofite hyperbolas, or of ei- 
ther of the oppofite hyperbolas. 

IV. ‘ 

Any ftraight line not paffing through the center of 
an ellipfe, or oppofite hyperbolas, terminated by the 
curve of the ellipfe or either hyperbola, or by the op- 
pofite curves, and bifeflied by a diameter, is called a 
Double Ordmate to the bifefling diameter j and its half 
is fimply called an Ordinate to it, 

V. 

The points in which any diameter of an ellipfe meets 
the curve, or in which any tranfverfe diameter of oppo- 
jite hyperbolas meets the oppofite curves, are called 
ibe Vertices of the diameter i and the fegments of a dia- 
meter, between an ordinate and its vertices, are called 
AbjciJfes, 

vr. 

Two diameters of an ellipfe, or oppofite h}^erbolas, 
of w hicb each bife^s all ftraight lines terminated by 
the curve, or oppofite curv^es, and parallel to the other, 
are called C6?ij7igate Diameters, 

VIL 

A diameter of an ellipfe, or oppofite hyperbolae, 
which cuts its ordinates at right angles is called an 
Asb- of the ellipfe, hyperbola, or oppofite hyperbolas. 

PROP. I. 

If t-zuQ- parallel Jiraigbt lines touch an ellipfe^ or oppofite 

hyperbolas, the Jlraight line joining the points of contabi 

will 
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^vill bifcB any Jlraight line parallel to them^ and terml^ 
?iatcd by the curve of the ellipfe^ or by the curve of either 
of the oppojite hyperbolae. 

Let the two parallel ftraight lines g l m touch 
the elHpfe a d b or the oppofite hyperbolas f b n, 
I A K, in the points b, a ; the ftraight line a joining 
the points of contadf, will bifeci any ftraight line f n, 
parallel to the tangents^ and terminated by the curve 
of the elHpfe^ or by the curve of either of the oppofite 
hyperbolas. 

Let F N meet the curve in the points f, n, and a b 
in o. Through the points n draw g l, h m parallel 
to AB, I^t G L meet the curve of the eliipfe again, 
or the curve of the oppofite hyberbola in i, the tan- 
gent G H in G, and the tangent l m in l. Let h m 
meet the curve of the eliipfe again, or the curve of the 
oppofite hyperbola in k, the tangent g h in h, and the 
tangent l m in m. Then, by Prop. XTII. Book L 
B g"^ : I G X G F : : A : F L X L i ; and (34. i.) as 
B G is equal to a l, and therefore the fquare of b g 
equal to the fquare of a l, we have (14. v.) i g x g f 
equal to F L X L I. Confequently, by the fixth Lem- 
ma, F G is equal to i l. For the fame reafons n h is 
equal to k m, and (34. i.) as f g is equal to n h, i l is 
equal to k m ; and (34. i.) as l g is equal to m h, i g 
is equal to k h, and i g x g f is equal to K h X h n. 
Again, by Prop. XIII. Book I. igXgp:gb^:: 
K H X H N : H B"; and therefore (14. v,) the fquare of 
G B is equal to tlie fquare of ii b, and g b is equal to 
H B. Confequently (34. i.) f o is equal to o n. 

If, in the eliipfe, the ftraight line d e, meeting the 
curve in d, e, be parallel to the tangents g h, l M,aiid 
if the ftraight line p d T parallel to a b touch the el- 
iipfe in D, then the ftraight line n e a parallel to A b 

will 
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BOOK will touch the elllpfe in e, and D e will be bifefled in 
c, the point in which it meets a b. For let r> d T meet 
the tangent G H in t, and the tangent i. m in i' j and 
let it E a meet the tangent G h in Q, and the tangent 
i M in R. Then, by Prop. XIII. Book I. B T* : » T* : : 
A p"* : and (34. i.) as b t, a p are equal j the 

fquare of b t is therefore equal to the f«iuare of A p, 
and confequently (14. v.) the fquare of 0 T is equal to 
the lquare of 0 p, and d t is equal to 0 v. But (34. 1.) 
E a, b T are equal to one another, as arc alfo k r, n i» 
to one another; and therefore e o, e k are equal to 
one another. Novv- if r e a could meet the curve in 
any other point befides e, as in v, then as b «• (34. i.) 
Is equal to a r, it might be proved as'abovBj by means 
of.Prop. XIII. Bodk 1 . that V a X a e i# equal to « r 
X R V. It would therefore follow, by the fixth Lem- 
ma, that R o is equal to r v ; which by the above is 
.•ibi'urd. Confequently rko touches the ellipfc iti 

E, and therefore, by the Cor. to Prop. XI 11 . Book I. 

F. .a : a. E : : i> T ; T B j and as £ a, D t are equal, we 
have (14. V.) b a equal fo b t. C<Hifeqi^ntly c D is 
equal to c e, for (34. i.) c E is equal to B la, and c » 

• to B T. 

Cor, If tw^o parallel ftraight lines, as o h, t M touch- 
ing an ellipfe or oppofite hyperbolas meet a llraighf 
line, as FI, which cuts the ellipfe or oppofite hyper- 
bolas, and is parallel to the ftraight line joining the 
■points of contaft, the fegments of the fecant between 
Ae curve or curves and the tangents w'ill be equal to 
one another ; for by the above f g is equal to j i.. Ami 
if two parallel ftrdght lines touching an ellipfe meet n 
ftraight line whicli touches the ellipfe, .-ind is puniilfl 
to the ftraight line joining the points of contua, flm 
fe^ents of the laft mentioned tangent, between the 
point of contatSl and’ the parallels, will be equal fo outs 

another. 
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;her. Tliis is alfo evident from the above, for it book 

II. 

proved that d p is equal to d t. . 

. : PROP. 11. 

^0 'parallel Jlraight lines touch a7t ellipfe or oppojite 
pperbolas^ and the Jlraight linejoinmg the points oj con- 
zB he hifeBedy the point hi ^uhich it is MjeBed n.uill he 
ie center of the ellipfe or oppojite hypei'holas ; and no 
"her point can he a center of the ellipj'e or ojpofte by- 
erholas, 

^et the two parallel flraight lines g l m touch Fig. 37- 
ellipfe A D B or oppofite hyperbolas f b i a k 
he points b^ a> and let the ftraight line a joining 
points of contaiSljj be blfe 5 :ed in c ; the point c is 
center of the ellipfe or oppofite hyperbolas, and no 
er point, befides c, c^n be the center of the ellipfe ‘ 

)ppofite hyperbolas. • 

*art 1 . Talie any other point n in the cur\^e of the 
pfe, or in the curve of either of the oppofite hyper- 
as. Then n c being drawn, and produced, it will 
et the curve of the ellipfe, or the curve of the oppo-* 
hyperbola, and the- whole line terminated by the 
ve, or« curves, will be bife£led in c. For let n c be 
parallel to g h, l m, and draw n o f parallel to 
m, and let it meet a b in o, and the curve again in 
Make a s equal to b o, and through s draw i s ic 
allel to the tangents g h, l m, or to n o f, and let 
oe one of the points in which , it meets the curve, 
en, by Prop. I. n f will be bife£ted in o, and s ic 
1 be half the whole line, of which it is a part, ter- 
lated by the curve ; and therefore, by Prop. XIIT. 
ok I. a o X o B : N o'" : : B s X s a : k s^. But as 
y E o are equal to one another, a o x o b is equal to- 
X s A, and therefore (14. v.) the fquare of n o is 
E equal 
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equal to the fquare of k s^ and n o is equal to K 
Let N c produced meet k s i in and then as c c o 
are equals and (129. i.) the triangles n c o, i c s equi- 
angular^ it follows (26. i.) that n c is equal to c and 
I s is equal to n o ; and therefore, by the above, i s is 
equal to s k. Confequently, by Prop. I. the point i is 
in the curve, and therefore n c being produced, it 
meets the curve of the ellipfe again, or the curve of 
the oppofite hyperbola, and the whole line n i, termi- 
nated by the curve, or curves, is bifeded in c. The 
point c is therefore the center of the ellipfe or oppofite 
hyperbolas ; for in the ellipfe the ftraight line parallel 
to the tangents g h, l and paffing tlirough c is jdfo 
bifeSed in c, by Prop. L 

Part II. No other point, befides c, can be the center 
of the ellipfe, or oppofite hyperbolas. In the ellipfe 
this is evident ; for if there could be another, then a 
firaight line palling through c and that other center, 
and terminated by the curve, would, by the fecond 
Definition, be bife&d in two points ; which is abfurd. 

Fig. 3S. Nof the hyperbolas f b n, i a k have any other 
cmter befides c. For through c draw d e parallel to 
G H, E M ; and fi2pp>fe the point n in this ftraight line 
to be another center. Through n draw the flraight 
line F I parallel to a b, and let it meet the tangents in 
G, L, and the oppofite cun^es in f, i. Then, by Cor, 
Prop. I. F G is equal to i e; and (34. i.) as g d is equal 
to 1 e, and d e to c a, and b c equal to c a, it follows 
that F D I are equal. But through d draw a firaight 
line m not parallel to a b, and let it meet the curves 
in Q, T ; which it evidently may do, by Prop. IX. 
Book L as it may be drawn parallel to a firaight line 
drawn from a point in the curve fbn through c and 
meetiBg the oppofite curve, by Part 1. Let a t meet 
the ftraight lines f n, i k parallel to the tangents g h,«' 

L M, 
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in R and p. Let r be between the points 
and then p will be without k, or without the hyper- 
t)oia I A K. Then, by the above, as F d is equal to 

I, and (29* i.) Lhe triangles f d r, i d p equiangular, 
it follows (26. i,) that r d is equal to p d. Confe- 
■<q\iently t a is not bifefted in d, and therefore D is not 
52 . center. Nor can any point out of the line d e be a 
tzsenter^ for if it could, then a ftraight line drawn 
■tlirough it, and parallel to a b, and meeting the curves, 
'Would, by the above, be bife6):ed by d e, and, according 
t:o the firft Definition, it would alfo be bifefiled in this 
other center. The fame ftraight line would therefore- 
te bifefted in two points : which is abfurd. Confe- 
quently no other point befides c can be a center. 

Cor, I. A ftraight line, as a b, joining the points of 
oontaft of two parallel tangents g h, l m, is a dia- 
.: 5 .TLieter of the ellipfe, or oppofite hyperbolas ; and x> e 
< irawn dirough the center c, and parallel to the tan- 
gents, or to the fecants f n, i k parallel to them, is 
^Ifo a diameter. For in the ellipfe d e is a diameter, 
siccording to the fecond Definition ; and in the hyper- 
bola D E is a fecond diameter, by the third Definition, 
as it blfefts, by the above, any ftraight line parallel to 
A B, and terminated by the curves of the oppofite hy- 
j>erbolas. 

Cor, 2. If two ftraight lines A l, b g touch an el- 
lipfe, or oppofite hyperbolas in A, b, the vertices of the 
diameter a b, they will be parallel. For if b g be not 
parallel to a l, the tangent parallel to a l will meet 
t:he curve of the ellipfe, or the curve of the oppofite hy- 
perbola, not in B, but in fome other point, as n, as two 
llraight lines cannot touch a conic feftion in the fame 
point. Then, by the preceding Cor. if a n be drawn, 
ix will be a diameter: which is abfurd. For the 

E 2 ftraight 
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ftraighc line A n cannot pafs through c, the center, 
c Is in the diameter A b , 

PROP* IIL 

If two parallel Jlraight lines touch an ellipfe oroppofiie hy * 
perbolasyjlraight lines parallel to them m the Mpfcj or 
in either hyperbola^ will be ordinates to the diameier 
joining the points of contaB 5 hut^ in the oppcfik hyper-^ 
holas^ Jlraight lines parallel to the diameter joining ihc 
points of contaEl will be ordinates to the f cond diameter 
parallel to the tangents] and^ In either caf\ ordinates 
' to the fame diameter of an cllipfe^ or oppojite hyperh'las^ 
are parallel to one another. 

Parti. Let two parallel ftraight lines g h, i. m toneh 
the ellipfe a d b e, or oppofite hyperbolas f b n, t a k 
in the points b, and let f n, i k, in the (dliple or in 
cither hyperbola^ be parallel to o u, l m ; then a n 
will be a diameter by Cur. i. Prop. 11. and by Prop. I. 
it will bifea F N, IK, Tills part is tliereforc evident^ 
by the above and the fourth Definition. 

Part II. The reft remaining as above, let d v. hv. a 
fecond diameter, parallel to the tangents a i w, 
and let F I, N K, terminated by the oppofite curves, !ic 
parallel to a b, and then by Cor. i. Pro{). II. f i, n ic 
are bife6led by de, and are therefore ordinates to 
according to the fourth Definition. 

Part IIL Ordinates to the lame diameter of an el- 
lipfe, or oppofite hyperbolas, are parallel to one ufi- 
other. For firft let a b be any diameter of the ellipfci 
or ^ny tranfverfe diameter of the oppofite Iiyperbolas ; 
and c being the center, let la, gb be llic parallel 
tangents.drawn through the verticils a, b, according to 
Cor. i?. Prop, IL Then, by Part I, any firaight line 

parallel 
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parallel to l or g b in the ellipfe» or in either of the BOOR 
oppofite hyperbolas^ will be an ordinate to a b. But, 
if it be poffible, let the ftraight line i p in the ellipfe, 
or in either of the oppofite hyperbolas, be an ordinate 
to the diameter ab, and not be parallel to l A, g b. 

Draw I K parallel to l a or g b, and let it meet a b in 
s, and the curv-e in k. Draw i c, and, being pro^ 
duced, let it meet the curve of the ellipfe again, or th^ 
curve of the oppofite hyperbola, in n ; and draw k n. 

Then, by Part 1 . i k is bifefted in s ; and, as i n is bi- 
fedled in c, i c : c n : : i s : s k, and therefore (2. vi.) 

AB, K N are parallel, Confequently, if i p meet a b in r 
and K N in v, (2. vi.) is:sk::ir:rv, and there- 
fore I V is bifefted in n. But the ftraight line k h iu 
Fig. 39. is wholly within the ellipfe, and in Fig. 40, 

H K is without the oppofite hyperbolas, and being pro- 
duced it falls on the one fide within one hyperbola, 
and on the other within the oppofite hyperbola. The 
other point, p therefore, in which i p meets the curv§, 
cannot be in k n, and confequently i p cannot be bi- 
fe6ted in r, or be an ordinate to a b. 

Laftly, the reft remaining as above, let d e be a fe- pjg. 40. 
pond diameter of the hyperbolas parallel to the tan- 
gents la, g b. Then any ftraight line parallel to a b, 
and meeting the oppofite curves will be bifefted by 
V E, according to Part II. But, if it be poCfible, Ipt 
I X meet the oppofite curves in i, x, the diameter d b 
in r, and be an ordinate to d e, and not be parallel to 
A B. Let I F be parallel to a b and meet the oppofite 
curves in i, f, and d e in d. Draw i c, and, being 
produced, let it meet the oppofite curve in n. Draw 
N F, and let it meet i x in z. Then, as i n is bifefted 
in c, and as i p, according to Part 11 . is bife 9 :ed in d, 

I c : c N : : I D : D F, and therefore (2. vi.) N f is pa- 

E 3 r^lel 
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Y z, and therefore i y is equal to y z. The ftraight 
line I X therefore cannot be bifefted in or be an or- 
dinate to D E. In every cafe therefore^ ordinates to 
the fame diameter are parallel to one another. 

Cor, I. If a ftraight line bifefl: two parallel ftraight 
lines in an ellipfe or hyperbola^ or oppofite hyperbolas, 
it will be a diameter : and ftraight lines drawn through 
its vertices, and parallel to the lines bifefted, will touch 
the ellipfe, or oppofite hjrperbolas, if in the oppofite hy- 
perbolas it be a tranfverfe diameter. For by Cor. a. Prop. 
VIII . Book L two ftraight lines, and only two, parallel 
to the lines bifefted, can be drawn to touch the ellipfe 
or oppofite hyperbolas 3 and by Cor. i. Prop. 11. the 
ftraight line joining the points of contaftis a diameter, 
and, by this Propofition, this diameter will bifefl: only 
fucli ftraight lines in the ellipfe or oppofite hyperbolas 
as are parallel to the tangents. It is alfo evident from 
this Propofition that a ftraight line bifefting two parallel 
ftraight lines, terminated by the curves of oppofite hy- 
perbolas, is a fecond diameter of the hyperbolas. 

€kr, 2. If in an ellipfe, hyperbola, or oppofite hy- 
perbolas, a diameter bife< 9 : a ftraight line not pafling 
through the center, it will alfo bifefl: any line parallel 
to it in the fame fe^tion or oppofite hyperbolas. For, 
by the preceding Cor. a firaight line bilbaing two pa- 
rallel ftraight lines in an ellipfe, hyperbola, or oppofite 
byi^rbolas, is a diameter, and therefore palTes through 
the center. Confequently a diameter, or a ftraight line 
faffing through the center, and bifeSing one of two 
parallel lines in the fame feftion, or oppofite hyper- 
bolas, will alfo bifeft the. other. 

Cor, 3 . A diameter of an ellipfe or hyperbola will bi- 
all ftraight lines in the feblion parallel to a tangent 

pafling 
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paffing through its vertex ; and ordinates to a diameter 
and tangents paffing through its vertices ate parallel to ^ 
one another, 

PROP. IV. 

Two diameters of an ellipfe^ of oppojiie hyperlolas^ are 
configate diameters^ if one of them be parallel to the or- 
dinates (f the other » 

Let A B, D E, be two diameters of the ellipfe a d b e^ 
or of the oppofite hyperbolas m A, g b and let the 
diameter d e be pardlel to g f a double ordinate to 
A B ; the diameter d e will be the conjugate diameter 
to A B. 

For let c be the center^ and f c being drawn^ and 
produced^ let it meet the curve of the ellipfe, or the 
curve of the oppofite hyperbola in m. Draw g m, and 
let it meet d e in p. Let a b meet g f in h, and then 
as G F is a double ordinate to the diameter a b, it is bi- 
fecSted in h ; and as the diameter f m is bifefted in c, 
the center, f c : c m : : f h : h g, and therefore (3. vi.) 
M G is parallel to a b. Again, as d e, G F are parallel, 
(2. vi.) M c : c f : : M p : P G, and therefore m g is 
bifefted in p. Confequently the diameters d e, ab 
are conjugate to one another, according to the fixth, 
Definition ; for by Cor, Prop. III. d e will bife6l 
any ftralght line parallel to m g or A b, and A b will bi- 
feft any iftraight line parallel to g f or d e, the ftraight 
lines parallel to m g or g f being terminated by the 
curve of the ellipfe, hyperbola, or oppofite hyperbolas. 

Cor. I. From the above. Cor. 3. Prop, III. and 
Cor, 1. Prop. 11 . it is evident, that if two parallel 
ftraight lines touch an ellipfe or oppofite hyperbolas, 
and if, from any point in the curve of the ellipfe, or of 
either hyperbe^a, except the points of contact, a liraight 
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• BOOK line be drawn parallel to the tangents, it will he cither 
an ordinate to the diameter joining the points of con- 
tact, or in the ellipfe it will be the diameter cotytig.ite 
to that joining the points of contact. 

Cor. 3. Ordinates to a diameter, of an cllipfc or op- 
pofite hyperbolas, tangents palling through its vertices, 
and its conjugate diameter are parallel to one another. 


DEFINITIONS. 


If c be the center of the oppofite hyperbolas m a, f h, 

, and A B a tranfverfe diameter, to which » E is the con- 
jugate, and H F an ordinate, and if the reAangle under 
A H, H E be to the fquare of h f as the fquare of c » to 
the fquare of c E or c r>, the points D, E are called ib» 
Vertices of the fecond Diameter D E. In this way the 
magnitude of any fccond diameter is determined l»y its 
vertices. 

Cor, If the ordinate h f be parallel to the bafe of 
the cone, in which the hyperbola was formed, the fe- 
midiameter c e or c 0 will be equal to the ftraight line- 
drawn through c and parallel to the bafe of the cone, 
and touching either of the conical fuperficies. For, iii 
this cafe, by the fecond Cor. to Prop. X. Book I. the 
redlangle under A h, h b is to the fquare of H p as tlie 
Iqu^e of c B to the fquare of tlie line drawn through 
c and parallel to the bafe of the cone, and touching ei- 
ther ctf the conical fuperficies ; and, by this Definition, 
the fquare of c b is to the fquare of c E or d e in the 
fame proportion. Confequently (9. v.) the Cor. is evi- 
dent,, as the fides of equal fquares are equal. 

IX. 

A ftraight line which is a third proportional to two 
conjugate diameters of an ellipfe, or oppofite hyper- 
bolas. 





PROP, V. 

If each of i:v^) Jlrait^bl vievtlng 07ic another^ touch OT 
cufy or our of ibcfu touchy and the other ciit^ an dlipfe^ 
byperhilaj or oppojtie hyperbolas ; the fqiiare of the JitJI 
of the kvo^ if a tangent^ or the reBangle under its feg^ 
mniis^ if a freenf^ will he to the fpiare cf the fccond^ if 
a tangent^ or the rebiangle under iis fegmenlSj if a /i- 
c'dnf^ as the fqudre of the fefnldiameter parallel to iha 
JlrJl to the fjuarc <f the feniidianietcr parallel to the Jc^ 
cotkL 

111 the cHipf'c, and when the two ftraiglit lines arc 
paralkd to two tranlVcrfc diameters oF oppofitc hyper- 
bolas, tlut Propoiitiun is evident from IVop. XII L 
Hook L Hor diameters in the elliplb, and tranfverfe 
diameters of oppoOte liypcrbolas, are fecants meeting 
one another in the center, in which they are bifec^cd. 

For other caies, firli let L m, (J h cutting either of Tig. 4 
the oppofite hypt!rlH>Ias in e, M and g, n, meet one 
another in k ; and let c k be the lemidiameter parallel 
to h M,and let c ¥ be the femidiameter paralhd to g h, 
and let c k, l u he |)arallel ta*the bafe of the con© in 
which tlic hyperbeda was formetl j and then L ic X 
K M : c; K X K n : : c: ip : c rk For, blfebl a H in i, 
and through i draw n v {mrallel to t m or c k, and 
draw the tranfvcTfc diameter i n a. 7 'hen, l)y Cor, a. 
to Prop. X- Rook L and the Cor. to Dcfiniliou VIIL 
N I X I e : A I X i » : : c : c ir; aiul l)y Definition 
VUL A 1 X 1 II : I IT’ : : c ir* : c. f’. (^aifequcntly, 
js i X I r : A I X I n : I H “ 
c id : CJiP’ : c F% 

snd (zz, V.) s IX I r : I rp : : c iP : c F% ButiJby 

Prop. 
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Prop. Xlir. Book T. n i x i p : i n " : : l k X k m : 
G K X K H ; and therefore (i i. v.) l k x km : G k X 
k: H : : C pr : c F^. 

Secondly^ let g l m cut one another in in tiie 
hyperbola as above, and let neither of them be parallel 
to tire bafe of the cone in which the fe^lion was 
formed. Let g h be parallel to the femidianieter c f, 
and let l m be parallel to the femidianieter c e, Throiigli 
K draw a r parallel to the bafe of the cone in which 
the fc&ion was formed, and let c s be the fern i diameter 
parallel to a r, or to the bafe of the cone. Tlicn, as 
above, we have the two following ranks of magnit.u<les 
proportionals, 

E K X K M : Q K X IC R : G K X K H 
C I c : C 

and therefore l k X k m : G K X k H ; : c 

c F^. 

Thirdly, the reft remaining as above, let the ftraight 
line V T K meet one of the oppofite hyperbolas in v, 
the other in x, and the ftraight line a R in K. I'hcn, 
by Prop. XII. Book I . and Cor. to Definition VITL 
ir X being the tranfverfe diameter parallel to v x, v K 
X K X : a K X K R : : c : c s^. 

Laflly, every thing remaining as in the two preced- 
ing cafes, by the above we have the two following 
ranks of magnitudes proportionals, 

vkxkx:qkxkr;gkxkh 

cx“ : c : cf", and there- 

fore {2%. V.) V K X K X : G K X K H : : c : c f". 

In every cafe therefore, by the above, and Prop. XI IL 
Book I. (and Ji. v.) If each of two ftraight lines/^ 
&:c. 

Cor. I. If t\<vo ftraight lines be ordinates to any dia- 
meter of an ellipfe, or tranfverfe diameter of an liyper- 
bola, the fquare of the firft will be to the fquare of the 

fccond. 
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icond^ re<5tanglc under the abfcifles correfjpond- 

ig to the firft to the re<5iangle under the ablcilTes oor- 
efponding to the fecoud. 

Cor. From this Propofition (and r 2 ^ 2 . vi.) it is evi- 
ent^ that if two ftraight lines meeting one another 
ouch an ellipfej hyperbola, or oppolite hyperloolas, 
hey will be to one another as the femidiametoirs to 
w’'hich they are parallel. 

Cor. 3 - From this Propofition, and the firft Lenoina, 
t is evident, that if two conjugate diameters of a.xi el- 
ipfe cut one another at right angles, they cannot be 
^qual to one another ; for if they 'were equal t:o one 
-nother;, the fecbion would be a circle, by tho firft 
!-iemma, as the fquare of the ordinate would loo equal 
o the rectangle under the correfponding abfclfles, 

PROP. VL 

a Jiraigbt line he an ordmafe to ar^ diameter of* exn el^ 
Itpje^ or any tranfuerfe diameter of an hypenbol^^z.^ the 
rectangle under the ahjclffes of the diameter be to 

the fquare of the ordinate as the diameter to its ^ara-* 
me ter. 

Let the firaight line g f be an ordinate to tho dia- 
meter A B of the ellipfe b g, or to the tranfverfo dia- 
meter A B of the hyperbola b g, and let b h be t,lae pa- 
[•ameter of a e ; the rectangle under the abrciiles a 
p E is to the fquare of f g as a b to b h. 

Let c be the center of the ellipfe or hyperbola. 3 , and 
Let B E be the diameter parallel to a and. confe- 
quently, by Prop- IV. the conjugate diameter to a b. 
Then, by the ninth Definition, AB:E>E::r>E z bhj 
a'ud therefore (Cor. a. 20. vi.) ab^ : b : : a. b x b h. 
Blit (15. V.) A : B E^ : : c c x>^ ; and theirefare 
(ii. Y .) o i it:. i X 'R. by Prop. V. 

c 12P 
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BOOK CB^ : CD^ : : AFXFB : F G"; and confcqucnily 
(ll, V.) A F X F B : F G" : : A B : B H, 

Cor, I. Let the parameter b h be at right anglts to 
the diameter ab, and from the other \xrtex a^ draw 
A H. I'Vom the point v draw f k perpendicular to a b, 
and let it meet a h, or A h produced, in K. Complete 
the reilangle k b, and it will be equal to tlie fquare of 
the ordinate f g. For, as b h, f k are at right angles 
to A B, they are parallel, and therefore (4. vi.) a b : b 11 
: 2 A F ; F K ; and conrcqnently, by this Ihopofitioii 
(and II. V.) A F X F B : F g"' : : A F : f k. But (i. vi.) 
A F : p ic : : A F X F b : f k x f n, and theredure a f 
X F B : F : : A F X F B : F K X F B. Conf*(|uent ly 
(14. V.) F K X F B is equal to f 

Car, 2. Complete the rectangle l a b h, and hi h 11 
meet f k in m, and let k n, the fide of tlie re«ftangh‘ 
K B, oppofite to B F, meet b h in n ; then in tljc cllipfc 
the fqnare of the ordinate f g is lefs thari the nrlanglc 
under the abfeifs fb and the parameter 0 n, by tiu^ 
red'langle m n, fimilar to lb, and having one of its 
fides equal to B F ; but in the hyperbola, the fquare of 
the ordinate f g, is greater than the re 61 anglc under 
the abfeifs 33 f and the parameter b h, by the reftaiigle 
M N fiinifar to L b, and having one of its fides equal to 
B F. This is evident from the preceding Cor, 

SCHOLIUM. 

On account of the deficiency of the fijuarc of f €i 
from the reftangle under f b, b h in Fig. 45. ApoJlo- 
nius called the feaion an ellipfe ; and on account of 
the excefs of the fquare of f g above the redanglc im- 
der F B, B H. in Fig. 46. be called tlie fcAioium hy- 
perbola. 

From Abe properties demonftrated above thefe fee- 


Fig, 45. and 46.) its parameter n H = tlae alj- 
feifs F B == x, and the ordinate f g =j, Theii a f =;:= 
i?3r“xj the negative iign applying to the ellipfe, and 
the pofuive fign to the hyperbola. And by the fimilar 

{Jp ' p,r 

triangles a k ii, A i' K, ci : p : a -{■ x z ^ = fk. 

Confeqvieiitly by tlic firll Cur. to Proj>. VI. X x 

= /'X + ^ = /.f + -jx" = J'- 

PROP. vrr. 

If a Jlr a ip'ht line^ touchhtg an or /n’pe:rLoIdy nh\'t a 

iUtnnvtn\ and J'roni ike point of contact there he drira'u 
mi ordinate to the diameter ; the Jhmdiametcr ^unil he 
'a mean proportional bet ween the fegmtnts the dlame-^ 
ter, between ike center and ordinate, a7id between the 
center and tangent. 

Firflj let the ftraight line k m, toucliiiig the eHi{)fc i'l'g- 47* 
or hyperbola k i o in the point k, meet any dianicter 
A I in the elllpfe or tranlVtail; diameter of the hyper- 
bola in M, and let K f be an tHalinatc to tlie diameter, 
and meet it in f, and let c be the center; the fcnii- 
diameter c 1 is a mean proportional between the fi’g- 
ments c f, c m . 

For, let A B, I D be tangents paffmg through tin; 
vertices a, i, and meeting the tangent 1*: in n and i>. 

Tlien, by Cor, to Prop. XI If. PiOok !. ic n : v. o : : 

A B : t d; and ns, hy Cor. 3. i*o»p. HI. the liraight 
lines A B, E F, X d are parallel, it is evident ffrom 10. 
vi.) tliat E B : E D : : A F : I i\ And as (ey. i.) the 
triangles bam, ox m are cijuiangnlar, a b ; 1 0 : : 

A M 
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BOOK A M : I M. Hence (ii. v.) A m : i m : : a f : I 

and ( r8. v.) a m 4* i m : i m : : a f -f i f : if; and 
*" by halving the antecedents it will be in the elliplc 

c M : I M : : c I : I F;, but in the hyperbola c i : i m : : 
c F : I F. Confcquently, by converfioii, it will be in 
the ellipfe c m ; c i : : c i : c f; but in the hyperbola 
ci:cM:;CF:ci5 and therefore c m ; c i : : c i : 


Pig. 49' 


Fig. 47* 

4g. 


Let A I' be now a fecond diameter of the oj)pr>fite 
hyperbolas o K, e l and n f an ordinate to it ; and let tlie 
tangent e m meet it in and the tranlVerie diameter 
K parallel to k f, in n. Then, by Prop. I\', k r,, a f 
are conjugate diameters; and therelbn.' F:rln‘ingdra%vn 
parallel to A i, and meeting K h in p, it will be an or- 
dinate to K L. Let 0 be the center, and then, by the 
above, c p : c l : : c n : c n, and therefore (Cor. a. 
2,0. vi.) c : c L*' : ; c p : c N. But (34. i.) c r, r r. 
are equal, and e p is equal to F c, and (4. vi.) e r : 
c N : : M F : u c, and therefore C : c ; : m r : 

M c. Hence (17. v. and 6. ii.) k p X p n : c : : 

c F : M c; and (r. vi. and 11. v.) e P X f L : c n* ? t 

c : c F X M c; and (16. v.) k f X p l : c or 

£ p^ : : c : c F X M c. But, by Def. viii. k f X 
p L : E p^ : : c : c 1% and tlicrefore (ix. and 9. v.) 
CF X M c is equal to c 1% and conlequently € M : 
C I : : c I : c F. 

Cor. 1, From the above (and 17. vi.) c m x c r m 
equal to c i", and in the ellipfe thefe ecjuals being 
taken from c m% wc have (6. ii. mid 2 . ii.) a m x 

M I equal to c m x m f. But, when a i is a tranl- 

verfe diameter in the hyperbola, c m* being taken from 
the equals, c M x c f, c we have (5. ik and 3. ii.) 
A M X M I equal to c m x m f. 

Cor. 2. As c M X c F is equal to c j 4 I.)y taking 

front each c in the ellipfe, wc have (3. and 5. ii.) 
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t: F X F M equal to A f x f i. But a i being a tranf- B o^o K 

verfe diameter in the hyperbola^ by taking the equals 

c 3M X c c from c we have (2. and 6 . ii.) 
c ^ X F M equal to a f x f i. 

Cor. 3. When a i is a diameter of the elllpfe or tranf-' 
verfe diameter of the hyperbola, by the deraonftration 
of the firft part of the Propolition, a m : i m : : a f : 

FI. 

PROP. VIIL 

Jy* Jiraight lines ^ touching an ellipfe^ hypcrhola^ or op-^ 

pojite hyperbolas^ meet one another^ the diarieter 
ing the line joining the points of confahl v/dl pafs through:? 
the point of concourfe. 

I^et the two ftrai^ht lines e isf, g m touch the el- Fig. 47. 

O' Q 

lipfe or hyperbola e i g, or the oppofite hyperbolas el, 

G K, in the points e, g, and meet one another in M, 
and let the diameter c f bifedt e g, the ftraight line 
joining the points of contadb in p 5 the diameter c f 
will pafs through 

For let c be the center, and let A, i be the vertices 
of the diameter ; and then, as e g is bifefted by the 
diameter c F, e f is an ordinate to it, and therefore^ by 
Prop. VII. c F : c I : : c I : the fegment of the dia- 
meter intercepted between c and the tangent e m. For 
tlie fame reafons c f : c i : : c i : the fegment of the 
diameter intercepted between c and the tangent o- m. 
Gonfequently the fegment of the diameter between c 
and the tangent e m, is equal to the fegment of the 
diameter between c and the tangent g m. The dia- 
meter mud therefore pafs through m ; for if it did not^ 
it would, upon being produced, firft meet the one tan- 
gent, and then the other, and its fegments between c 
and the tangents would be unequal. 

Cor^ 



ing the line joining the points of Gonta<£t^ will be a 
diameter. 


Kg, 50. 
51 - 
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PROP. IX. 

If two farcdlel Jlraight lines touching an ellipfe, or op^ 
pojite hjperbolasy meet a third tangenty the reBangle un- 
der their fegmentSy between the points of contaB and the 
fmnts of concQurfcy will he equal to the fquare of the fe- 
midiameter to which they are parallel y and the re Ban- 
gle under the fegments of the third tangent^ between its 
point of contaB and the parallel tangents y will be equal 
to the fquare of the femidiameter to which it is parallel. 

Let the parallel ftraight lines A i d touch an el- 
lipfe E I, or oppofite hyperbolas Ay ly in the points Ay ly 
and let them meet in b, d a ftraight line e d, which 
touches the ellipfe, or one of the oppofite hyperbolas 
in e; then the reftangle under the fegments A i i> 
Is equal to the Spare of the femidiameter parallel to 
A B or 1 1>, and the reffcangle under the fegments b By 
n D is equal, to the fquare of the femidiameter parallel 
to B D. 

For let c be the center^ and draw e g parallel to 
AB, id; and draw alfo a i. Then by Cor. i. to 
Prop. IL A I is a diameter;, and, by Coii. i. to Prop. 
1 G is either an ordinate to a j, or in the ellipfe 
oc^ugate diameter to it. 

iirS, let E G be tlie conjugate diameter to a r, and 
then by Prop. IV. and Cor. 3. Prop. III. b d, a i are 
paralM to one another, and alfo a b, c e, 1 d to one 
another. Confequently (34. i.) a b, c e, i d are eqBal 
to one another, as are alfo a c, c i, b e, e d to one 

another ; 
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another; and therefore A b x 1 1 > is equal to g e% and 
Be X e d is equal to a c^. 

Next, let E o be an ordinate to the diametet a and 
let it meet it in f. Let c E be the fenaidiameter pa- 
rallel to the tangents A b, i d, and c f the femidja- 
meter parallel to the tangent e b ; and let e b meet the 
diameter a i in m, and the diameter £ c l in ir. Let 
E o be an ordiimte to k c l, and let it meet it in o » 
Then, by Cor. 3. Prop. III. and Prop. IV. a b, l h, 
G E, I D are parallel, and e o is parallel to a i. By 
Cor. I* Prop. VIL a m x m i is equal to c m x m f, 
and therefore (iC ti.) a M : c m : : m f : m i; and 
(4. vl.) A M : c M : : A B : c H, and M p : m i : : p e or 
c o : I D. Confequently (ii.v.) ab : c h : : c o : i d, 
and (x 5 . vi.) A b x i d is equal to c h x c o, which 
is equal to c k\ by Prop. VIL (and 17. vi.) and there- 
fore A B X I D is equal to g 
Again,, Cor. rs. Prop. V. ab:be::€k;cp, 
and by C<b-. to Prop. XIII. Book I. a b : i b - * b e : 
ed. Hence vi.) ab x i d : b e x e d : : ck^ s 
c p^, and as by the above a b x i d is equal to c 
it follows (14. V.) that b e x e d is equal to c 

Cor. I. Every thing remaining as above, as, by 
Cor. 2. Prop. VII. a p x f i is equal to c p X p m, 
(id. vi.) A F : F M : : c p ; F I, But on account of the 
parallels (10. vi.) a p : p m ; : b e : e m | and c F t 
P I : : H E : E D. Confequently (ii. v.) b e t e m ; : 
H E ; E D, and therefore (id. vL) m e x E h is equal 
to B E X E D or to C P*. 

Cor, Q,, If a ftraight line as B E, touching an elllpfe 
Or hyperbola in the point e, meet the diameter a i in 
M, and the diameter k l in h, and if die re^angle un- 
der M E, E H be equal to the fquare of the femidia- 
meter parallel to B e, the diameters A i, k n will be 
conjugate to one another.. . . : 

'f 




book: 

IL 


Fig. 51. 


66 


Of THE EEE1P3E AND HYPERBOLA. 


BOOTK 

II. 


1 '.i' I 

' -Si 


PROP. X. 

' To/wi (he axes of a given eUifi/e or hjtpcrhola, the cmh r 
being alfo given ; and to demonjlrate that the fame Jt%- 
tioH can have only tioo axes. 

Part I. Let D B E be a given ellipfe or hyperbola, of 
which c the center is alfo given ; it is reciuired to find 
the axM of the fe<£tLon. 

In the ellipfe draw c o, c p two fcinidianjeters, at«I, 
if they be unequal, let c G be greater than c f. With 
C as a center, and a diftance lefs than c o but greater 
than c F, deferibe the circle n d ic. 1 hen from this 
conftru£lion and the nature of the two curves it is evi- 
dent, that the circumference of the circle will cut the 
curve of the ellipfe in four points, two of them being 
towards the left of the center, as the figure is viewed, 
and two of them towards the right. Ixt the circum- 
ference of the circle cut the curve of the clliple in the 
points D, E. Draw the ftraight line D k ; and through 
C draw A B bife^ng D B in i, and (3. iii.) A B will be 
at right an^es to » e. Through c draw j. u parallel 
to D E, and A B, L M will be the axes of the ellipfe. 

For, by eonfi;ru£lion, o e is an ordinate to the dia- 
meter A B, and at right angles to it. Again, as l m is 
parallel to D e, and as A i D is a right angle, the angle 
ACL (29. i.) is alfo a right one. By Prop, IV. the 
diameter l m will alfo bife6t all ilraight lines in the 
ellipfe parallel to a b, and it will tlierefore cut its urdi- 
nates at right angles. Confequently a b, l m are axes 
of the elUpfo, according to the feventh Definition. 

If the femidiameters c o, c f be equal, then a dia- 
meter bifeding the angle o c f will be one of the axes, 
and a diameter at ri^t angles to it will be the other. 
For, in this cafe, if g f be drawn, it wiU be bifefted at 

fight 
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riglit angles (4. i.) by the diameter Bife< 9 :ing the angle book 
G c F ^ and the reft will be as above. 

Next, let the feftion d b e be an hyperbola, of which 
c is the center, and let k be any point within the hy- 
perbola. With c as a center, and c k as a diftance, 
defcribe the circle e k d, and let its circumference cut 
the curve of the hyperbola in the points e, d. Draw 
D E and bifeft it in i, and through i draw the diame- 
ter A B ; and parallel to d e draw the diameter l m. 

The diameters A b, l m are the axes bf the hyperbola. 

Fch* d e is a double ordinate to the diameter a b, and 
A B cuts it at right angles, and l m is parallel 
to the ordinate D E. 

Part II. To deinonftrate that an ellipfe or hyperbola 
can have only two axes. Pirft, let the fedion b d a be Fig. 55, 
an ellipfe, and c being the center, let r l, p g be the 
axes, found as above | and, if it be poflible, let the dia- 
meter A B be alfo Let l d be a double ordi- 

nate to A B, meeting it in E, and the curve again in d ; 
and the diameter d k being drawn^ let d h be an or- 
dinate to R L Then, as by hypothefis a b is an axis, 
c E L, c E D are right angles, and as l d is blfected in 
E, (4. i.) c L is equal to c d. Again, as by the above 
R L, F G are conjugate, d h is parallel to f g, by Prop. 

JV. and by Prop. V. c : c : : r h x h l : d 
Eut^ by Cor. 3. Prop. V. c l, c p muft be unequal, and 
therefore, fuppofing c l to be the greateft, c is 
greater than c f^, and r h x h l greato than d h"". 

To thefe unequals add c and then (5. ii. and 47. i.) 

CL* is greater than c and confequently cl is 
^eater than c d. But c d is alfo equal to c l : which 

* A method of drawing an ordinate to a given diameter will be In- 
ferted hereafter. The infertion of it previous to the abovft, or at this 
phtce, would have caufed a necdlefs repetition. 

J % Is 
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is abfurd. The diameter a b therefore cannot be an 
axis. 

Next, let the fedtion e B D be an hyperbola, of 
which c is the center, f a the oppofitc hyperbola, atul 
A B, L M the axes found as above j and, if it l>c jHifli- 
ble, let the tranfverfe diameter d f be an axis. Let 
D T touch the hyperbola in d, and meet the axis a b 
in T ; and let d i e be an ordinate to a b, and let it 
meet it in r. Then in the triangle c i d, c i i) is a 
right angle, by Def. VII. and therefore cdi is lefs 
than a right, angle, and confeqnentiy c » t is much 
left than a riglit angle. But, by Cor. 2. Prop. IV. the 
tangent x d is parallel to the ordinates of the a.Kis g d, 
and therefore, byDcf. Vll. (and the angle XDc 

is a right one. And, by the above, it is alfo lefs tliaii 
a right one : which is abfurd. Confe<iuently » p if 
not an axis. Nor can a fccond diameter jis o h, befidcs 
L M, be an axis. For p d conjugate to o h being 
drawn, and d x a tangent, the demonftration vvoulil end 
in the lame abfurdity. 

, From the above, and Prop. IV. it is cv^ent, 
that Ae axes of an, ellipfe, or hypwbola, are conjugate 
diameters, , . 

PROP. XL 

Of all the diameters of an ellipfe the greater axis h the 
greatejl and the leffer axis is the leaf; md <f opp^te 
ig/perbolas the axes are the leaf diamelers. 

Part i. let A S D be an ellipfe, of which c is the 
center, r i. the greater axis, and p o the leder axis } of 
all the diameters a, i- is the greateft and r o the leaft. 
For let K 0 be any other diameter, and let 0 h be 
an ordinate to r l, and d wr an ordinate to p o. Then, 
by Cor. 2. Prop. IV . o u is parallel to p o, and n to 
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R h ; and therefore, by Prop. V. c x? : c :: 21 n X BOOK 
21 1 : D and as c t is greater than c f, c is greater 
than and r h x h l is greater than d 11^. To 
thefe add ch% and (5. ii. and 47. i.) then c greater 
tlian c D^. Confcqucntly c l is greater than c d, and 
therefore r l Is greater than k n. Again, by Prop. V. 

€ : c : D M " : G M X M F, and therefore, as above, 
r> is greater than g ivi x m f. To thefe add tlic 
fquare of c m, and then (tj* ii. and 47.1.) c is greater 
than c Confequently k d is greater than f g. 

Part IL Let a b, l m be the axes of the oppofite hy- Fig, 
perbolas k b d, a p, and f i>, g h any other conjugate 
diameters; then A n is lefs than the tranfverfe diameter 
F D, and L M is lefs ihuxi on. 

For let o e bo an ordinate to the axis A B, and let 
it meet it in i, and let o t touch the hyperbola in n, 
and let it meet a b in t. Let b v touch tlic hyperbola 
in the vertex b, and let it meet the tangent d t in 
and let c be the center. Theti, by Def. VIL c i 0 Is 
a right angle, and tluTcfore (19. i.) c i> is greater than 
c I, and confequently much greater than b. llcncc 
the tranfverfe axis is lefs than the tranlVerfc diameter 
F D. Again, by C’or. Q,. Prop. iV. a n is parallel to 
T D, and D I to p B ; and, by Prop. VI 1 . c i ; c b : ; 
c B : c T, and therefore hy convcrliun, c x : B x ; : 
c n : B T. Hence, as c i is greater than 0 B, (14. v.) 

II I is greater than b t. But (a. vi.) b i : b t j ; o f : p 
and therefore d p is greater than p t ; and, as (2^9. i.) 

I> B T Is a right angle, p t (19. i.) is greater than b p. 

Hence d ? is greater than b p; and as, by Cur. a» 

Prop. V. D F : B p : : c H ; c n, c ii is greater (14. v.) 
than c L. Confequently the axis n m is lefs than tho 
iccoml diameter g ii . 
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book definitions. 

”• X. 

rig..<o. In the ellipfe the greater axis is called the Tronfverfe 
Aiis, and the other axis is called the Conjugate Axis ; 
and in the hyperbola the axis which is a tranfVerfc dia- 
meter is called the Tran/verju Axis, and the other axis 
is called the Conjugate Axis. 

XT. 

If c be the center, A b the tranfrerfe axis, and n n 
the conjugate axis of the ellipfe a o B, or of the opini- 
fite hyperbolas a i, b p, then if in a b two points f, o 
fo taken that the redtangle under a f, f b, and aUi» 
the reftangle under a o, o b, be ecjual to the (tpuire ol 
c D or c e, the femiconjugato axis j the points T, o are 
called the Foci, or Umbilici, of the ellipfe, hyperlKtla, 
or oppofite hyperbolas. 

Cor. 1. As (.axiom i. i.) A r x p B is equal to A o X 
o B, the foci p, o are cqu.ally diftant from the vertices 
A, B, by the fixth Lemma. It is alfo evident, that the 
.foci are equally diftant from the center. 

Fig. 6o. ^ <kr: 1. In the ellipfe the diftance of each of the foci 
frOitt ^thef extremity of the conjugate axis is erjual to 
the femitranfverfe axis. For, fuj^rofmg a (Iraight line 
to be drawn from d to o, the fquarc of i> o (47. i.) 
will be equal to the fquares of c O, CD together ; and 
dierefore, by this Definition, (and 5. ii.) the fquarc r>f' 
D o is equal to the fquarc of a c. Confeqiicntly u o 
is fequal to A c ; and therefore if with 0 or e as a een- 
A 6 or e B as a diftance, a circle be defcrib«l, 
the chfcumferenoe will cut a b in o, and p the foci. 

Fig. Si. C^r. j|. Ib ^ hyperbelft the diftance of each of the 
foci from tlie center is equal to the diftance between 
tl>e vertices of the tranfverfe and conjugate axM. For, 
fuppofing a ftraight line to be drawn fronj 0 to A, the 
fquare of DA (47. i.) will be equal to the fquares of 
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C c D together; and therefore, by this Definition, 
(and 6. ii.) the fquare of d A is equal to the fquare of 
c o or c F. Confequently c o or c f is equal to d a ; 
and therefore the foci f, o may be eafily found from 
the axes. 

Cor. 4. The double ordinate t s to the axis A b, 
drawn through either focus, fuppofe f, is equal to the 
parameter of the axis A b. For, by Prop. V. c b^': 
c : : A F X F B, or by this Def. as c D‘ : t f^ ; and 
therefore (22. vi.) c b : c d : : c d : x f. Confequent- 
Jy (15. 5.) A B j D E : : D E : T s, and the Cor. is evi- 
dent from Def. IX* 

XII. 

If through the foci f, o of an ellipfe A D b, or of the 
oppofite hyperbolas A i, b p, ordinates f t, o i to the 
axis A B be drawn, and if through the points x, i in 
which they meet the curve ftraight lines h x, i l be 
drawn to touch the fe£tion, or oppofite hyperbolas, the 
tangents h x, i l are called Focal Tangents. 

PROP. XIL 

^ a tangent j through a ^vertex of the tranfuerfe 

axis of an ellipfe or oppofie hyperbolas^ meet a focal ian^ 
gent^ its fegment between the point of contaB and point 
of concourfe will he equal to the fegment of the axis he^ 
tween the point of contact and the focus^ to which the 
focal tangent belongs. 

Let T B be an ellipfe or hyperbola, of which a b is 
the tranfverfe axis, and f, o the foci, and let a h touch 
the ellipfe, or either of the oppofite hyperbolas, in the 
vertex a, and meet in the point h the focal tangent 
H G, belonging to the focus f ; the fegment a h is 
equal to the fegment A f. 

For let H G touch the fe^ftion in x, and x f, bdng 
B 4 drawn. 
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BOOK drawn, will be an ordinate to a b, by tlie twcli'di 
Definition. Let b g touch the feAion in the vertex B, 
and meet h g in g j and let c be the center, and o k 
the conjugate axis. Then, by Cor. a. Prop. 1\'. a u, 
D E, T p, B G are parallel ; and therefore, by Cor. to 
Prop. XIII. Book 1. A H : B G : : H T ; T G. But it 
is evident, (from xo. vi.) that ht:TO::ap:fb; 
- and therefore (xi. v.) a h : B G : : a F : l' b. Confe- 
quently A H x b G is fimilar to a f x p b, and, by 
Prop. IX. andDef. XL each of thefe rc£langlc8 is cij'ial 
to the fquare of c d. They are therefore e<|ual to one 
another; and, as they are alfo fimilar, a ii is equxil to 
A F, and B G is equal to B f. 

Cor. If o I be drawn an ordinate to A b, and on the 
fide of A B oppofite to that on which FT is, and if 
through I, the point in which it meets the curve, there 
be drawn the focal tangent k l, meeting the tangent 
H A in K, and the tangent g B in i. ; then xi i. will be 
a parallelogram, and each of the oppofite fidcs ix k, 
o l will be equal to the tranfverfe axis a b. For, by 
the above, and Cor. i. to Def. XL a k, a o, B f, b g 
ate equal to one another, and alfo a h, A f, b o, b t to 
one another. Confequently h K, g l are equal and 
parallel, and therefore (33. i.) H G, K l are equal and 
parallel. Hence h l is a parallelogram ; and as a 11 
is equal to A p,' and A K to B F, ii k or G L is equal to 
A b. 

PROP. XIII. 

y' from any foint in the curve of an ellipfe or hyperbola 
him freight lines he drawn to the foot, their fum in the 
ellipfe, hut their difference in the hyperhda, will be equal 
to the trarfverfe axis. 

Fig. So. Let p be any point in the curve of the ellipfe,^ or 
hyperbola p t B, of which A b is the tranfverfe wsis, 

and 
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and the points o the focl^ and let p o, p be 
flraight: lines drawn to the foci; the fum of p o, p F 
in the ellipfe^ but their difference in the hyperbola^ is 
equal to A b. 

For^ the refl: remaining as in the preceding Propo- 
fition a.tid its Corollary^ let p r be drawn an ordinate 
to A and let it meet the curve again in m_, the focal 
tangent a h in n, and the focal tangent k l in a. 
Then^ by Cor. Prop. IV. h k, o i, d e, n o, t f, 
G L^are parallel, and therefore, by Prop. XIIL Book I. 
T H I T H • : A : M N X N p. But, on account of 
the parallels (lo. vi.) t h"" : t : : f a'' : f r^; and 
therefore (II. j.) f : f r- : a h- : M n x n p, and 
as, by Prop. XII. f a is equal to a h, f a=“ is equal to 
-A H-, and therefore p r- is equal to m n x N p To 
thefe equals add the fquare of f r, and then (5. ii. and 
47- I-) the fquare of n r is equal to the fquare of p f. 
^d ooi^equeutly k a is equal to p f. Again, by Prop. 

I. Book !. I t* M a* ; : B P a X aMj and 
on account of the parallels (jo, vi.) i l» : i a". . o - 
o R% and therefore (n. v.) o : o r- ; b • p a x 
a M But, by Prop. XII. o b is equal to b b, and 
therefore o b^ is equal to b l% and (14. v.) o r- ia 
equal to p a x a m. To thefe equals add the fquare 

Tn ^ ^ iiv 

47 - 1.) the fquare of o m in the ellipfe, and the 
fquare of o P m the hyperbola, is equal to the fquare 

to 1 o‘ hyperbola o f is equal 

th n- ° to ^ a- But in 

the elhpfe pr, r m are equal, and the angles o it ir 
o B P are equal, being right angles, and o r is common 
to the f«ro tnangles o r m, o r p, and therefore (4. i ) 
o M IS equal to o p. In each feftion therefore o p i. 

Sfe the f ^ ^ i" the el- 

hpfe the fum of p o, p f, but in the hyperbola their 

dif. 


BOO 

II. 


, 





I 


74 O? THE ELLIPSE AND HYPERBOLA. 

BOOK difference is equal ta n q. But a h is a parallelogram, 
and therefore (34. i.) no, h k are equal ; and as, by 
the Cor. to Prop. XII / h k is equal to a b, the fum of 
F o, p F in the ellipfe, but thdr difference in the hy- 
perbola is equal to a b, the tranfverfe axis. i 

Cor. I. Jf from any point in the curve of an ellipfe, I 

or hyperbola, two ftraight lines be drawn to the foci, | 

in the ellipfe the difference between the tranfVerfe axis | 

and either of the two will be equal to the other ; but | 

In the hyperbola the fura of the tranfverfe axis and the | 

leaft of the two will be equal to the other. 

Cbf/a. if the conjugate axis d e be produced till it 
meet the oppofite focal tangents in v and w, each of 
tl>e fegments c v, c w between c the center and a fo- 
cal tangent will be equal to tlie femitranfverfe axis. 

For, let the 6ppofite focal tangents meet the tranfverfe 
axis A B in X and Y. Then, as, by Cor. i. Def. XL c f, 
c o are equal, it is evident, from Prop. VII. that c y, I 

c X are eqtial } and as x w, v y are parallel, the angles 
i.) 0 X w, e Y V are equal. Confequently, as the 
ipgles at o are right angles, (36. i.) cv is equal tQ 
# w. In oach thcarefore the Cor. is evident. 

PROP. XIV. 

. , ' . . . } 

^ Jram a point %viihoiU an^ ellipfe or oppojite hyperhola$ 

Jiraight lines he drawn io the Jociy their fum in the 
ellipfe will be greater y hut their difference in the hypet’- 
fela w^l he lejsy than the tranfuerfe asis. But if from 
&pimt within an ellipfe or hyperbola two fraight lines 
he if e^n to thefociy their fum in the ellipfe will he lefsy I 

^ hut their ifference in the hfperhola greatpr^ than the .. I 

trarfverfe axk^ ■ • .. | 

Parti. Let B'fea pmnt wMt^t-foe'ellipfe A 0% I 
oppolite hyp^^lbl^'' A;,- B>'andTet e f,-e o "be^ -ftraight I 

lines I 
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lines drawn to tbe foci o ; the fum of e f, e o in book: 
the eUipfe is greater^ but their difference in the hyper- 
bolas le% than a b the tranfverfe axis. 

In the ellipfe let e f cut the curve In and draw Fig. 57. 
o D ; and then (20- i.) o e, e d together being greater 
than o D, the three o k d f together are greater 
than o i>, o F together. Confequently^ by Prop. XIII. 
the fum of ef^ eo is greater than a b. In the hy- 
perbolas let E p be greater than e o, and let E o cut Fig. 58. 
the curve of the hyperbola a in d, and draw fd. Then 
n F, D E together are greater than e f. But^ by the 
Cor. to Prop. XIIL b f is equal to a B;, o d together, 
and therefore a b, o b e together, or a b and o e 
together, are greater than e f. Confequently the dif-^ 
ference between e f, e o Is lefs than a b. 

Part II. Let g be a point wdthin the ellipfe or hy- 
perbola A B, and let the ftraight lines G f, go be 
drawn to the foci f, o ; the fum of o f, g o in the el- 
lipfe is lefs, but in the hyperbola their difference is 
greater, than a b the tranfverfe axis. 

In either fedlion let g f meet the curve in d, and 
draw D o. Then, in the ellipfe, o d, d g together 
(20. i.) are greater than o g; and therefore o d, d g, 

GF together, or o d, d f together, are greater than o g, 

G F together^ Confequently the fum of g f, g o is 
lefs than a b, by Prop. XIII. In the hyperbola o b, 

D G together (20. i.) are greater than g o, and there- 
fore o b, B G, A B together are greater than g o, a b 
together. But, by Cor. T.to Prop. XIII. o d, A b toge- 
ther are equal to d f, and therefore d f, b g together, 
or p G, are greater than g o, a b together. Confe- 
quently the difference between f g, g o is greater than 
ab'. 

Cor. I. From this and Prop. XIII. it is evident, tbal: 
two ftraight lines being drawn from a point tp the foci 

of 
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BOOK of an ellipfe or hyperbola, if In the ellipfe their funi be 
greater, or in the hyperbola their difference be lefs^ 
than the tranfverfe axis, the point will be without the 
feftlon. If in the ellipfe the fum of the two lines, or 
jn the hyperbola their difference, be equal to the tranf- 
verfe axis, the point will be in the curve of the 
I^ftly, if in the ellipfe the fum of the tw^o lines be lefs, 
or in the hyperbola their difference be greater, than 
the tranfverfe axis, the point will be within the fec^ion. 

5?. Cor . If o, F be the foci of the hyperbola b p, and 
if the fide o d, of the triangle o d f, be equal to a b, 
the tranfverfe axis, and o d f be an obtufe angle, then 
the ftraigbt line o d produced will meet the curve of 
the hyperbola B p, in which the focus f is fituated. 
For let o B be produced to E, and mate die angle © p b 
equal to the angle f 0 k. Then, as by hypothefis 
o D F is an obtufe angle, jec d p is an acute angle, and 
therefore, as the angle d f l is equal to it, the llraight 
lines D K, F L, being produced, will meet. Let them 
meet in p, and ( 6 . i.) p f will be equal to p 0. Con-^ 
fequently, as the difference of p o, f is equal to o 0, 
or A B, the point f is in the feve of the hyperbola, by 
the preceding Corollary, 

PROP. XV. 

Ifjrom any point in the curve of an ellipfe^ or hypitholay 
two Jiraight lines he drawn to ihefoci^ the Jltmghi ime 
hy^eMing the angle adjacent to that contained by them 
wUl touch the ellipfe j hut the Jiraight line hiJeBing the 
angle contained hy them will touch the Jyperhola. 

Fig, ^2. From the point p, in the curve of the ellipfe or hy- 
perbola b p, let two ftraigbt lines p f, p o, be drawn 
to the foci F, o, and in the ellipfe let o p be produced 
to D ^ the ftraight line f k bifedling the angle f f 0, 

ad- 
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! adjacent to P P O in the elllpfc, touches the cllipfe ; B o o ic 

but the flraigbt line p bilc6ting the angle p p o in 

die hyperbola;, will touch the hy[)ta‘bola. 

In the ellipfc let p i>, the part of o p produced, be Eiij. 
equal to P F. Draw i* X), and let it nieet p it In u* 

I llien, as f p, p d arc equal, and p k connnon to the 

; two triangles p k f, pep, and the angle f p b equal 

to the angle i> r e, the tide F e (4* b) is equal to i> e, 
j and the angles f e p, d k p are equal. In e p take any 

point G, and draw o o, G F, o n. Ilien, as f k is 

I 6<|ual to E 0| and as the angles f k a, o k g are c<iual, 

I we haw.F.G , (4, i*) .equal top g. But {2,0. i.) no, 

/ G o togedier are greater than i> o> or o p, p f toge- 

ther ; and therefore, by Prop. XIIL 0 o, g o together 
arc greater than A B the tranfverfe axis. Coniequently 
G 0, o F together are greater than a n, and therefore, 
by Cor. i. to Prop. XIV. die point a is without the 
^ ■ ellipfe B p, and coiifequently p e touches it in p. 

i In the hyperbola take f d in p o equal to p f. Draw Fig. 

f F I), and let it meet p e in e. Then, as p f, p d arc 

i equal, and as p e Is coninion to the two triangles f p k, 

I u p K, and as the angles f p e, n p k rue eciual, the 

; iide F K (4. i.) is equal to the fide K d, and the angkft 

; F M p, ’0 li P arc allb equal, la k p take any poiiit <1, 

I and draw a o, a 0, a f. Then, as f f, e 0 are equal, 

'• and as the angles peg, 0 u u arc alio e(p.uil, and m a 

connnon to the two triangles F K a, 0 k o, tlie lidc 
F o (4., i-) is cepial to tlie fide 0 G. Alfo, as p 0 is 
equal to p p, l)y Prop. XIIL 00 is equal to a b, the 
tranfverfe axis. But o o, 0 o together (20. i.) are 
I' gimter than g o, luul tlicrefore c; f and a n togc*thef 

are greater tlian 0 o. i'aurequcnily ttu* dliicnatce be- 
, tween a o and o f is lefs than a lu ainl thertdbre, by 

Cor. I. to Prop. XIV. the point 0 is without the liy* 

; pcrbola, and p k touches the byprbolat 


C&r. 
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BOOK Coi\ I. From this Prop, and Prop. VI. Book I. it is 
evident, that if a ftraight line touch an ellipfe or hy- 
perbola, and ftraight lines be drawn from the point of 
contaft to the foci, in the ellipfe the tangent will bifedl 
the angle adjacent to that contained by thefe two 
ftraight lines drawn to the foci ,* but in the hyperbola 
the tangent will bifeft the angle contained by thefe 

Fig. 6 z. two ftraight lines drawn to the foci. In the ellipfe 
the angle o P a (15. i.) is equal to the angle f p E. 

Fig. 6 i. Cor. a, . If from the foci o, f of an ellipfe, or hyper- 
bola, two ftraight lines, o D, f d be drawn to a third 
pcnnt D, of which o d, one of them, is equal to the 
tranfverfe axis A b, and if the other f » be bifc<Sted 
in E, by 'a ftraight line p E at right angles ; the per- 
pendicular p E will fomewhere touch the fedtion, pro- 
vided, in the hyperbola, o d f be an obtufe angle. 
And, on the contrary, if p E touch the feftion and bi- 
fedl F D in E at right angles, then o d will be equal 
to the tranfverfe axis. This is evident from Cor. 2. 
Prop. XIV. Prop. VI. Book I. and the above demon- 
ftration. 

Fig. «4. Cor. 3. The reft remaining as above, let f o be at 
right angles to the ftraiglrt line l o, touching the el- 
lipfe or hyperbola in l, and let F o be produced to h, 
fo that G H may be equal to f g ; then a ftraight line, 
bifedling D H at right angles, will pafs tlrrough the fo- 
cus o. Por, by the preceding Cor. o H is equal to the 
tranfverfe axis, and confequently equal to o ». If there- 
fore o K be drawn, bifeffong d h in k, the angles (8. i.) 
o K 0, o K H will be equal. Hence the Cor. is evident. 

Fig. 66 . Cor. 4. The reft remaining as in the demonftration of 
the PropOfition, let D f be fo divided in l, that d l may 
he to L F as A b to b t,or, which is the fame thing, as 
D o to o p, and in d f, produced as in the figures, let t> N 
be to N F as A B to o f, and then a circle delcrib^ upon 

L N 
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L N as a diameter will pafs through the focus o. For 
in the eilipfe produce d o to u, but in the hyperbola 
produce f o to and draw o l, o n. Then the an- 
glm B O F, F G M* (3. yL) in the eilipfe are bifeaed by 
the flraight lines o l, o n ; and as the angles D o 
F O M* together {13. i.) are equal to two right angles, 
the angles l op, f o n together are equal to a right 
angle. But in the hyperbola the angles bo d o 
are blfeSed (3. vi.) by the ftr^ght lines o l, on; and 
as the angles b o f, d o m together are equal to two 
right angles, the angles n o b, d d n together are 
equal to a right angle.: In either cafe; therefore the an- 
gle LON is a light angk^ and confe^^ueutly (31, iii. 
and 2^1. i,) a circle deferibed about l n as a diameter, 
will pais through o.. 

Sir Ilaac Newton makes much ufe of the properties 
^ exprefled in the three laft Corollaries. Sec. the Prin- 
oipii%.: Seift, IV. Bookl. ^ 

PROP. XVL 

J/' ajlralght Vine touching an eilipfe or hyperbola meet a 
ftraighl line dra%un from either of the foci, and be at 
right angles to it'^ the Jhaight line joining the center and 
the point of mncoierfe will he equal to the femitran/verfe 
dms t or, if ajiraight line toueh an eilipfe or hyperbola^ 
and flraight Urns he drawn from the point of coniaM to 
the foci, a firmght line drawn from the center to the 
dmngeni:, and parallel to either of the t%aQ drawn to the 
foci, will he equal to the feinitranfvcrfe axis. 

Part I. Let the flraight line "g p, touching the eilipfe 
or hyperbola pb in the point p, meet in the points g, 

♦ Tk^ the angk f o M m tke eilipfe, and the angle d o M In the 
hyperbola, is bife£led hj o ¥, is proved by Simian, in bis Prop. A. ia 
the fixth Book of bis edition of Euclid. 
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book: 

II. 


Fig. 


„ . , ^ ^ - each of the 

ftraight lines c g, c E is equal to a c or c b, the femi- 

tranA^erfe axis. 

For, draw f p, op, and let F p, or f p produced 
meet o e produced in d. Then^ as p e o is a right 
angle, p e d is a right angle; and as p b is cominon 
to the two triangles p e o, p e 0, and as, by Cor i. 
to Prop. XV. the angles o p e, » p e are equal the 
fidePD (35. i.) is equal to the fide po, and be is 
equal to e o. Confequently, by Prop. XIII. p d is 
equal to the tranfverfe axis a b ; and as P o, c o are 
equal, and d e equal to E o, p o : c o : : d^o : e o 
T he ftraight lines f d, (a. vi.) c k are therefore paral- 
lel, and 6 F : F D : : o c : c E. But o c is the half of 
o F, and therefore c e is equal to the half of f d Con 
fequently c E is equal to a c or c b, the fcniitranfrerfe 
axis. If F G, p o be produced till they meet in h it 
•may be proved, in the fame manner, that p g is equal 

to G H, F P to P H, H O to A B, and O O to A C OF C B. 

Part II. Let the ftraight line o p touch the ellipfe or 
hyperbola p b in the point p, and let p f, p o be 
ftraight lines drawn from the point of contadt to the 
foci F, o. Let c be the center^ and draw c k parallel 
to F p, and c g parallel to o p, and let c e meet the 
tenpnt m e, and c o meet it in o; each of the 
traighUines c e, c g is equal to A c or c 3, the femi- 
tranxverfe axis* 

or^P ^ ° A produced, let it meet p p, 

^ Reduced, in d. Then, as p d, c e are parallel, 

(3. vn) P e : CO : : D E : e o, and as, by Cor. to 
V&t. XI. F c, c 0 are equal, c e is equal to e o. By 

^ r- 

u* vi.j o e 1 E 3 : ; 0 F ; p 0, and as 

O E, 
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o E, E D are equal, o p is equal to p d. Confequently, 
Prop. XIIL f d is equal to a b, the tranfverle axis ; 
<1X11(1 as F D, c E are parallel, f o : f d : : c o : c e. 
33 ut c o is the half of f o, and therefore c e is the half 
of F D, Confequently c e is equal to a c or c b, the 
Xemitranfverfe axis. If f g be drawn, and, being pro- 
duced, nieet o p produced in h, it may be proved, in 
tile fame manner, that f G is equal to g h, f p to p h, 
3 .iid c G to A c or c B. 

Co7\ The reil remaining as above, if the ftraight line 
i: K, drawn through c the center, and parallel to the 
tangent g p, meet p f in i and p o in k, the fegments 
p K are equal ; and each of them is equal to A c 
ox* c B. For (34. i.) p K is equal to c g and p i is equal 
to c E. 

The demonftratlons of the nth and latli Propofi- 
tions of the firft Book of the Principia depend, in a 
'very confiderable degree, on this property. 

PROP. XVIL 

Tlye reSlajtgle contained under two Jlraight Vince ^ drawn 
^rom the foci of an ellipfe or hjpei'hola to a tangent^ and 
at right angles to it^ is equal to the fquare of the femi- 
coripigate axis, ^nd the rcEtajigle contained under two 
^raight lines^ drawn froin the tranfverfe axis of an el-^ 
lipfe or hyperbola to a tangent^ and at right angles to 
it, is equal to the fquare of the femiconjugate axis, if one 
of them ho drawn from the center ^ and the other meet 
the tangent in the point of contact. 

Part L Let the flraight lines f g, p e, drawn from 
tlio foci f, o of the ellipfe or hyperbola p b, meet in 
tiie points g, e, the flraight line g e which touches 
tine feeflion in p, and let them be at right angles to the 
tangent g e, and c being the center, let c d be thele- 

G niiconjugate 


BOOK 

II. 


Fig. 70. 
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miconjugate axis ^ the rcftanglc' under f g^, o e 
equal to the fquare of g d. 

Draw E c, and^ being produced, let it meet F g, or 
F G produced, in h. Then as F g, o k arc at right 
angles to* a pe, they are parallel to one another, (zH.L) 
and (29. k) the angles c f ii, c o E are equal. The. 
triangles (15. and 32. i.) c f H, c o E arc therefore 
equiangular, and. Cor. i. to Def. XI. g f is equal to 
c o. Confequently (26, i.) c h is equal to c iq and 
F H is equal to o e. If therefore, with c iw a center, 
and c A or e B as a diftance, a circle be dcicnl>cd, it 
will pafs through the points e, g, by Prop. XV L and 
confequently through ii ; and therefore (35, and 36, iii.} 
the retSlangle under g p, f h is equal to the rc£lungk: 
under a f, f b. But as f ii is equal to o e, the rc6i- 
angle under g f, r o is equal to the redtanglc uikIvv 
AF, F n; and as, by the eleventh Definition, the rect- 
angle under a f, fb is equal to the fquare of c Dj thr 
reClangle under g F,, e o is alfo equal to the fquare oC 
C D, 

Part II. Let a b be the tranfverfe axis of the ellipfe 
or hyperbola p b, of which c is the center, and let a 1: 
touch the feflion iir the point p; the reClanglc under 
the llraight lines c ic, u p, drawn from the tranfverfe 
axis A B to the tangent g e, and at right angles to it, 
is equal "to the fquare of C0, the fenneonjugate axis. 

Let the conjugate axis meet the tangent in tlie point 
1 5 and from the point p draw p n an ordinate to A b, 
and p L an ordinate to d c x. Then, as c k, m f are tit 
right angles to the tangent g k, they arc (28. i.) pa- 
rallel to one another, and, by Cor. 2. Prop. IV. as f 
is an ordinate to a b it is |j)arallel to 0 c i, and as p l is 
an ordinate to d c i it is parallel to A b. Canfcquciitly 
(29. i.) the angle ,ic c b is equal to the angle P M j 
and as i c b, p n m arc right angles, the angles 1 c k. 
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K. c B together are equal to the angles mpn, pmn book 
together^ and therefore the angles i c m p n are 
equal, and the triangles i c k, m p n are equiangular. 

Hence c K : c i : : p n : p m. But (34. i.) p n is equal 
to c L, and therefore e k : c i : : c l : p M, and (i5.\u.) 
c K X p M is equal to c i x c l. Confequehtly, as 
the rectangle under c i, c L3 by Prop. VII. (and 17. vL) 
is equal to the Iquare of e d, the re&angle under c ic^ 
p lu is alfo equal to the fquare of c d. 

PI OR XVIIL 

y a JtraigM line touching an ellipfe or hyperbola be li-- 
mtfed by tangents palJing through the v'ertices of the 
iranjverfe axis^ the circumference of a circle defcribed 
about it as a diameter will pafs through the foci ; and 
the rectangle under the two jlratgbt lines drawn front 
the point in which it touches the fe 3 ion to the foci will 
he equal to the fquare of the femidiameter parallel to it^ 

Part I, Let the ftraight line g e touch the ellipfe or Fig. 12., 
hyperbola p b in the point p, and meet in the points 
o, e the tangents a g, b e, paffing through the ver- 
tices A, B of the tranfverfe axis a b ; the circumference 
of a circle defcribed about o e as a diameter will pafs 
through the foci f, a. 

For, by the feventh Definllion, and Cor. Prop. IV- 
o A B, E B A are right angles; and, by the eleventh 
DeiBition, and Prop. IX. the reftangle under A g, 

B E is equal to the reftangle under A o, o B. Con- 
fequently (17. vi.) e b : b o : : A o : a g, and there- 
fore the ftraight lines e o, g o being drawn, the angle 
E o B ( 6 . vi.) is equal to the angle a g o, and the 
angle B b o is equal to the angle a o G. The angles 
E o B, AOG together are therefore equal to a right 
angle, and tonfequehtly (3;^. h) the angle gob is a 

G % right 
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BOOK i-ight angle. If therefore a circle be delcribed about 
G E as a diameter, it is evident (from Prop. 31. iii. 
and 2,1. i.) that its circumference muft pafs tln'Oiigh 
the focus o ; and in the fame ^vay it may be proved, 
that it muft pafs through the focus 

Part 11 . The reft remaining as above, let p o, p f be 
drawn to the foci o, f, and let c d be the femidiiimeter 
parallel to* g e ; the reftangle under p F, p o is equal 
to the fquare of c d. 

For, draw o i perpendicular to g e, and, being pro- 
duced, let it meet p f, or p f produced, in ii. Tlien, 
by Cor. i. to Prop. XV. the angles o p t, h p i are 
'equal, and the angle o i p is equal to the angle ir i p, 
each of them" being a right angle, and p i is comnum 
to the two triangles o pi, h p i* Confequcntly (%6a,) 
p o is equal to p h, and o i to i H ; and it is evident 
(from 3. iii.) that the point h muft be in the circum- 
ference of the circle deferibed about g k as a diameter, 
and pafling through f, o, according to Part L 'Phe 
reftangle under F p h, or that under f p, p o, (33. 
and 36* is therefore equal to the rcftangle under 
G p, p E* Confequently, by Prop. IX. the rcdanglc 
under f P;^ p o is equal to the fquare of c n. 

PROP. XIX. 

A Jlraight line drawn from either of the foci of an elltpjk 
or hyperbola^ perpendicular to a tangent y is to a /iraigii 
line drawn from the fame focus to the foini of con f ait ^ 
-m tbefsmmnjugate axis to tbe femidiameUr parallel ig 
" the indent* 

Let p B be an ellipfe or hyperbola, of which the foci 
are f, d, and 1ft g e touch the fe6lion in p, and let 
F G be perpendicular to it ; the perpendicular f g is lc> 

the araightline f p, joining the focus f and point of 
^ con- 


Fig. 70. 
7 r. 
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eontaft, as c d the femlcoiijug-itc axis to c u the fcmi- bo o k 
diameter parallel to g e. ' 

For^ draw o e perpendicular to g e, and draw p c;. 

Then^ by Cor. x. to Prop. XV, the angles f p a, o p e 
are ecpial^ and p g p^ o k p being right angleSj the tri- 
angles F p G, o p Kj are equiangular. Conrequently 
(4. vi.) F G : F p ; : o E : o p, and by alternation f g : 
o E : : F p : o p ; and therefore (^2. vi.) f G X o E : 

F p X o p : : F iy : F P^. But^ by Prop. XVIL f G X 
o K Is equal to c d% and f p x o p is equal to c ir, by 
Prop. XVIII. Confequently c : c ix^ : : f c/ : f p'^ 
and therefore (22. vi.) c b : c r : : f g : f p. 

Cor. T. The reft remaining as above, let c 11 parallel 
to F p meet the tangent G e in e, and let c K be per- 
pendicular to G E and meet it in k. Then (4. vi.) 

F G : F p : : c K : c E. Jhit, l)y IVop, XVI. c E is 
equal to c b, the temitranfverfe axis, and therefore, by 
the above, (and 11. v.) c K : c b : : c B : c n. 

Cor. 2. I'he reft remaining as above, let the flraig;ht 
line p M, perpendicular to the tangent g k, meet the 
tranlVcrle axis a b in m, and then c b will ho to c i> as 
c R to p M. For, by the preceding Cor. c ic : c b : : 
c B : c K, and therefore (c. vi.) c k x p m ; c b x 
p M : : c : c a X c d. But, by Prop. XVIL c k x 
p M is equal to c d", and therefore (14. v.) c bx p m is 
ecpial to c R X c D. Confequently (16. vi.) c b c 0 : ; 

c R : P M. 

PROP. XX. 

If a JlraigM line loneb an eUipfe or lypcrbola^ and from 
the point of coni a ti Uuojlraigbt lines be drawn to an 
iixh^ the one an onBnate-to it^ the other perpendicular to 
the tangent^ thefegment of the axis between the center 
and ordinate will be to the fegment between the per-- 
pendietdar and ordinate as the axis to its parameter* 

G 3 Ixt 
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BOOK Let the ftraight line i n touch the ellip 
bola p in the point p j and a b l>eing th 
Fig. 74 . ^ ^ conjugate axis, and c the ce 

75- be an ordinate to a b, and p g an ordinate 
let the ftraight line m p be perpendiculai: 
meet a b in fc and b e in m ; then 0 H 
A B to its paranieter, and G g is to g M a 
parameter,* ^ 

Let the tangent i xt. meet a m in an 
Then, by Cor, ^z. Prop, VII. the reftangle 
H B U equal to the re(^JangIe under A i - 
BEK. being a right angle, and p h being 1 
gles to K R, the reftangle under ic n, u i\ 
thefquare of p h (Cor. 8 ^. vh and 16 . vi.). 

c H : K H : ; c H x H K : K H X H B ; aai 

on account of tlie equals, (and ii, v.) C 
A II X II B : p Confequently, as by 

A H X H B is to p as A B to its paraincte 
K H (ii. V.) as A B to its parameter, 

Again (i* vi,) in the ellipfe^ c g : g m s 
G M X G j; and above> by Con IVq 
re^angle under c g i is;equal to the rai 
der eg, g b, and (Cor. 8 . yi,) the redfn 
o M, G I. is equal to the fquare of p g. Ct 
cg:gm;:egxgb:pg^^ and th 
Prop. VI. (and 11 • v.) c g is to g m as B ^ 
parameter. 

Laftly, in the hyperbola, as, by Cor. 
p G is parallel to a b, and p h parallel to b ; 
G as*K:l^.to F M, and therefore as k k to 
(l. vi.) K H : H c : : k H X E h : h c X 
(Cor. 8. vi, and 17. vi.) kh x e h is equa 
and, by Cor* 2. Prop. VIL h 0 x e h Is ec: 

X H B. Conf^uently (fi, y*) e g ; 

A H X H B, But,;by Def, VlIL p j 

" ' ' ' ' s 

i 
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Its parameter. Confequently c c is to g m as d u is lo 
its parameter. 

PROP. .XXL 

^ a Jlraight line touch an ellipfe or hyperbola, and » 
Jiraight Tine he drawn from the point of contaB at right 
aiigles to it, and meet the axes, the reBangle under the 
Segments of the perpendkular, between the point of con- 
taB and the axes, will he equal to the fquare of the fe- 
widiameter parallel to the tangent. 

Let the ftraight line i a touch the ellipfe or hyper- 
bola p B ill the point p, and let the ftraight line m p, 
at right angles to i e, meet the tranfverfe axis a b in 
K, and thfe conjugate axis D E in m, and, c being the 
center, let c L be the feihidiattieter parcel to i e; the 
redlangle under pm, p k is equal to the fquare of c l. 

F or, by Cor. 2. Prop. XIX. and" inverfion, p k ; c l : : 
c E : c B, and therefore p k.' : cl*: : c d* ; c e*. 
And p G being drawn an ordinate to n e, by Prop. XX. 
c G'is to G M as D E to its parameter. But, by Def. IX. 
(and Cor. 2. to 20. vi.) d e is to its parameter as d e* 
to A B*, of (15. V.) as c D* to c B* ; and as p g is’paral- 
lel to A B, {2: vi.) C G : G M : : p K ; p M. Confe- 
quently (il. v.) p k : p m : : c C* : c b* j and there- 
fore (r. vi.) PK*:PM xp'k : .-CD* : CB^. But, by 
the above, p k* : c l* : : c d* : c b*; and therefore 
( I J. V.) p K* : p M X p K : : p K* : c L*. Confequently 
(14. V.) P MX P k is equal to c l*. 

Cor. By the abore, and Prop. XVIII. the redlangle 
under p m, p k is equal to the reSangle under po, pf, 
the ftraight lines drawn from p the point of contad td ' 
the foci o, F. 

G 4 PROP. 





OF THE ELEITSE AND HYPERBOLA. 

PROP. XXIl. 

If a circle be dcfcriied about lie travfverfe axis of an el- 
llpfe as a diameter, a polygon may be infcrlbcd in it, and 
a correfpondlng polygon in the eIlipfe,fo that the polygori 
in the circle jhall be to that in the ellipfe as the tranf- 
Vi'rjc'tixis to the conjugate axis^ 

Let A B be the tranfverfe, and f g the conjugate axis 
of the ellipfe a f b g^ and about A b as a diameter let 
the circle a d b e be deferibed ; a polygon may be In- 
feribed in A d b e, and a correfponding one in the el- 
lipfe A F B G, fo that the polygon in the circle fhall be 
to that in the ellipfe as a b to f g. 

For, let c be the common center of the ellipfe and 
circle, and produce f g till it meet the circumference 
of the circle in d, e. Let k, m be^ points in the cir- 
cumference, and draw d k, km, m a. Draw k p, 
M o parallel to d c, and let them meet a c in p, o, and 
the curve of the ellipfe in l, n, and draw f l, l n, N a. 
Draw K H, L I parallel to a b, and let them meet o c 
in H, 1. Then p i, p h are parallelograms, and (34. i.) 
c H is equal to p K, and c i equal to p l j and k p, 
M o are perpendicular to a c, and l p, n o are ordi- 
nates to A B, by Cor. 2. Prop. IV. By Prop. V. A : 
c : : A p X p B : p L% and therefore (35. iii.) as 

A p X p B is equal to k a : c f"" : : k p^ : p l% 

and (33. vi.) a c or d c : c f : : k p or c h : p l or 
c Confequently (19. v.) d c : f c : : d h : f 1 5 
and j>H:FX::CH:jCi. But (l. vi.) c H : c i : : 

p H : parallelogram p i; and d h : f i : : 
the triangle i> k h : tlxe triangle f h i. Confequently 

* Tliis Is referrsi to ty writers, on the Orthograplikal 

Proje^lcm of tlk when thtf prove, that a circle, not parallel 

to the plane of prcjeclioa, is pinoje^Sed into an ellipfe. 

(ir. 
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C 1 1 , and 12. V.) D c : F c : : the trapezium dkpc: BOOK 
t-he trapezium f l p c. In the fame manner it may be 
<iemonftrated that d c : f c : : the trapezium k m o p : 
trlie trapezium l n o p ; and alfo that d c : f c ; : the 
triangle mao: the triangle n a o. But ( 15. v.) d c : 

c : : A B : F G5 and therefore (12. v.) a b : f g : : the 
polygon D K M A c : the polygon f L N a c. Confe- 
cjuently, as infcriptions may be made in a fimilar man- 
' 33 er all round the circle and ellipfe^ the Prop, is evident. 

Cor. A polygon may be infcribed in an ellipfe^ which 
tliall be deficient from the ellipfe by a fuperficies lels 
tlian any given fuperficies. For^ the refi: remaining as 
^bove^ if a ftraight line parallel to l f be drawn to 
touch the ellipfe^ and meet c f and p l produced^ and 
trom Fj, L ftraight lines be drawn to the point of con- 
ta£i^ the triangle thus formed will be equal to half the 
parallelogram contained by l f, the tangent parallel 
to it^ ^and CF^PL produced. This triangle therefore 
^■vill be greater than half the elliptic fegment contained 
■onder the curve l f, and the ftraight line l f. Such 
ail infcription therefore being made all round the el- 
lipfe^ the Cor is evident (from i. x.). 

PROP. XXIIL 

If the tranfverje axis of an ellipfe be alfo a diameter of s 
circle^ the ellipfe tuill he to the circle as the conjugate 
axis to the trarfverfe axis* ■ 

Let A B be the tranfverfe axis of the ellipfe a f b g, 

^nd alfo a diameter of the circle a d b e ; the ellipfe is 
to the circle as f g the conjugate axis to a b the tranf- 
"»t^erfe axis. 

For^ every thing remaining as in Prop. XXII. let the%. 
c^ircle a r s be to the circle a d b e as f g to a b ; 
aa.nd then, if it can be proved that the circle Q R s ijS 

equal 
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BOOK equal to the ellipfe a f b the truth of the Propofition 
wM be manifeft* If the circle a r s be not equal to 
the ellipfe^ let it firft, if poffible, be greater. Then it 
is poffible to infcribe in the circle a r s a polygon^ 
having an even number of fides, and greater than the 
ellipfe A F B G. Let it be underftood to be infcrlbed, 
and let a polygon fimilar to it be fuppofed to be in- 
fcribed in the circle a d b e ; and from the augular 
points of the polygon in a d b e let ftraight lines be 
drawn parallel to n E. Let the points in which thefe 
- parallel lines cut the curve of the ellipfe be joined^ and' 
then a polygon will be irifcribed in the ellipfe corre- 
f|>onding to the polygon in the circle a d b e, as in 
the laft Propofition 5 and a b t f G : : the polygon in- 
fcribed in the circle a n b e : thfe polygon infcribed in 
the ellipfe. But, by hypothefis aiid inverfion, the cir-, 
cle A D B E : the circle a’ r s : : a b : F o ; and there- 
fore (II. V.) the polygon inferrbed in the circle A D b e : 
the polygon inferibed iq the ellipfe : ; the circle 
A'dbe ; the circle a k s. Confequetitly (i. and z* 
3di.) the pdlygon infciibed in the circle a d B e : the 
polygon inferibed in the ellipfe : : the polygon in - 
Icribed in the circle a d b e : the polygon inferibed in 
the circle a R s. The polygon (14. v.) inferibed in 
the ellipfe is therefore equal to the polygon inferibed' 
in the circle a r s ; which is abfiird j for, by the pre- 
lent hypodiefis, the polygon inferibed in the circle 
a R s is greater than the ellipfe. 

Set^ndly, if it be poffible, let the circle a r s be lefs 
than the dlipfe. T^'eri it is poffible, by Cor. Prop. 
XXIL to infcribe iti the dllipfe a polygon greater than 
the circle a r s, and a polygon correfponding to it in 
the Circle A D B E| and to infcribe in the circle a n s 
a polygon fimilar to the polygon inferibed in. the circle 
^ H B E. Let filch polygons be fuppofed "to be fb in- 
feribed. 


lygon inlcnDea in tne circle a R s, contrary to tne con- 
ftru6!ion which has now been fiippofed to be made, 
I The circle a r s therefore is equal to the ellipfe a fb g, 

‘ and tberefbre the ellipfe a f b G is to the circle a d b je 

as F G to A B- 

Cor. I. An ellipfe is equal to a drcle, whofe diame- 
ter is a mean proportion^ between its axes. For, by 
the above, p g : a b : : the ellipfe a f b g, or the cir- 
I cle a R s : the circle a d b £. But (r . vi.) f g : a b : t 

I F G X A B : A b^ ; and xii.) the circle a r s : the 

circle a i> b e : : a : a b% a s being the diameter 
of the circle a r s. Confequently (ii. v.) the ellipfe 
A F B G : circle A d b e : : a : a b" : : f G X a B ; 
A : and (14. v.) a s“ is equal to f g x a b. 

Cor. Or. From the preceding (andr I'f. vi. and: sr. xii.) 
! it is evident, that the areas of two ellipfes are to cfn& 

another as the rectangles under their axes* 

The Cor. to Prop. XIV. Lib. L of theFrincipia de- 
pends, in a great degree, upon this truth. 

PROP. XXIV, 

J^Jrom a point in the coryugate axis of an ellipfe a Jl^aigbt 
Uney equal to the difference of the femiaxeSy be drazvn 
to a point in the iranfuerfe axtSy and he produced he^ 
jond the iranfuerfe axis yfo that the part produced be 
equal to the femiconjugate axtSy the extremity of the 
^ part produced will he in the curve of the fcBion. Or^ 

[ if from a point in the corijugate axis of an ellipfe a 

I Jiraight liney equal to the fum of the femiaxesy he drawn 

to a point in the iranfuerfe axiSy and if this line be fa 
E ^ut that the fegmmt beHveen the iranfuerfe axh ami the 

p pomi 
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BOOK foint of feBlon be equal to the femh'onjngate the 
foint of fedlon will be in the curve^ 

77. Let A D B E be an elHpfe, of which a b is the traiif^- 
verfe^ and n e is the conjugate axie^ and c is the cen- 
ter. Let F be a point in the conjugate, and c; be a 
point In the tranfverfe axis, and let the ftraight line 
F G be equal to the difiercnce or fum of c B, c r>. 
When F C5- is equal to the difTcrence of c b, c 0, as in 
Fig. 78. let F G be produced beyond a b to h, fo that 
0 H be equal to c d 5 but when f a is equal to the 
funi of c B, c D, as in Fig. 77, let the fcgnicnt c n hi; 
equal to c o ; and in cither cafe the point h will be 
in the can’ve of the ellipfe. 

For through the center c draw the ftraight line c ic 
parallel to f H. Through H draw the ftmight line 
H K parallel to o e, and let it meet c k in k, and a n 
in I. Then (34. i.) the ftraiglit line c k Is ccjual to 
,F H. But as F G is equal to the fum or difrcrencc <if 
c B, c o, and as o h is equal to c d, the ftraiglit line 
F H is equal to c b 5 and confequcntly c k is equal to 
c B. With c, therefore, as a center, and c b as a dif- 
tance, let a circle be deferibed, and it will pafs tlirough 
K- Again, on account of the limilar triangles c e i, 
GUI, CK^ : : : K : H and therefore, on 

account of the equals, c b* : c : : k 1^ : ii 1 
But (3. and 35. iii.) the fquare of k i is ecjual to the 
re^angle under a i, i b ; and therefore c : c : : 
A I X I b;: h i^. The point h is therefore in the 
curve, by Cor. i. Prop. V* (and 9. v.) for ii t is piiral- 
let to die ordinates of a b. 

SCHOLIUM. 

The xaftrument called by feme the trammels, and by 

otberi 
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Others the dliptic compajjes^ iifed by cablnet-makersj> 
&c. for defcribing the curves of ellipfes^ are conftruded 
on the property demon (Irated in this Propofition. As 
the trammels are in general ufe^ it is needlels to give a 
defcription of them in this place. Lathes for making 
pidure-frames, and ornaments of an elliptical form^ 
are conftrudled on the fame property. 
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GEOMETRICAL TREATISE 

OF 

CONIC SECTIONS. 

. I l f W. 

BOOK Iir. 

Of the Pareih'jtc7^ the EircElrucs cf the SrStions., the Nj'ywp- 
totes of the Hyperbola, Conjugate Hyperbolas, and fj' 
hvpcrbol'io Seilors and Trapezia. 


DEFINITIONfA 

I. 

The fecHon F D c being a parabola^ and v b s its Fi^;. r?*- 
vex'tical plane, as in the 15th and i6th Definitions in 
the firll Bookj any ftraight line, as n i, in the parabola 
parallel to v i?, the fide in which v b e touches the 
cone, is called a Diameter of the parabola. 

Cor* !• From this Definition (and 9. xi.) the dianie- 
ters of a parabola are paratlel to one anotner 5 and, by 
Prop^ XIV. Book L any ftraight line drawn in the 
plane of a parabola, parallel to a diameter, will met^t 
the curv^ in one |>oint, and in one point only, and, by 
this Definition, it will itfelf be a diameter. 

Car. 




OF THE FARABOEA. 

Cor.' 3. Any ftniight line In a parabola, not parallel 
to a diameter, will meet the curve in two points. For 
any ftraigbt line drawn through v, the vertex of the 
cone, and In the vertical plane, and not in the fanu: di- 
redtion with v B, will fall without the oppofitc corn s ; 
and by the demonftration of the fecond part of Prop. 
VIII. of the firlt Book, one plane may Ire drawn 
through fliis ftraigbt line to touch the conical liiper- 
ficies, and cut the platie of the parabola. The intcr- 
fedlion alfo of this plane with the plane of the para- 
bola will touch the parabola, and any ftraigbt line in 
the parabola parallel to this tangent will meet the 
curve in two points, by Cor. i. Prop. VIII. Book I. 
Hence (i 6. xi.) the Cor. is evident. 

H. 

The point in which a diameter of a parabola mcofs 
the curve is called the Vertex of the diameter. 

Ilf. 

If a ftmight line tenninated by the curve of ;i para- 
bola be bifefted by a diameter, it is called a Dmibh Or- 
dimie to that diameter j and its lialf is limply called an 
Ordinate to it. 

IV. 

The fegment of a diameter between its vertex and 
an ordinate is called an j^hfdfs of that diameter, 

V. 

The diameter of a parabola, which cuts its ordinates 
at right angles, is called the Axis of the parabola. 

. VI. 

A third proportional to an abfeifs of a diameter of a 
parabola, and the correfponding ordinate, is cdled tho 
FarataetiTj Ot Latus Reaum of the diameter. The |>a- 
rameter of the axis is frequently called tho Principal 
Paninieter, or Lotus Reaum. 


PROP. 
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111 . 

^ each two diameters of a parabola meet a Jlraigh t . . .. . i i ^pawi 

Ime^ and if each of tbefe Jiraight lines cut, or one of them 
cut and the other touch the parabola^ and if thefe 
jlrmght Ihies he parallel ; then the fegment of tbie ott^ 
diameter^ between its vertex and the line which it meets ^ . 
will he to the fegment of the other between its vertex? 

„ and the line, which it meeis^ as the fquare of the lin0 
which meets the jlrjl mentioned diameter if a tangent 
or the reBangle under its fegments if d f scanty to ih^ 
fquare of the line winch meets the other diameter if cz 
tangent y or the raBangle under its fegments if a fecanf^ 

Suppofe D I, G K to be twp diameters of a parabola^ Fig.Soo 
and let d be the vertex of the one, and g the vertex of 
the other. Let l p, m n be two parallel flraight lines^ 
and let d i meet l p in l, and g k meet m n in m, and 
let p, M u either both cut, or one of them cut ai^d 
the other touch the parabola 5 then DLis to gm as 
the fquare of l p, if a tangent, or the reflangle under 
its fegments if a fecant, to the fquare of m n, if a tan- 
gent, or the redlangle under its fegments if a fecaiit. 

For let F G D c be the parabola as formed in th.o Fig. 79*^ 
cone, and n g K the diameters mentioned above- 
Let the par23>ola cut the plane of the bafe in the ftraight: 
line F K I c, and let the. vertical plane cut it in B e, v 
being the fide along which the vertical plane touches 
the cone. Then d i, g are parallel to v b, by thet 
firfl Definition. Through the parallels tb, d i let a. 
plane pafs, and let it cut the cone in the fide v d 
and tlie bafe in b i A. Through the parallels v b, g ic 
let a plane pafs, and let it cut the cone in the fid^ 

T G H, and the bafe in b k h. Then (4. yi. and i6. 

D I : V B : : A I : A B, and 
V B ; G K : J hb : H K* 
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Hence (i, vL) d i : v b : t a i x I b : A b x i B 

and V B : G K : ; H B X K B ; H K X K 

But (35. ili-) A I X I B is equal to f i X i Cy and h k 
X K B is equal to f k X K c ; and, by the fe\'enth 

Lemmay a b X i b is equal to ii B x k B, Confe« 

quently, by the above and fubftitutiony we have the 
two following ranks of magnitudes proportionals^ t^cn 
two and two in the fame order, 

D I : V B : G K 

pixictABXiB: FK.XKC; and therefore 
{%%. V.) D I : G K ; : F I X I c : F K x K C. 

Xet the ftraight line f k i c have the fame fituation in 
the parabola in Fig. 80. as in Fig. 79. and firft Tuppolc 
L p, M N to be parallel to the bafe of the cone, or t(» 
F c. Then, by Prop. XVL Book L d l is to 0 1 as 
the fquare of l p, if a tangent, or the reQiangle under 
its fegments, if a fecant, to r i x i c ; and, by thei 
above, d i is to g k as f i x i c to f k x ic c ; and 
again, by Prop. XVL Book 1. o K is to G u as f k x 
K c to the fquare of M n if a tangent, or the rc&angfe 
under its fegments if a fecant. We have therefore 
0 B ; 0 I : a K : G M 

t. ft. Mn’ 

or >:fixic:fkxkcw or 
f. L pO U'. m n' 

Gonfequently (33. v.) D i. is to G M as the fquare of 
r p if a tangent, or the redtangle under its fegments if 
-A fecant, to the fquare of m n if a tangent, or the red* 

. angle under its fegments if a fecant. Laftly, let l p, 
M N not be parallel to the bafe of the cone, but let t. s, 
M a be parallel to the bafe, and let them touch or cut 
either of the conical fuperficies. Then, by the above, 
DL is to OM M the fquare of l s if a tangent, or tlie 
redangle under its fegments if a fecant, to the fquare 
of M R if a tangent, or the redangle under its fegments 
' if 
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if a fecant. But, by Prop. XII. Book 1 . the fquare of B O o K 
L s if a tangent, or the reftangle under its fegments if 
a fecant, is to the fquare of m r if a tangent, or the 
re6langle under its fegments if a fecant, as the fquare 
of L p if a tangent, or the reiftangle under its fegments 
if a fecant, to the fquare of m n if a tangent, or the 
rectangle under its fegments if a fecant. Confequently 
( I r . V.) D L is to G M as the fquare of l p if a tangent, 
or the reft angle under its fegments if a fecant, to the 
fquare of m N if a tangent, or the reftangle under its 
fegments if a fecant. 

PROP. IT. 

diameter oj a conic JcBioti hiJeSs any Jlraigbt line it 
meets m the feSlion parallel to a tangent pajjing through 
its ‘vertex ; and ordinates to a diameter, and a tangent 
pq/Jing through its vertex, are parallel to one another. 

In the ellipfe and hyperbola this has been proved, 
according to Cor. 3. to Prop. III. Book II. In the 
parabola a b c let the diameter b g qut the ftraight Fig. St. 
li ne A c in the point g, and let a c be parallel to d e 
touching the parabola in b, the vertex of the diameter 
B g 5 the ftraight line a c is bifefted in g. On the 
contrary, any ftraight line in the parabola bifefted by 
B G is parallel to a c, or the tangent d e. 

Part I. Through a, c let a d, c f. be drawn parallel 
to B G, and let A D meet the tangent in n, and c e 
meet it in e. Then, by Cor. J . Def. I. a d, c e are 
diameters, and, by Prop. I. a d : c e ; : d : b j 
and (34. i.) as a D, c e arc equal, it follows that d b, 

B K are equal to one another. Confttquently (34. i.) 

A G is equal to o c. 

Part II. If it be poflible, let the ftraight line h r in. 
the parabola abc be bifefted by the diameter bo, an4 
not be parallel to A c or D E. 

II 3 Through 
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Through r draw r m parallel to the diameter b g* 
and through h draw h l parallel to a c or d e, and let 
it meet B G in k, the curve again in l, and r m in m. 
Let B G meet h r in n. Then as a r is bifefted in n, 
and as k Nj m r are parallel, (3. vl.) h n : n r : : n k : 
K M, and H K is equal to k m. But, by Part I. h k is 
equal to K R, and therefore K l is equal to K m ; which 
Is ^bfurd. Confequently no ftraight line in the para- 
bola, unlefs it be parallel to D E, or to the ordinate 
A c, can be bifefled by the diameter b g. Ordinates 
to the diameter b g mull therefore be parallel to one 
another, and to the tangent d e, paffing through the 
vertex. 

Cor. I. From hence, and Prop. III. Book II. it is 
evident, that if a ftraight line be an ordinate to a dia- 
meter, any ftraight line in the fedion, or oppofite fec- 
tion, and parallel to it, will be an ordinate to the fame 
diameter. 

Cor. 2. From this Proportion It is evident, that if a 
ftraight lb>® Wfed two parallel lines in a conic lc£tion, 
It will be a diameter. 

Cor. %. Prc«n the above a method of finding a dia- 
meter of a given parabola Is evident. For two parallel 
ftraight lines being drawn in tlie parabola, a ftraight 
line bifefiliug them, and any ftraight line pitrallel to it, 
will be a diameter. 

< 5 br. 4. Tlie method of finding the axis of a para- 
bola is alfo evident from the above. For, having found 
a diameter of the parabola, by the preceding Cor. let 
a ftraight line at right angles to it be drawn within 
the. parabola, and limited both ways by the curve. 
Then the diameter bifetiing this ftraight line will bo 
tlie axis; for, being parallel to the diameter firft found. 
It- will (39. i.) bifed tihe ftraight line in the fediou at 
right angles. 
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PROP. IIL bqo:K 

_ . . ■ 111 . < 

The alfcljfes of a diameter afa parabola are to one another - 

as the fquares of the correfponding ordinates ; and the 
fquareofan ordinate to a diameter of a parabola is equal 
to the reBangle under the parameter of the diameter, 

and the ahfcifs correfponding to the ordinate. 

Part I. Let b g be a diameter of the parabola a b o, 
and let A g, h k be ordinates to it, and let them meet 
it in the points g, k, and let b be the vertex of the di- 
ameter; the abfcifs B G is to the abfcifs b k as the 
Iqu^e of the ordinate a g to the fquare of the ordinate 

H R- 

For, as B G Is parallel to a fide of the cone, in which 
the fedtion was formed, and as a g, h k, by Prop. IT, 
are parallel, and as they would be bifeaed in g, k if 
limited by the curve, this part is evident from Prop. 

XVL BookL*^ ^ 

Part IT. The reft remaining as above, let the ftraight 
line p be a third proportional to the abfcifs b g and 
the correfponding ordinate a g, and conlequently the 
parameter to the diameter e g, according to the lixth 
Definition ; the fquare of the ordinate h k is equal to 
the resfrangle under p and the abfcifs b K. 

For, by the preceding part, B g : b k : : a g* : h k% 
and therefore (i. vL) p X B © ; p x B k ; : a g® : H K®. 

But (17 . vi.) p X B G is equal to a g®^ and confequent- 
(^4* ’''■•) P X B K is equal to hk*. 

Cor. 1. If a ftraight line touching a parabola meet a 
diameter, the fquare of the fegment, between the point 
of contadl' and the point of concourfe, will be equal- to 

* From this and the fecond part of Prop. II. writers cai piroje^l^E^ 
prove, that, it the reiillance of the air have no perceptihk cffeS, a 
Je^iie muft move in the curve of a parabola. 
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B;Q:aK the re£laiigle under the fegment of the diameter^ be* 
tween its vertex and the point of concourle^ and the 
parameter of the diameter^ to whofe ordinates the tan- 
’ gent is parallel. For let d b, touching the parabola in 

B;, meet the diameter a d in d, and let A & parallel to 
p B meet the diameter b g in g, and let p be the para- 
meter of B G. Then (34. i.) A g is equal to B b, and 
A B is equal to B G, and, by Prop. 11 . D B is parallel to 
the ordinates of b g ; and as, by the above, b o x P is 
equal to A g% b is equal to a d X p. 

Cor. 0,. If a firaight line cutting a parabola meet a 
diameter, the rectangle under itvS fegments, bctweeti 
the point of concourfc and the curve, will be equal to 
the reS:angle under the fegment of the diameter bi * 
tween its vertex and the point of concourfe, and the 
parameter of the diameter, to whofe ordinates the fe* 
cant is parallel. For, the reft remaining as in the pre- 
ceding Cor. let the tangent b D be parallel to the 
ftraight line H M, cutting the parabola in h, l, and 
meeting the diameter r m in m. Then, by Prop. L 
A B : R M r t 0 ; H M X M and therefore (i, vi.) 

A 0 X p : R M X p : : 0 B* : h M X m L* Confequent* 
ly, by the preceding Cor. (and 14. v.) k m x P is equal 
to H M X M L, 


SCHOLIUM, 

On account of the equality of the fquare of H e to 
the^Tcaangle under p and b k, Apollonius caied the 
fe< 9 ion a parabola. 

* • 'Ifrom the property demonftrated above the parabola 
fs^frequently denoted by an algebraical equation, in the 
fcllowing manner. Ptrt the parameter of the diameter 
B K = ^, the abfeifs b k = 4 ?, and the ordinate h jc 
Then, from the above, a? and / m ssjfK 
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If each of t-zvo Jlraight lines meeting one another touch or 
cut^ or one of them touch and the other-mt^ a parabola^ 
thefquare of the firft of the tzuo if a tangent y ^or the 
reBangle under its Jegmenis if a fecanf^ zvill he to the 
fquare of the fecund if a tangent y or the reBangle 
der its fegments fa fecanty as the parameter of the 
ameter to zuhofe ordinates the firjl is parallel y to the fa^ 
rameter of the diameter to whofe ordinates the fecond is 


parallel. 


FoTy firft let the ftraight lines a e, c e, meeting one Fig. Ss. 
another in touch the parabola in a and c, and let 
EB be a diameter paffing through e. Then, by Cor. i. 

Prop. III. the fquare of a e is equal to the rectangle 
under b e, and the parameter of the diameter to whofe 
ordinates a e is parallel j and the fquare of c e is equal 
to the reftangle uhd^ b and the parameter of the 
diameter to whofe ordinates c e Is parallel. Confe- 
quently (i . vl.) the fquare of a e is to the fquare of 
c E, as the rparameter of the diameter to whofe ordi- 
nates A E is parallel to the parameter of the diameter 
to whofe ordinates c e is parallel. 

Nexty let the ftrmght line g a, touching the parabola 
in A, meet in g the ftraight line g k, which cuts the 
parabola in f, k, and let o d be a diameter palling 
through G. Then, by -Cor. i . Prop. III. the fquare of 
A G is equal to the reftangle under d g, and the para^ 
meter of the diameter to whofe ordinates a g is paral- 
lel; and, by Cor. a. Prop. III. the reftangle k g f is 
equal to the reftangie under i> g, and the parameter of 
the diameter to whofe ordinates g K is parallel. ‘Con- 
fequently (i. vi.) the fquare of a g is to the rectangle 
K G F as the parameter of the diameter to whofe ordi-? 

H 4 naten 
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® A o is parallel, to the parameter of the duimeter 

_ whofe ordinates a K is parallel. 

if the ftraight line o k, entfitig the parabola 
tit P, K, meet in the point o the ftraight line a t, 
■w'hich cuts the parabola in the points n, i,, then it may 
Ito pmeecl in the fame way, by meatts of Cur. 3. I’rop. 
III. that the rectangle k t> f is to the rectangle i. o H 
as the parameter of the diameter to whole ordinates g k 
is p-trallfl, to the. pammeter of the diameter to whofo 
«Mdsn,ite« 0 I. is p.irallel. 

PROP. V. 

// -> jii iVirht iitii' fou, hing a paraMa mfit a difimeUr, and 
u! to tke diameter pafs ihrnngb ite point of con- 

tail ^ the figment of the diameter, between its vertex and 
(hr ItiHgent, wili he equal to its ahfeifs, between its ver- 
t, 1 .JO./ the ordinate. 

j i*. ? j. I die (if, tight line a k, touching the p.nral)ola A » C 
in the ptint A, meet the diameter a d in the point b, 
anil thtimgh tlte {xtiut of conta^l a let the ordinate a d 
K* » II pafs, and meet » i> in » } the fegment B E be- 
f tt PDt n the vertex and the tangent is eqial to the al>> 
ii si . It It Itetween the vertex and the ordinate. 

I <r putduee A i> till it nutet the curve in c, and draw 
*• r pii.tlle! to r It, ajtd let it meet a e in r. Then, 
by ihe third DefiMition, ac is bifeiled in 0, and, by 
Cor, 1, In the fit ft Oelinition, <; K is a diameter j and, 
by Prtff. I. » K ; c 1 : : A : A p*. But c r, 0 e be- 
ing paridldl, (3. vi.) a » t 0 c : ; a « : k i', and a c be- 
ing btfrfled in 0, * t* is bifc£icd in e, and for the fame 
r»?afa«}« 0 u is half of *'• Confequently a p* is equal 
to fmir time* a e* (4. ii.) and, therefore, c p is equd 
to four times 8 s 5 ;md as c r is double of 0 n, b a i* 
eqwJ to n 0. 

Cor, 
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Cor. If A Gy B D be any two diameters of the para- ® ^ 

bola A B and if a d be an ordinate to b and b g * 

be an ordinate to a g, the abfcifles a g, B d will be 
equal. For let a- e touch the parabola in a, and mee% 
the diameter B d in e. Then, by Cor. i. to the firiS: 
Definition, a g, e b are parallel, and, by Prop. IL a E, 

G B are parallel. Conlequently (34. i.) a g is ^ual 
to E B, and therefore, as by the above e b, b b ar^ 
equal, A G is equal to b d* 

PROP. vr. 

^ two Jiraight lines touching a conic JcBion^ or oppojtfe 
hjperholaSy meet one another ^ the diameter hiJcBing the 
line joining the points of contaB will pafs through the 
point of concourfe. 

In the ellipfe, hyperbola^ or oppofite hyperbolas, this Fij?. 
has been proved in Prop. VIII. Book 11 ." In the para- 
bola ABC let the two ftraight lines e a, e c touch the 
fe< 9 :ion in the points A c, and meet one another in e, 
and let the diameter b d bifedl A c, the ftraight line 
joining the points of contact in n 5 the diameter b d 
will pafs through E. 

For, as a c is bifefted by the diameter b d, it is a 
double' Ordinate to b d 5 and therefore, by Prop. V- 
if B D be produced and meet the tangents, its fegment 
between b the vertex and the tangent a e will be 
equal to its abfeifs bdj and its fegnjent between b 
and the tangent c e will alfo be equal to b X). The 
diameter b j> will therefore meet both the tangents 
A e, c E in the fame point, and confequently will pafs 
through E, the point of concourfe. 

Cor. 1. If two ftraight lines touching a conic fedlioh, 

QT oppofite hyperbolas, meet one another, a ftraight 
line paffing through the point of concourfe^ and bifedt-* 

ing 
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BOOK ing the line joining the points of contact, will be a di- 
ameter. The truth of this is evident from Cor. Prop. 

^ Vjn. Book IL and the above. 

Cor, %* From the above it is evident, that if A c be a 
double ordinate tO'^B o, a diameter of any conic fee- 
tion A B c, and if:A touching the ie£tlon in a, meet 
the xliameter. in K, then if the ftraight line kc be 
drawn^ it will touch the fe£lion in c. 



DEFINITIONS; 
t VIL 

H from B, the vertex of tlic axis a n of the panihoia 
F B My a fegnient b f he taken in the axis equal to one 
fourth of the parameter of the axis, the jx/mt f Is 
called the Focits, or Umhilicus^ of the parabola. 

Cor, The dottide ordinate r s, drawti tlirougli f the 
focus of any conic fecStion^ is equal to the parameter of 
the axis palling through the focus. 'Flfis has been 
proved in the ciliple and hyperbola in Cor, 4, to the 
eleveuth Definitiun in Book 1 1 , In the parabola the 
%^e.of T F is, -.equal to,tlie rctlapgle, under n r, and 
fbuLtiin^ m l|jrtWs.Defr and IVqp, HI, and therefore 
4 T is equal to 4 b f x 4 b f. But ( 4 . ii,) 4 t m 
equal to T and confequently t s Is equal to 4 11 
and therefore^ by this .Def. equal to the parameter of 
the axis a b, 

vnr. 

. ,As in the ellipfo and liyperbola, fo in the parabola^, 
thaftraigbt line touching the feftioii in t, the extre- 
mity, the double ordinate drawn as abovty is Ctilleit 
the FomlTmgmf to the parabola* 

IX. 

.rha- tranfverfe axis of an, ellipfc or hyperbola, and 
the axis of a parabola, is dbiuetlmcs called the imal 
J.vb of the feilion. 
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X. 

1£ tlic focal tangent t belonging to the focus f iit 
any conic fe£tion pb meet the focal axis a b in Pig 
the ftraight line x y at right angles to a b is called a, 
of the feaion. And^ if in the ellipfe or hy- 
perbola o be the other focus, and the focal tangent be— 
longing to o meet the focal axis A b in tlie flraighfe 
line k: E at right angles to a b is alfo called a direarix: 
of the ellipfe or hyperbola. 

Gor. I. As in the ellipfe and hyperbola the foci o 
are equally diftant from c the center, it is evident 
from the above, and Prop. VII. Book IL that the di- 
reaxices x k l are equally diftant from the center. 

Got* 3 . In the parabola, the focus f and the direc-» 
ti-ix X y are equally diftant from b, the vertex of the 
axis^ by the above and Prop. V, 

PROP. VIL 

If a tangent pajfing through the vertex of the focal axis 
of a conic fe6iion meet a focal tangent^ its fegment he^ 
t'-L^'een the point of contaB and point of concourfe vuilL 
he equal to the fegment of the axis between the point of" 
conta^ and the focus to which the focal tangent 
longs ^ 

Let the tangent b g^ paffing through b the vertex of Fig. S 4 . 
the focal axis a b, of any conic fefdon PBM, meet irx g|* 
the point g the focal tangent t g belonging to the fo- 
cus F I the fegment g b is equal to the fegment f S. 

And in. the ellipfe and hyperbola the tangent a h, 
paflipg through A the other vertex of the focal axis, 
and meeting the focal tangent t G in h, is equal to the 
fegment a f. 

As far as this Propofition relates to the ellipfe, or hy- 
perbola, it has been proved in Prop. XII. Book II. 

lu 
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In the parabola, every thing remaining as in the 
feventh Definition and its Cor, t f is double of f b, 
mid therefore, by Cor. 2, to the tenth Definition, t f 
is equal to f x. Again, by Prop. IL t F, g b are pa- 
rallel, and therefore (4. vi.) tf:fx::gb:bx, and 
G B is equal to b x, and confe<|uentIy equal to F B, 




PROP. vm. 

ji Jlraigbt line drawn from any point in the curve of a rff- 
1 7ac feEtlon to a focus is to a Jlraigbt line drawn from 
the fame point perpendicular to the dlre&rix nearejl this 
focuSj as the figment of the axis between the famefocids 
and the n&arejl vertex y to the feg7mnt between this ver-* 
tex and the HreBrix: andy in the ellipfe and hyperbola^ 
a Jlralght line drawn from the fame point in the curve 
to the other focus is to a Jlraigbt line drawn from the 
fame point perpendicular to the other diredrix in the 
J'ame ration 

A ftraight line p f> drawn from any point p in the 
dinrve o€ the conic fe£tion p b m to the focus f, is to 
p Y peip^dicular to x y, the direSkrix iieareft to f, as 
the fegment f b, of the focal axis between f and the 
vertex b, to the fegment b x of the fame axis hetween 
B the vertex and the direftrlx ; and, in the ellipfe and 
hyperbola, p o drawn to the other focus o is to p ct 
drawn perpendicular to the other direSrix K l in the 
fame ratio. 

For, the reft remaining as in the preceding Prop, and 
I>e£' 3 C:. through p draw p 3^ an ordinate to the axis a b, 
and let it meet the curve again in^ m, the axis a b in 
and the focal tangent x g in n. Then, by Prop. XIIL 
Book L X G^ : T : : G : p N x n m. But, by 
Prop. IL N M, X G B arc parallel, and tlicrefore (10. 
and ^2?. vi.) x g^ : x n" : : f b"'; f le ; and tiiereforo 

(11. 
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1 1. V.) F : F 2 : G b" : p N X N M* Confequent- book 
ly^ as by Prop. VIL f b is equal to g b> F is equal / 

to G and (14. v.) f r"^ is equal to p n X N m and 
therefore (6. ii. and 47. i.) r Is equal to p f% and 
R N is equal to p f. But (4. vi.) r n : r x : : g b : 

B Xj and therefore as {34, 1.) p y is equal to r and, 
by Prop. VII. f b is equal to gb, pf:py::fb: 

B X. 

Again, in the ellipfe and hyperbola, the reft remain- 
ing as above, let c be the center, and let n v perpen- 
dicular to the direftrix k l meet k l in v. Then (34. i.) 

N V, P a are equal, ^d v k Is equal to n r, and con- 
fequentiy equal to p f. Let c o the fenuconjugate 
axis be produced till it meet the focal tangent T g in 
I, and, by Cor. Prop, XTII. Book II. c i will be 
equal to c b or c a. Alfo (4. vi.) x c : c i : : x k : 

K L ; and therefore, as x c, c k are equal, k l is equal 
to ABthe tranfverfe axis. Confeqiiently, by Cor. i. 

Prop. XIIL Book II. l v is equal to p o ; and as l v 
is parallel to g b, and v n to b x, l v : v n : : g b : 

B X. On account of tlie equals therefore, p o : p a : s 
fb:bx. 

Cor, I. In the ellipfe and hyperbola, (4. vi.) c i : 
c X : : N R : R X ; and therefore on account of the 
equals c B : c x : : p f : p y.^ But, by Prop. VIL 
Book II. c B : c X : c F : c B ; and therefore (i r. v.) 
Cf:cb::pf:py. For the fame reafons, or by the 
above, (and ii-. v.) c f : c b : : f b : b x. 

Cor. 2. By the preceding Cor. in the ellipfe p f Is 
lefs than p y, but in the hyperbola p f is greater than 
F Y. And, as by the above (and ii. v.) p f : p y : : 
p 9 : p a, in the ellipfe p o Is lefs than p a, but in the 
hyperbola p o is greater than p a. 

Cor. 3. A ftraight line drawn from any point in the 
curve of a parabola to tlie focus is equal to a ftiaighi 

line 
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BOOK line drawn from the fame point perpendicular to the 
direftrix. For FF:py::FB:BX, and f b is equal 
to B X. 

SCHOLIUM. 

Some writers on conic feftions have chofen this pro-*- 
perty as the primary one for their treatifes, and accord- 
ing to it have defined the fedlions in the following 
manner. 

Let F be a point without the ftraight line x t, and 
whilft a ftraight line f p revolves about f as a center, let 
a point p fo move in f p that f p may always be to p r, 
perpendicular to x y, in a given ratio. 1110 curve de- 
feribed by the point p will be a conic feftion ; and it 
will be a parabola, ellipfe, or hyperbola, according as 
F p is equal to, lefs, or greater than p y. 

PROP. IX. 

If from ariy point hi the curve of a parahola a flraight 
line be drazun to the focus ^ and a ftraight line perpmdh 
cular to the dir eBrix^ the angle contained by thefe flraight 
lines will be hifcBcd by a tangent pnf/ing through the 
fame point. 

Fig-. 89. From the point p In the curve of the paralxda p b R 
let the ftraight line p f be drawn to f the focus, and 
the ftraight line pb perpendicular to d x the dire£trix| 
the ftraight line p e, touching the parabola in p, bifcRs 
the angle f p d. 

For let the tangent p e meet the axis a b in K, and 
let p A be an ordinate to a b. Then, by Prop. V. a b 
is equal to b e ; and as, by Cor. %, to the tenth Defi- 
nition, F B is equal to B x, A x is therefore equal ta 
F E. But (34. i.) A X is equal to p i> ; and, by Cor. 2. 
Prop. Vni. PD is equal to p f. Confequently p r, 

■ F E 
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F E are equal, and therefore i,) the angle F p E is 
equal to the angle f e p. But as p d, a e are parallel, 
the angle pep (29, i.) Is equal to the angle d p e. 
Confequently the angle p p e is equal to the angle 
© P Ej and therefore the angle f p d is bifedied by the 
tangent p e. 

Cor. If a ftraight line touching a parabola meet tjte 
axis, the fegment of the axis between the point of con- 
courfe and the focus is equal to the ftraight line drawn 
from the point of contaa to the focus. This is fevidcnt 
from the above, for p e is equal to p f. 

SCHOLIUM. 

It IS not certain when, or by whom, the name Forus, 
or XjmhihcuS) was firfi: given to a point in a conic fec- 
tion. Neither of the two occurs in the Treatife of Apol- 
lonius, or in the writings of Archimedes, who occa- ' 

fionally mentions properties of the feftions. The points 

themfelves, however, in the ellipfe and hyperbola, 
were well known to Apollonius. He calls them pumFa 

apphcatione faBa ■, and he demonftrates the moft 
important properties of lines related to them. He 
does not mention the focus of the parabola. 

^ It IS highly probable, from analogy of general prin- 
ciples, and from the hiftory of this branch of fcience as 
far as It has been traced, that optical purfuits firft fug. 
gefted each of the two names. For, in opticks, if a ray 
of light fail upon a plane furface, the angle of inci- 
dence is equal to the angle of reflexion ; and if a ray 
of light fall upon a curve, and a ftraight line touch the 
curve in the fame point, the angle contained by the 
incident ray and tangent will be equal to the angle 
contained by the refiedled ray and tangent, as a tan- 
gent is the dire<aion of a curve in the point of con- 
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»oo K Thefe truths being premifed, fuppofe a conic fedion 
R B p to revolve about A b, the focal axis, and that a 

Fig. 89. co^^^ve fpeculum is formed by the curve by this revo- 
90. lution. Let the llraight line t p e toucli any one of 
the fedions in the point p. In the ellipfe and hyper- 
bola let F, o be the foci, and let p be the focus of the 
parabola. 

Fig. 91. I. Let K p be a ray of light, whofe diredion, in a 
flraight line, paffes through o the focus oppofite to r, 
within the hyperbolic fpeculum n b p. Let it fall upon 
the fpeculum in the point p, and draw p f, and pro- 
duce K p to o. Then, as by Prop. XV. Book 11 . the 
angle f p e is equal to the angle ope, and confequent- 
ly (k 5 ' i') equid to the angle kp t, the ftraight line 
p p will reprefent the ray of light after reflexion. For, 
if a perpendicular to T e be drawn from p, the angle 
contained by it and K p will be equal to the angle con- 
tained by it and f p ; the angle of incidence being 
equal to the angle of reflexion. Hence if any number 
of rays fall on a concave hyperbolic fpeculum, and be 
converging to the focus in the oppofite hyperbola, they 
■vriU he refleded to the focus within the fpeculum. 

Fig. 90. 2. Let A R D B p be a concave elliptic fpeculum. Let 

a ray of light proceeding from the focus o fall upon 
the fpeculum at p, and let p p be drawn. Then will 
p F reprefent the ray after reflexion, for the lame rca- 
fons as above, as the angles o p x, f p e are equal, by 
Cor. I. to Prop. XV. Book II. Henpe it is evident, 
that if any number of rays proceed from one focus of 
m elliptic concave fpeculum, they will be refleded 
into the other. As rays of heat arc fulled to the 
lame laws with rays of light, as to incidence and re- 
flexion, if a fire or any heated body bo placed at o, 
within the concave elliptic fpeculum, the wliole of tlie 
heat after reflexion will meet at F. Perhaps attention 
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to this property might be of confiderable life In fitting BOOK 

up fire-places^ reverberating furnaces, &c. 

3. Let k: p be a.ray of light parallel to A B the axis pjg, 
of the parabola, by whofe revolution the parabolic Ipe- 
culum is generated, and let p f be drawn. Then will 
F F reprefent the ray after reflexion. For, K p being 
produced to jd, the angle f p e will be equal to the 
angle d p E, by the Propofition preceding this Scho- 
lium, and therefore (15. i.) the angle k p t will be 
equal to the angle f p e. Confequendy, as above, p f 
is the ray after reflexion. Hence if any number of 
rays, pardlel to the axis, fall upon a concave parabolic 
Ipeculum they will all after reflexion meet in the 
focus. 

The very conliderable magnifying powers which re- 
fleSing telefcopes are capable of, with parabolic fpe- 
cula, are to be attributed to this property. For a ce- 
leftial body being at an immenfe diflance, the rays 
which iffue from it upon the parabolic fpeculum are, 
as to fenfe, parallel to the axis 5 and, being all refleSed 
to the focus, a diftindl and vivid image of the body is 
produced, provided the compofitlon of the metal be 
good and the parabolic figure juft, 

PROP. X. 

Jlraight line drawn from the focus of a pafahold^ fer^ 
pendlcular to a tangent ^ is a mean proportional between 
the Jlraight line drawn from the point of cont ad to the 
focus^ and the fegment of the axis between the focus and 
the vertex of the axis. 

From F the focus of the parabola pb r let the ftraight Fig. 89, 
line F G be drawn perpendicular to the ftraight line p e, 
touching the parabola in p, and draw pf; fg is a 
mean proportional between p f and f fegjpcsnt 

I '' ** of . 
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BO o 1 C <rf the axis A ®, between B and ® the vertex df the 
HI. 

_ axis. 

for let the tangent t b meet the axis in e, and draw 
B Gy and let f a be an ordinate to the axis# Then^ by 
Cor. Prop. IX. p f e are equal, and tJierefore (5. i.) 
the angles f f e, f e f are equal. Cbnfajuently in 
the triangles f g F, f g e, as the angles at o are right 
angles, p G is {2,6. i.) equal to g b, and the angles 
p F G, E F G are equal. Confequently, as, by Prop. V. 
A B is actual to b e, p g : G e : : A b : B e, and (2. vi.) 
G B is piralld to the ordinate p a, and therefore a b F 
is a right angle. The triangles p f g, g f b are there- 
fore equiangular, and (4. vi.) p f : f G : : f g : f b. 

The above Prop, is Lemma XIV. Lib. I. of the Priii- 
cipia. 

Cor. 1. Hence (Cor. 2. 20# vu) p : f : : p f : 

y B. 

Cor. 2. The concourfe of any tangent p e witli a 
ftraight line f g, drawn from the focus of the paraliola 
perpendicular to the tangent, is in the ftraight line b o, 
which touehes the parabola in the vertex of the axis, 
for, by the abGV€^ g b is parallel to the orcUnate pa, 
and therefore the Cor. is evident by Prop. 11. 

Cor. 3 . If a ftraight line touch a parabola, and cut a 
ftraight line drawn from the focus to the directrix at 
right angles, it will bife£l it. For, the reft remaining 
as above, let p g produced meet the directrix in n. 
Then as g b, n x are perpendicular to the axis, they 
are parallel, and (2. vi.) f b : b x : : f G : g n, and as, 
by Cor. 2. Def. X. f b is equal to b x, f g is equal to 
0 m 

SCHOLIUM. 

If a ftraight line pafs through a podiit moving in the 
curve of a conic fedion, ai^ always touch, the fedion, 

and 
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arid If a ftraight lin^ revolve about a focus of the fee- ®‘ O o k. 
tion as a center, and be always perpendicular to the 
moving tangent, the magnitude of the perpendicular 
will be lefs varied in the hyperbola than in the para- 
bola, but it will be more varied in the ellipfe than in 
tlie parabola- 

For let the point p be fuppofed to move in the curve 
B p of the conic feAIon p b r, and let the ftraight line $u 

p E accompany it in its motion, and always touch the 
feftion. I-et the ftraight line p g revolve about f, a 
focus of the feftion, and let it be always perpendicular 
to the tangent p e. 

In the ellipfe and hyperbola let c be the center, c d Ffg'* 
the femiconjugate axis, and c h the femidiameter pa- 
rallel to the tangent p e. Then, by Prop, XIX. Book 
IL F G : F P : : c D : c H, and therefore, by Lemma V* 

F : F p^ : : c i>^ : c But o being the other fo- 
cus, and p o being drawn, by Prop. XVIII. Book II, 

C p p X p o, and therefore f g^ : f p"^ : : c ; 


F p X p o, and f g^ 


FP"" X CD^ 
p p X p o 


F P X C D 


For the 


fame reafons if p denote another pofition of the moving 
point, F g the perpendicular at that pofition, and p 
p o ftraight lines drawn from p to the foci, then is 
F X C D* ^ ^ , a P P X C 

, Confequently p g® : f — s 

Pjfr X cd\ . ^ ^ 

po ‘’po^o* 

If in the parabola p denote another pqfition of the Fig. Sy.. 
moving point, g the perpendicular at that pofitipn, 
and F a ftraight line drawn to the focus, then, by thp 
Propofition preceding this Scholium, (and 17. vi.) 

F X F and F G* : F : F P X F 

FB : ; fp;f^; or f G* : : : — : 

12 ^ In 
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BO O K In the hyperbola and cllipfe, therefore, the f<]uare of 
' . the perpendicular f g varies as the value of the frac- 
tion — varies, and in the parabola it varies as ~ ^ 
p o F B 

varies. 

But if the numerator and denominator of a frtAioti 
he each veiriable, then if they always increafe or de- 
creafe in" the fame proportion^, the value of tlie fraHioii 

will be always the fame. Thus if the fraflion be — 
and if while a varies and becomes y, ii vavlvn and be- 
comes r, and if it be a i a : : g : r* then — * = S, by 

converting the proportion into an equatiom From 
lienee it is alfo evident;^ that the more nearly the nu- 
merator and denominator increafe or dccn^afe in the 
lame proportion, the lefs will the value of the fnu‘'!ioii 
be varied ; but, on the contrary, the more they dlfler 
from a proportional increafe or decreafe, tlic more will 
the value of the fra&ion be varied. Now in the hy- 
p^bok the difference between f f, f o is, in every fi- 
tuation of F,' equal to A b the tranfverfe axis, and there- 
fore, in every inftant they vary, they receive an e<|ual 
, ^ increafe or diminution ; but however, in the pariibok, 
F F may increafe or diminidi, f b remains conllarit. In 

the hyperbola therefore the value of the fraftion - 

varies lefs than the value of the fra^ion — iu the pa- 

rahidiU Again, in the ellipfe the fum of p f, p o is 
equal to a b the tranfverle axis, and therefore if eidier 
of them increafe, the other will diminilli ; and eonfe- 
quently in varying they will differ more from a jh-o- 
portional increafe At tlw lame time, or dccreafe at the 
fame time,!than F p, F S‘ it: the parabola. In fhe el- 

liple 
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lipfe therefore the value of the fra<Slion vanes more iii. 

^ F O 

F P 

than the value of tlio fra£liorj ™ in tlic parabola. 

In the hyperbola therefore the fquare of w a variii 
lefs, but in the cllipfe it varies more, than it mrk$ in 
the parabola ; and confequently F g varies Icfs in the 
hyperbola, but more in the ellipfe, than it varies in the 
parabola. See the Principia, Cor* 6* Prop. XVL Lib, L 

PROP. XL 

^ from a point in which a Jlraight line ioucha a faral>ula 
tzvo Jlraight lines be drawn to the axis^ one of them an 
ordinate to ity and the other at right angles to the tan-- 
genty the fegment of the axis inif'reepted bti>ttarn them 
will be eqtml to half the parameter of the axis : and If 
a Jlraight lim tombing a parabola meet the axis^ mid a 
Jlraight Une^ at right "mgtm to the hmgmt^ be imwn 
from the point of contaB to the axis, the fegment of the 
axis intercepted between them will he erpial to half the 
paranicicr of the diameter faffing through the point of 
contaB^ 

‘Part L From the point f, in which the llraight line 
p,E touches the parabola fb n, let the two ftraifht 
lines F A, p H be' drawn to a b the axis, one of thenr 
p A an ordinate to It, and the other p h at right angles 
to the tangent p n % the fegment ii a of the axis, in- 
tercepted between them, is equal to half the parameter 
of the axis- 

■ ■ For let the tangent p e meet the axis in e, atid then 
as p A te an ordinate to the axis, it is at right angles to 
H E 5 and (Cor. 8. vi.) the fquare of p a is equal to fbp"' 
reaangle under % A, A h. But, by Prt>p. V. « . 

are equal, and, by Prop. IIL'the fquiu^ of fa# 

1 3 # 
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BOOK to the reftp.n^e under b a and the parameter of the 
axis. Confequently the reftangle under e a, a h is 
equal to the reftangle under B A and the parameter of 
the axis, and therefore (i6. vi.) e A is to B A as the pa- 
rameter of the axis to a h ; and as B A is half of e a, 
A H muft be half of the parameter of the axis. 

Part II. Let the ftraight line p E touching the para- 
bola p B K in p meet the axis a B in E, and let the 
•ftraight line p H, at right angles to p e, meet the axis 
A B in H j the fcgment e h, intercepted between p e, 
p H, is equal to half the paramaeter of the diameter p k, 
paffing through the point of contact. 

For, the reft remaining as in the preceding part, 
the fquare of p e (Cor. 8. vi.) is equal to the rcilangle 
under H E, E A j and, by Cor. I. Prop. III. the fquare 
of p E is equal to the re^ngle under e b and the para- 
meter of p K. Confequently the re£tai)gle under h e, 
e A is equal to the reiSlangle under e b and the para- 
meter of p K, and therefore (i6. vi.) e a is to e b as 
the parameter of p k to h e ; and as e b is half of e a, 

' H E mull be equal to the half of the parameter of p k. 

Cor. I. The parameter of the axis is lefs than the 
parameter of any other diameter. 

Cor. 2. A ftraight line ebrawn from any point in the 
curve of a parabola to the focus is equal to a fourth 
part of the parameter of the diameter pafSng through 
the feme point. If the point be the vertex of the axis, 
tiiis is evident from the feventh Definition j but for 
my other point r let every thing remain as in this 
Prop, and draw p f to the focus r. Then, by Cor. 
Prop. IX. F p, w B are equal j and as e p h is a right 
angle, if with y as a center, and r p as a diftance, a cir- 
cle be deferibed, it will pafs (31. Hi.) through e and H. 
Confequently e T, p p, f h are equal, and thenftBo, 

■ Part II. of this Prop, each of th«m is equal to a fourth 

part 
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pzxi of the parameter of p k. This is Lemma XlII. BOOK; 
Lib. L of iiie Principia. 

Cor. 3. The diftance of the vertex of any diameter 
of a parabola from the directrix is equal to a fourth, 
part of the parameter of the diameter. This is evident 
from the preceding Cof • and Cor. 3. Prop. VIII. 

PROP- XIL 

Jfraight line drcnun through the focus of a farahota, 
and iermmated loth wc^s the curve^ is equal to the 
parameter of the diameter to which it is a double ordi-* 
nate. 

Let tlie flraight line a paffing through f the fo- ^7- 
cus of the parabola a b c, meet the curve in a and M, 
and be a double ordinate to the diameter dr; a h is 
«qual to the parameter of d e. 

if D E he mm, the ftop. is the fomfe as Cor* 

€0 the fevendi Ik£mikm. Let j> e therefore not fee 
the axis, and Jet it meet A h in e. Let d g touciat 
the parabola in d the vertex of d e, and meet b p the 
axis In g, and draw d f. Then, by Cor. i. to the firft 
Defiaidonj and Prop, II, g e is a parallelogram_, and 
therefore (34- L) de> gf are equal. But, by Cor. 

IX. G F, d p are equal, and, by Cor. s. Ptcq). XI. 
x> F is equal to a fourth part of the parametor of d e. 
Confequently d‘ e is equal to a fourth part of the para- 
, meter of d e, and th^fore, by Prop. HI. a e“ is equal 
to D E X 4 d E, and 4 A E^ is equal t0 4DEX4DE. 

£ut (4. ii.) 4 A E^ is equal to A H% and therefore a h: 
is equal to 4 d e, and confequently equal to the para- 
smter of b e. 

Cor* If a line in a parabola pals through 

focus, and cut the dMuieter to which it is an Ordinate^ 

#he abfeifs of the diameter will he equal to the difoyc^^ 

14 Of 
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* trix. For, as above, d e is equal to d f, and therefore, 
by Cor. 3. Prop. VIII. the remaining part of this is 
evident. 

DEFINITIONS. 

XL 

Fig. 88. The fuperficies a c t b i a, bounded by the ftraight line 
A C and the curve a i b l c of a parabola, is called an 
interior parabolic Jegment I and if the flraight lines A E, 
c E, touching the parabola in a, c, meet one another 
in E, the fuperficies bounded by a e, c e, and the curve 
A I B L c, is called the exterior parabolic fegment^ corre- 
. fponding to the interior fegment firfl: mentioned. 

XIL 

If the ftraight line r s, parallel to A c, touch the pa- 
rabola in B, and meet in the points r, s the diameters 
A R, c s, the parallelogram a r s c is laid to be cir- 
cumferibed about the interior parabolic legment 

AIR L C A. 

PROP; XIIL 

In an interior parabolic fegment a re&ilinedl fgurs may 
be inferibedj and a correfponding rectilineal figure may 
be inferibed in the exterior fegment^ fo that the teCl^ 
lineal figure in the mterior fegment Jhall be double of 
that irferibed in the exterior ; and thife feCilimal iVi- 
feribed figures may be fuch^ that each Jhall 'be lefs than 
the fegment in wh ich it is inferiled by a fuperficies lefs 
than uny gyven fuperficies* 

Tig. 88. Let A c L B I A be an interior, and e A i b l c e the 
correfponding exterior parabolic fegment, as in the 
eleventh Definition j a reftilineal figure may be iri* 
fobbed in the fe^tpt a c l B i a, and a correfponding 

refti- 
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rcfililmeal figure may be infcribed in the fegment 
K A I B L c E, fo that the redilineal figure in the iiiti rior 
fegment fliall be double of that in the exterior ; and 
thefe re<9:ilineal figures may be fneh^ that each flitill be 
lefs than the legmcnt in which it is infcribed by a fu- 
perficies lefs than a given fupcrficies o. 

For bile£l a c in d, and draw e i>, and let it cut the 
curve in b. Let the firaight line f a toucli the {mra- 
bola in b, and meet the tangent h a m and tlic tan- 
gent E c in G, and draw a c b. Then, by C!c>r. i* 
Propi VI. BD is a diameter of the parabola^ and, by 
Prop. IL F G, AC are parallel; and, by Prop. V. i> b, 
B E are equal. Confequently vi.) a f k are ct|uab 
and (i. vi.) the triangle a f b is ccjual to the triangle 
E F B ; and therefore, as (i. vl.) the triangle a bjd is 
equal to the triangle a e b, the triangle a b d is doul)lc 
of the triangle k f b. For the fame realbns tlie trian- 
gle c b o M double of the triangle u b y- and Ihere-* 
fore the triangle a b c, infcribed in the interienr 
bolic fegment, is double of the triangle kfg, infcribed 
in tlie exterior ])arabolic fegment. Agaitu, bified a b 
in H, and draw f ju, and let it meet the curve in i. 
Let the firaight line m n touch the parabola in i, and 
meet the tangent a f in m, and the tangent f b in Wp 
and draw a i b. Then, as above, it may be proved, 
that the triangle a i b, infcribed in the interior para- 
bolic fegment a i b a, is double of the triangle f m n, 
infcribed in the exterior parabolic fegment f a i a f. 
Alfo bifed b c in ic, and draw g k, and let it meet the 
curve in l. Let the firaight line p a toucii the para- 
bola in l, and meet the tangent c g in a, ami tiic tan- 
gent B G in p, and draw b l, lc. Tlien it may be 
alfo proved, as above, that the triangle b n c, infcribed 
iu the interior parabolic fegment b lc b, is double of tb# 
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triangle a p a> Infcribed in the exterior parabolic feg- 
metit G B L c G, Confequently the re6Hlineal fignre 
A I B L c, infcribed in the interior parabolic fegment 
firft mentioned, is double of the reftilineal figure 
t: M N V a, infcribed in the correfponditig exterior pa- 
rabolic fegment firft mentioned. In the fame m^ner 
the infcription in each fegment may be continued, fo 
that the whole figure infcribed in the interior fegment 
fhali be double the whole figure infcribed in the exte- 
rior fegment. 

The infcription may alfo be continued till the re<5ti- 
lineal figure fliali be lefs than the fegment in which it 
is infcribed by a fuperficies lefs than the fupcrficies o. 
For in the interior fegment the triangle a B c, being 
equal to half the triangle e A c, is gutter thm half the 
fegment a i b n c a; and for the fame reafons the trian- 
gle A I B is greater than half the fegment a i b A, and fo 
of other remaining fegments. Alfo in the exterior feg- 
ynent the triangle e f g, being half of the re6tilin<^ 
figure E A B c E, is greater than half the fegment 
E A r B L c Ej and for the fame reafons the triangle F m if 
is greater than hsdf the fegment f a i b f, and fo of other 
remaining fegments. Confequently (r. x.) the infcrip- 
tion may be continued till each of the rectilineal fi- 
gures fliall be lefs than the fegment In which it is in- 
feribed by a fuperficies lefs than the given fuperfi^ 
cles o . 

* Cor. The tangent p g being produced till it meet 
the diameters a r, c s in r and s, the circumfcribed 
paraldk^am r a c s is equal to the triangle e a c, 
»d therefore equal to the interior and exterior para- 
i>olic fegmmts taken te^ether. For, by the above, 
E F, FA are equal, and as r a, e b are parallel, the 
triangles e f b, A p r are equiangular, and and 

4 ^ 1 } 
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4 . 1.) therefore equal. For the fame reafotis the tri- BOOK 
angles E a B, c a s are equal j and conlequently the 
Cor. is evi^nt. 

PROP. XIV. 

interior parabolic fegment is double oj the correfponiing 
exterior parabolic fegment j and the interior parabolic 
fegment is to the circumfcrlbed parallelogram as two to 
three. 

Every thing remaining as in the preceding Prop, and Fig- 8 *. 
its Cor. the intenor parabolic fegment a c l b x a is 
double the oorrefpojiding exterior parabolic fegment 
E a I B L c Ej and the interior fegment is to thecircum- 
feribed parallelogram r a c s as two to three. 

Part I. If the interior fegment be not double of the 
exterior fegment, it mull eitJier be greater or kfs than 
its doable, Firft, let it be greater than the doubk of 
the ^taior fegmeaxt, and let the lliperficbs o be equal 
to the excels of the interior fegment above the double 
of die exterior. Let correfponding reftilincal figures 
be inferibed in the interior and exterior fegments, as in 
the preceding Prop, and let them be fuch that the rec- 
tilineal figure A I B t c, inferibed in the interior 
ment, may be Ida than the fegment in which it is in- 
-feribed by a fuperfid.es lefs tliah o, and let e sf n p a B 
be the correfponding reftilineal figure inferibed in the 
exterior fegment. Then the redUined figure a i b i, c 
is greater than the double of the exterior fegment, and 
therefore its half is greater than the exterior fegment. 

But the reOilineal figure e m n p a e is half of a i b j. c, 
by Prop. XIII. and confequently the reddlineal figure 
E M N p a B is greater than the parabolic fegment in 
which it is inferibed ; which is abfurd. The interim* 
fegment therefore cannot be greater than the double of 

the 
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the exterior fegment. Secondly, let the interior feg- 
ment be lefs than the double of the exterior 1‘egment^ 
and confequently the exterior fegment greater than 
half the interior fegment. Let the excefs of the exte- 
rior fegment above half the interior be equal to the fu- 
perficies o ; and let correfponding re<Slilmeal figures be 
infcrlbed in eaeh fegment, as in the preceding Prop, 
fo that the reftilineal figure e m k p a e infcribed in 
the exterior fegment may be lefs than the fegment in 
which it is infcribed by a fuperficles lefs than o. Then 
the re6lilineal figure e m n p a b is greater than half 
tihe interior fegment, and therefore its double is greater 
than the interior fegment. Let A r B l c a, h M n P a k 
be the correfponding redlilineal figures infcribed in the 
two fegments; and then, by Prop. XHL as A i B n c A 
is double of e m n p a e, it is greater than tlie interior 
fegment in which it is infcribed : which is abfurd. 
The interior fegment is therefore not lefs than the 
double of the exterior fegment. Clonlequently as the 
interior fegment is neither greater nor lefs than tlic 
double of the exterior, it is e<jual to the double of the 
exterior fegment. 

Part IL As, by Part I. the interior fegment is dou- 
ble of the exterior, the interior fegment is to the exte- 
rior as two to one, and therefore (i8. v.) the interior 
fegment is to the triangle e A c as two to three. Coii- 
fequently, by Cor. Prop. XIIL the interior fegment is 
to the circumferibed parallelogram e AC s as two to 
three 

^ ArcKimadts was the - firffc who proved that a parabolic fegment is 
equal to two- thirds- of tlte circumlcribed pEi’alldograin, Of this truth 
he gave two demonftrations. The hiil may be coiifuk red as iiu-ckmi- 
cab as it depeiids upon the primary properties of tlic lever. l‘hc fe- 
cond is ftriaiy geometrical, and may be cafily underftood from the 
above 5 for he proves, that the triangle A B d is equal to four times 

the 


OF THE ASYMPTOTES OF THE HYTEEBOLA. 




DEFINITIONS. ^ Tii. 

!' XIIL 

If A M N be the vertical plane to the oppofite hyper- 
} bolas E V Fj G L Hy as in the eighteenth Definition of 

the firfl: Book^ and cut the cone in the fidcs a a 
and if planes A K, a i, touching the cone in the fides 
A N, a m, cut the plane of the hyperbolas in the ftraight 
lines K a, I the ftraight lines k a, i e are called . 

, the AJymptoks of cither of the hyperbolas, or of the op- 

pofite hyperbolas. 

Cor. I. As the vertical plane A M n is parallel to the 
plane of the hyperbolas e vf, ge h, the afymptotcs 
K a, I R (r5. xi.) arc parallel to an, a m, lides of the 
cone. 

Cir. 3. The afyniptotcs k a, i e do not meet the 
j curve of either of the oppofite hyperbolas* For the 

I planes A k, a x touch the oppofite cones in the fides 

a N, A M, and as the afyniptotes are parallel to tbefo 
lides, they do not meet either of the oppofite eonical 
fupcrficies. The Cor. is therefore evident. 

Cor, 3 - Any two ftraight lines t s, v o drawn in the 
planes a k, a i from the afymptotes to the lides A n, 

A M, and parallel to the bale of the cone, are equal, 
and touch the conical fuperficies. For let n m, i ic, 

N K, M I be the lines of common feftion of the bafe 
with the vertical plane, the plane of the hyperbolas, 

! 

I 

I tEc triangle a i E, each of theft triangles being inferihed according to 

I the conditions ftated above. 'The remainder of his demonftration Is then 

equivalent to this, (fee Maclaiirin’’s Algebra, §. 68.) that the ilim of 
; the infinite ftries i + neither be greater or 

lefs than the triangle a b c being analugous to i. 

The above Propofition and the foregoing remarks being clearly 
comprehended, the 5th Cor. to Lemma XI. of Sir Ifaac Newtewfi 
Do<ftrine of Prime and Ultimate Ratios will be eafily underfiood. 

and 
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BOOK and the planes a K, A !• Then, as a k, s N are paral- 
lei, and as s t, being pa^llel to the bafe, is parallel to 

N K, the ftraight line s t (34* i.) is equal to n k. For 

the fame reafons o p is eqi]^ to m i. Alfo n k, m i 
are equal. For if n k, m i be parallel, then m k is a 
parallelogram, and (34. i.) H K is equal to mi. But 
if N K be not parallel to m 1, let them meet in w; and 
as they are in the tangent planes, they will touch the 
circle m d w, the bafe of the cone. Tlie flraight lines 
w N, w M (36, ill.) are therefore equal, and (2. vi.) 
wn:nk::wm:mi. Confequently (14. v.) n k 
h equal to u i, and therefore s t, o p are equal, and 
as they are in the planes a k, a i, they touch the co- 
nical fuperficies. 

XIV. 

The angle i c k, or a c a, within which either of 
the oppofite hyperbolas is fitaated, is called the interior 
angle of the ojfnptotes ; and the angle r c K, or a c i, 
adjacent to it, is called the exterior angle of the afmp^ 
totes^ 




PROP. XV. 

The point in which the afymptotes of an hyperbola cut one 
another is the center of the hyperbola 5 and 
line pajjing through the center and falling within the 
interior a^igle of the ajywptotes is a trarfverfe dkmie^ 
ter ; but any Jlraigbt line faffing through the emiif and 
f ailing within the exterior angle of the afmptoies is a 
fecond diameter of the hypcrbolam 

Part I. Let a’ b b, e p g be oppolite hyperbolas, and 
let their afymptotes i p, 11 n cut one another in c ; c 
is the center of the hyperbola, or oppofite hyperbolas. 

In the curve of the hyperbola abb take any two 
points A, D, and draw die iPtraight line A 0. I'hcn A » 

. . will 
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Will meet both the afymptotes ; for if It were parallel book; 
to either of the two^ it would meet the curve in one 

point only, by Cor. i. to the thirteenth Definition, and 

Prop. XIV. Book 1 . Let a d meet the afymptote rn 
in N, and the other in p ; and let l m, parallel to A 0, 
touch the hyperbola abd in b, and meet r n in l, and 
1 p in M. Let n v, l x, m y, p w be ftraight lines pa- 
rallel to the bafe of the cone in which the hyperbola 
•was formed, and let them be fuppofed to have touched 
the conical fuperficles in the points v, x, y, w 5 and 
then, by Cor. 3. to the thirteenth Definition, n v, 

L X, M Y, p w are equal. Alfo, by Cor. 1, Prop. XL 
and Cor. i. Prop. X. Book 1 . b m'*' : m y'^ : ; b : lx^; 
and A P X p 0 : p : : D N X N A : N v“. Confe- 
quently (14, v.) b is equal to b and a p X p 0 
is equal to 0 n x N a ; and therefore b m is erjual to 
B L, and, by Lemma VL f 0 is equal to n a. Draw 
j c B, and let k meet a 0 in o j and then (4. vi.) c b : 

€ o : : B L : o isr : : B M : o p, and therefore (14. v.) 

ON is equal to o p. Confequently c b bifefts a :d, 
and for the fame rcafons it will bifedl any ftraight line 
parallel to a 0 in the hyperbola; and therefore, by 
Cor. I. Prop. Ill, Book 11 . c b is a diameter. Next, 
let the point h be in the curve of one hyperbola, and 
B in the other. Draw f h, and let it meet n n in a,> 

i and i p in m. I.et u y, a z be two ftraight lines pa- 

rallel to the bafa of tlie cone in which the factions 
were formed, and let them be fuppofed to have touched 
the conical fuperficies in y and z. Then, by Co:r. j. 

^ Prop. X. Book 1 . H M X M F : M Y^ : : h a x a f : 

a z\ Mid therefore, by Cor. 3. to the thirteenth Dcfi- 
mtlon (and 14. v.) h m x m f is equal to h a x a f, 

. and, by LMuma VL m h is equal to a f. Confequent- 

‘ ly if c s be drawn bifefiing a m in s, it will bilec^ 

B H ; and in the fame manner, as above^ it may be 

■proved. 
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BOOK proved, that c s will bifeft any other flraiglit line g k 
parallel to f h, and, terminated by the oppolitc curves* 
By Cor. i. Prop, III. Book IL c s is therefore a diame- 
ter, and confequently c is the center of the hyperbola. 

Fig. 95- Part IL Every thing remaining as in the thirteenth 
Definition, any ftraight line l v palling through the 
center c, and falling within the interior angle i c K of 
the afymptotes, is a tranfverfe diameter of the hyper- 
bola* 

For draw a c, and through a c, l c v let a plane 
pafs, and let its line of common fedlion with the ver- 
tical plane be a z* Then (i6. xi.) a z, c v arc paral- 
lel, as are alfo an, c k ; and therefore (lo. xi.) the 
angles z a n, v c k are equal. In the fame manner it 
may be demonftrated that the angles m a z, i c v are 
equal, and that the angle m a n is etjual to the angle 
I c K. The ftraight line a z therefore, palling through 
A the vertex of the cone, falls within the oppofite fu- 
perficles, and confequently, as in Part IL Prop. IX, 
Book L it may be proved, that l c v meets the oppo- 
fite conical fuperficies. The ftraight line l c v there- 
fore, pafiSng through c the center, meets the curves of 
the oppofite hyperbolas, and confequently is a tranf- 
verfe diameter. 

Fig. 93- Part III. Any ftraight line c s, paftiog through c 
and falling within r c p, the exterior angle of the 
afymptotes, is a feeond diameter of the liypcrbola. 

For if through o, any point within the hyperbola 
A B D, a ftraight line as A d be drawn parallel to c s, 
it will meet the afymptotes, by Lemma III. and there- 
fore, as it muft cut the curve in two points, by Cor. i. 

, Prop, IL Book IL it is a feeond diameter. 

Fig. 93. Cor. T. If a ftraight line as l m touch an hyperbola 
and meet the afymptotes, its fegineuts between the 
, point of contafl: and the afyrnptotes will be equal. 

And 
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vA.ncl if a ftraight line cutting an In^perbola^ or oppofite 
hyperbolas^ meet the afymptotes, its fegments between 
the curve or curves and the afyinptotes will be equal. 
This is evident from the above 5 for it was proved that 
N A is equal to p d, and ii m to f a. 

Co}\ 2 - If through any point, as p, in either afymp- 
tote, a foaight line, as k g, be drawn, meeting the op- 
polite hyperbolas in k and and a'ftraight line, as 
p A, be drawn, meeting the curve of the hyperbola 
A B D in x> and A ; the rcftangle under K p, p g will 
be equal to the fquare of the lemidiameter parallel to 
K G, and the rectangle under a p, p d will be equal to 
the fquare of the femidiameter parallel to a f. For let 
E B be the diameter parallel to k g, and, the reft re- 
maining as above, let the ftraight line c u be parallel 
to the bafe of the cone in which the fc6lion u'as 
formed, and let it be fuppofed to have touched the 
conical fuperficies in 0, Then, by Cor. 3. to the thir- 
teenth Definition, p w, c u are. equal, and, by Prop. 
XII. Book I. K p X p G : P : : B c X c E or c b" : 
c and therefore, as p w% c are equal, k p X p g 
is equal to c Again, by Prop. V. Book IL k p x 
p G is to a p X p D as c to the fquare of the femidi- 
ameter parallel to a p 3 and therefore (14. v.) the Cor. 
is evident- 

Cbr, 3. A ftraight line as l m, touching the hyper- 
bola A B D in B, and meeting the afymptotes in l, m, 
is parallel and equal to the fecond diameter conjugate 
to the tranfverfe diameter ii b, patting through tlie 
point of contail. For it may be proved, as in the laft 
Cor. that the fquare of b m is ecjual to the fejuarc of 
the femidiameter parallel to it. Confcqucntly, by Cor. 
I. preceding, and by Cor. 3. Prop. III. Book iL this 
Cor. is evident. 
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book: prop. XVL 

ni 

— According as a tmiijverje diameter of an hyperlola is 

greater^ equal to^ or hfs than its conjugate diameter, 
the interior an^'le of the ajymptotes is art acute^ a right, 
or an obtuje angle ; and any other ttanjverje dianietir 
is greater, equal to, or lefs than its conjugate diameter^ 

[ i ” 94. Let G B be ah hyperbola^ of which c is the center^ 

and c c;i the afymptotes^ and let A b be any tranf- 
verfe diameter, and d e the diameter conjugate to it ; 
according as a b is greater, equal to, or Icfs than OEj, 
tlie interior angle k g 1 of the alymptotcs is an acute, 
a right, or an obtule angle; and any other tranfverfe 
diameter f g is greater, equal to, or lefs than H t the 
diameter conjugate to it. 

For let K I, touching the hyperbola in b, the vertex 
of A B, meet the afymptotes In n,* i ; and let K 
touching the hyperbola in g, the vertex of f g, meet 
the afymptotes in k, m. Then, by Cor. i. and Cor. 2. 
Prop. XV". N I is bife<Sted in b, and k m in O; and n i 
is equal to b b, and k m equal to h l, and therefore, 
according as a b is greater, equal to, or lefs than e e, 
G B is greater, equal to, or lefs than b i. But if with 
» as a center and b i as a diftance a circle be dclcribed, 
its circumference will pafs through n, and according 
as c B is greater, equal to, or lefs than b i, it will pafs 
between c and b, through c, or on the op|)ofitc fide of 
c from B. Conlequently (by 31. iii. and 21. L) ac- 
cording as g B is gi'eater, equal to, or lefs than b i, the 
angle ^ c t is, an. acute, a .right> or an obtufe angle. 
Again, if with a as a center and g as a difiaiice a 
circle be deforibed, its circumference will pafs through 
K, and (by gt.^Ui. and 21. i.) according, as the angle 
K c I is an acute, a right, or an obtufe angle, the cir- 
cumference of the circle will pafs between c and g, 

through- 
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. tiirough c, or on the oppofite fide of c from g. Con- book. 
fequently /according as k c i is an acute^ a right, or an ' 
obtufe anglef,. CG is greater, equal to, or lefs than gm. 

The Propofition therefore is evident. 

If two conjugate diameters of an hyperbola be equal, 
or if the angle contained by the afymptotes be a right 
one, it is called an Equilateral Hyperbola. 

PROP. XVII. 

The rc&angle under two Jlrdight lines drawn fro7n a point 
in the cilrve of an hyperbola to the afymptotes is equal to 
the reBangle under two fraight lines ^ parallel to thcvi^ 
drawn from any other point in the curve of the fame or 
oppqfitc hyperbola to the afymptotes. 

The reflangle under the two flraight lines a k, a d, Fig. 95. 
drawn from the point a in the curve of the hyperbola 
A V to the afymptotes c h, c K:, is equal to the refit- 
angle under the flraight lines b f, b g, parallel to a e, 

A D, drawn from the point b in the curve of the fame 
or oppofite hyperbola to the afymptotes. 

For draw a b, and let it meet the alymptotes in ii 
and K. Then, as a e, b f are parallel, (4. vi.) A e ; 

B F : : H A ; II B ; and as b g, A 0 are parallel, b g : 
ad: : k b : k a. But, by Cor. i. Prop. XV, h a is 
equal to k b, and therefore h b is equal to k a. Con- 
fequently (ii. v.) a e : b p : : b g : a p*, and (16. vi.) 

A E X A D is equal to b f X b g. 

Cor. I. If A E, B F be parallel to the afymptote c k, 
and A D, B G be parallel to the alymptote c h ; the pa- 

This is the property referred to by writers on Natural Philofophy, 
when they prove, that the curve formed by the upper furface of a li- 
quid raifed by the force of attraftion between two plates, meeting at 
one end, and kept at a fnaall diftance from one another at the other, is 
an hyperbola, 

K z rallelograms 
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book: rallelograms e o, f g (14. vL)are equal. For the angle 
at c being common to the two parallelograms^ they are 
equiangular, and, by the above, the fides round the 
equal angles are reciprocally proportional. 

Cor^ 2^ If from any two points as A, b in the curve 
of an hyperbola A v B two ftraight lines a k, b p, pa- 
rallel to one of the afymptotes as c k, be drawn to the 
other afymptote c h ; then c f : c k ; : h A : f b. Atid 
the femitranfverfe diameters c a, c B being drawn, tim 
trian^es c f b, c e a are equal. 

C#r. 3. If c H, c K be the afymptotes of an hyper- 
bola A V B, and if from any two points f, e in c h, 
Jdraight lines f b, e a be drawn parallel to c K, and if 
F B be drawn to the curve and E a towards it, and if 
E c be to c F as F B to B A, the point A muft alfo be in 
the curve. 

DEFINITIONS, 

• XV. 

Fig. ^ 6 . If from c the center of the hyperbola mho any two 

femitranfverfe diameters c ir, c a be drawn to the 
curve, the figure c m a bounded by tlie femkliarneters 
and the curve >1 a is called a Hyperbolic Se&or. 

XVL 

If c B, c G be the asymptotes of the hyperbola m w 
and from any two points N, a in the curve, ftraight JGnes 
Bf B, li A i^ralM to the afymptote c e be dhawn to 
the other afymptote c g, the figure Anm % bounded 
by tl:^ ftrm^fc lines n b, b a, a a md the curve n a, 
is calted'a Hyperbolic Trapffsmm, 

A hyperbolic feftor c k a and trapezium a b n a 
upon the fatue, curiae are equal. For let c n cut a a in 
then^’^.Ay Cor. z. -Prop. XVIL the triangles 
c A o Bif equal, die. re&ilineal trapezium a 11 n r 
is equal to the triangle c f o. To thefe eqmls add 
^ ' yh I the 
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the figure p isr qt, and then the hyperbolic feftor c a 
is equal to the hyperbolic tope^ium a B n a. 

XVII. 

Any fegment as c a, intercepted between c the cen- 
ter and A a point in either afymptote^ is calkd an 
jijfjymptoiic Segment^ and- the point a is called its extre-. 
niity. 

XVIIL 

Any ftralght line in the plane of an hyperbola^ or 
oppofite hyperbolas^ parallel to either of the afymptotes 
is called AJynif t otic Seca7it^ 

PROP. XVIIL 

Jf f?‘om the points in ufhich a Jiraight line cuis^ and the 
point in which a Jiraight line parallel to it touches^ an 
hyperbola^ Jiraight lines parallel to one oj the ajymf totes 
he drawn to the others th^ will cut (JJ'Jrom the center 
proportional ajymptotic Jegments : andy on the contrary^ 
rf Jroin the extremities <J^ three proportional ajymptotic 
Jeg^nents Jiraight lines parallel' to the other ajymptote he 
drawn to the curve of the hyperbola^ the Jiraight line 
joining the extreme points in the curve will be parallel 
to the tangent pa/Jing through the middle point in the 
curve. 

Let the firaight line m a cut the hyperbola M n a Fig. 5^6^ 
in the points and let the llraight line G r, pa- 

xallel to itj touch the hyperbola in and from 
M let the ftraight lines a a, N b, m d, parallel to the 
afymptote c r, be drawn to the afymptote c g 5 the 
aiynaptotic fegments c a^ cb^ cd are proportionals. 

On the contrary, if c a, c b, c d be proportional afymp- 
totic fegments, and firaight. lines a a, b n, d pa- 
rallel to the afymptote c r, be drawn to meet the 
curve of the hyperbola in a, n, m,, the ftraight line 

K 3 M 
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BOOK M a, joining the extreme points, is parallel to o R 
touching the hyperbola in the middle point n. 

Part L I.et the fccant u a meet the afyrnptotcs co^ 
c R in the points K, and let the tangent G r, pa- 
rallel to the fecant, meet them in g, e. Then^, as o 
A a are parallel, (to. vi.) h m : h d : : K a : c a, and 
therefore, by Cor. i. Prop. XV- (and 14. v.) ca is 
equal to D H. Again, as by Cor. i- Prop. XV'. G n, 
N E are equal, and as b n, c r are parallel, (2. vi. and 
14* V.) c B, B G are equal. Confcquently c A : c b : : 
£> II : B o ; and (4. vi.) d n : b g : : d m : b n, and 
therefore (n. v.) c a : c b : : dm : b n. But, by Cor. 
2. Prop. XVIL dm:bn::cb:cd; and therefore 

(ll. V.) c A : C B : : CB : CD- 

Part II. Upon the fecoiid hypothefis let u a meet 
the afymptotes in ii, K, and let the tangutit patting 
through N meet them in g, r. llicn, as above, it may 
be demon ftratecl that c a is equal to d u, and c b equal 
to BG ; and therefore c a : c b : : d h : b G. Hut, l)y 
hypothefis, ca:cb::cb:cd; and, by Cor. 2. 
Prop. XVIL c B : c D ; : D M : B N. Confequently, 
(1 1. V.) D H : B G : ; DM ; B N, and by alteration d h : 
D M : : B G : B and therefore as dm, bn arc pa- 
rallel, the angles (6. vi.) d h m, b g n are equal, and 
(29. i.) H K, G'R are parallel. 

Cor. If two parallel ftraight lines a, b F cut an 
hyperbola n m a f, and from the points P, a, M, 3l 
ftraight lines p e, a a, u d, l o parallel to the afymp- 
tote CT be drawn to the other afymptote c s, the 
afymptotic fegments c e, c a> CD, c o will be propor- 
tional. On the contrary, if the afymptotic fegments 
c E, c a, c D, c o be proportional, and e r, a a, d m, 
L o, parallel to the afymptote c t, be drawn to tbe 
curve, the ftraight line l f joining the extreme points 
will be parallel to m a joining the mean points. For, 

firfi. 
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iirftj, if G ^5 parallel to m a or lf^ touch thehyT^erbola B 

in isr and n Bj parallel to the afymptote c be drawn to — ^ 

the other afymptote c s, then by the above (and 17. vi.) 
c A X c D is equal to c b% and alfo c e x c o is equal 
to c Confequently c e x c o is equal to c a X c 

and c E : c A : : c D : e o. 

Upon the fecond hypothelis let c b be a mean pro- 
portional between ca^ c d^ and let bn, parallel to ct, 
be drawn to the. curve, and let . g r touch the hyper- 
bola-in N. Then, by the fecond -Part of the above^ 
o M a are parallel. Again, as by hypothefis ce : 
c A.-: : -c D : c o, c E x c o is equal to c A X c d. But 
c being a mean proportional between c a, c d, c 
is equal to c A x c d, and therefore c e X c o is equal 
to c 3^5 and c b is a mean proportional between c 
CO, Confequently as before e f is parallel to .g.r^ 
and therefore . (30. i.) m a, l f are parallel. 

PROP. XIX- 

J/*' from the extremities of four froporiional ajymptoilc feg-^- 
merits ajymptottc Jecants he drawn to the curve of the 
■iyyperhola^ the hjperloltc trapezium between the jirfi and 
Jecond fecant will he equal to the hyperbolic trapezium 
het^veen the third and fourth. And if from the extre^ 
unities of a feries of afymptotic fegments^ in geometrical 
progreffion^ afymptotic fecants he drawn to . the curve of 
{the hyperbola^ the hyperbolic trapezia between the firji 
£ind fecond fecant^ the jirft and thirdy the jirjl and 
Jhurthy and fo on^ will be in arithmetical progrejjion, 

•Part I. Let m n a be an hyperbola, of which c is Fig, 9^. 
the center and c t, c s the afymptotes, and in c s let 
c 3S be to c A as c D to c o, and let e f, a a, d m, o d 
be afymptotic fecants drawn to the curve^tho hyper-- 

K 4 holic 
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bolic trapezium e a a f is equal to the hyperbolic tra- 
pezium D o L M, 

For M Q;, L F being drawn^ they will be parallel^ by 
Cor. Prop. XVIIL Draw c c c c f. Let c v 
be the diameter to, which the parallels m a, l f arc 
double ordinates, and let it meet u a in x, and h f in 
v.^ Then (38. i.) the triangle l v is equal to thtj tri- 
angle c F V*, and the triangle c m t is equal to lUc tri- 
angle c a T; and as the diameter c v .ill llnuglit 

lines parallel to m a and terminated liy the cui vc, ihe 
fpace T M L V is equal to the ipacc r a f v. 
quently (axiom 3. i.) tht,' hyperbolic feciur cfo is 
equal to the hyperbolic fc6l:or c m l ; and tljcreiore, 
by Cor. to the fixteenUi Definition^ the hy[>erbolio tra- 
pezia E A a F, D o L H are equal. 

Part IL The reft remaining as above, let c A, c b, 
c D, c x, &.C. be a ferics of alymptotic fegments in geo- 
metrical progrcftloti, and let the afyuiptotic iecants 
A Q, B N, i> My X Y, l>c drawii to the curves the 
hyperbolic trapezia a b n a, a d m a, a x Y a, kc, arc 
in arithtii^ical progreffion. 

For let G E touch the hyperbola in n, and then, by 
Prop. XVIIT. it is parallel to M a. Let the diameter 
c T pals through N;, and then, by Prop. IL it bifefts 
M a in T ; and (38. i,) the triangles c x a, c x m are 
equal. And as c x bifedts every ftraight line parallel 
to M a, and terminated by the curve, the fpace m m x 
is €qual to the fpace n a t. Coniequently (axiom 3. i.) 
the hyperbolic fedtors c a K, c n m are equal ; and 
therrfbre^ .by .Cor. to the fixteeritJh .Definition, the hy- 
perbolic trapezia a b n a, b d m n are equal. As, by 
hypothefis,' C'B' is to . c o as c d to c x, it may be 
proved, -in -the '-'fame way, that the hyperbolic trapezia 
B D M K, r> X y M are equal ; and the Cime mode of 
proof may be extended to any number of termp* ■ Con^ 

fequently 
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fequently the hyperbolic trapezia a b n q, a d m a, 
A X Y a, Sic. are in arithmetical progrefEon. 

SCHOLIUM. 

As the hyperbola and its afymptotes may be inde- 
finitely extended^ it is evident that a feries of afymp- 
totic fegments in geometrical progreffion, and a corre- 
fponding feries of hyperbolic trapezia in arithmetical 
progreffion^ may be continued to any alEgned number 
of terms. From the nature of logarithms, therefore, 
the feries of afy^mptotic fegments c a, c b, c o, &c. as 
above, is analogous to a feries of natural numbers in 
geometrical progreffion, and the feries of hyperbolic 
trapezia A b n a, a d m a. Sec. as above, is analogous 
to the logarithms of thefe natural numbers. To enter 
into an explanation of thefe analogies would be incom- 
patible with th^ defign of this work. The reader may 
find full information on the fubjeft of logarithms in 
the volumes entitled^ Script(Bres Lc^arithmioi,’^ pub- 
lifned by Francis Maferes, Efq. F. R. S. Curfitor Baron 
of the Court of Exchequer. To this Gentleman the 
mathematical world are highly indebted for his perfe- 
yering exertions and liberality in the caufe of fcience. 
He has employed his great abilities in endeavours to 
render fome of the moft important fubjeSs perfpicuous, 
and he has expended large fums in the publication of 
fcarce mathematical traSs, and made prefents of many 
copies of them, with the highly laudable motive of 
promoting learning and diffeminating knowledge. 

Within thefe twenty years, lafi: palt, much has been 
done in this country to facilitate the application of lo- 
garithms, and to extend their utility. In 1785 Dr. 
Hutton Woolwich publiibed in 8vo. extenfive Ta- 
bles of them, to which he prefixed A large and ori- 
ginal Hiftory of the Diicoveries and \YFi tings ^elating 

to 
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BOOK to thofe fubjefts/^ Thefc Tables are juclicioufly ar- 
ranged, and arc very valuable for general ufc. The 
blilory prefixed to them is a maftcrly performance ; it 
gave rife to the publication mentioned above, entitled, 
Scriptores Logari thmlci/’ 

In the year 179Z a quarto volume was publiflied, 
under the patronage of the Board of Longitude,- en- 
titled, Tables of Logarithms of all Numbers, from i 
to 10X000 ; and of the Sines and Tangents to every fe- 
cond of the Quadrant. By Michael Taylor, Author of 
the Sexagelimal Table/' As Mr. Taylor died l>efore 
the Tables were entirely printed, the Rev. Dr. Mafkc- 
lyne, Aftronomer Royal, faperintended their comple- 
tion. He alfo wrote the Prefice and Precepts for the 
life of the Tables; and thefe he executed with that 
care, learning, and ability, for which he is fojuftly ce- 
lebrated in every part of the world where either the 
theory, or pradlical utility, of Aflronomy is underdood. 
As Taylor's Tables are accurate, and more extenfxvo 
than any other extant, the volume is an excellent re- 
fource to thofe who aim at a fuperior degree of preci- 
fion in their calculations. 

In a fmall quarto volume of mathematical Eflays, 


publifhed in 1788 by the Rev. John Hellins, (now 


Vicar of Potters' Pury, Northamptonfliire, and F.R.S.) 


there are two Effays on Logarithms, which dil'play an 
intimate knowledge of the fubjedt. A feientifio reader 
will find much gratification in the perufal of thelb 
Eflays. 



DEFINITION. 

XIX. 

Fig. 97. If A B be a tranfverfe diameter of the oppoflte hy- 
perbolas A, B, and D M the fecond diameter conjugate 
to it, and if o e be a.tranfverfe diameter of the oppo- 
' file 



OP C01^"JUGATE HYPERBOLAS, 

fite hyperbolas e, and a b the fecond diameter con- 
jugate to it ] the hyperbolas e are called the Conju- 
gal Hyperbolas to one or both of the oppofite hyper- 
bolas A, B, and^ on the contrary, the hyperbolas a, b 
are called the Conjugate Hyperbolas to one or both of 
the oppofite hyperbolas d, e. When all the four hy- 
perbolas A, D, B, e are mentioned together, they are 
called Conjugate Hyperbolas. 

Cor. If the diameters a b, B e cut one another in c, 
it is evident that c is the common center of the con- 
jugate hyperbplas, 

PROP. XX. 

0 ?ie of the afympfotes of an hyperbola is parallel io^ and 
the other bifeSiSy a Jlraight line joining the vertices of 
any two conjugate diameters : and the vertices of fecond 
diameters of an hyperbola are in the curves of. the l^per^ 
hotas conjugate to it. 

Patt I. Let AB, D e be any two conjugate diame- 
ters of the hyperbola a h, and let c f, c g be its afymp- 
totes, c being the center ; one of the afymptotes, as 
c F, is parallel to a e the Itraight line joining the.y^L- 
tices A, and the other afymptote c g blfefts a e. 

For let F G touch the hyperbola h a in a and rqeet 
the afymptotes in f and g. Then, by Cor. 3. and i. 
Prop. XV. F G is equal and parallel to d e, and c e is 
equal to f a and alfo to a g. Gonfequently {33. i.) 
the afymptote c f is parallel to A e. Alfo the angle 
(39. i.) c E L is equal to the angle l a g, and the an- 
gle E c L tp tbe angle a g l, and therefore fzS. i.) a L 
is .equal to e and a e is bile^led by the afymptote 
C G. 

Part II. I^et K a be any tranfverfe diameter of tLe 
oppofite hyperbolas a h, b k, and let n n be the 
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BOOK coiid diameter conjugate to it; the vertices n of 
this fecond diameter are in the curves of the liyperbo« 
las conjugate to the hyperbolas a b k. 

For let D, K be the hyperbolas conjugate to a rr^ 
B K, and let a » £ be the conjugate diameters com- 
mon to the conjugate hyperbolas, as in the nineteenth 
Definition, and c the center. I.et f c, G c be the 
afymptotes of the oppofite hyperbolas a, b. Draw b e, 
K K, and let them meet the aiymptote p c in f and a ; 
and then, by Part L be, kn are parallel to the afymp- 
tote G c, and they arc blfedled by the afyniptote f c in 
F and a. Confcquently, by Cor. 2. Prop. XVil. c i* : 
c a : : K. a : B p ; and therefore, on account of the 
t*(|uals, c p : c a : : a isr : p K, and as E is in the curve 
of the hyperbola k, n muft be in the curve of the feme 
hyperbola e, by Cor. 3. Prop. XVIL 

Cor. A ftraight line parallel to one of the afymp- 
totes, and terminated by the curves of the conjugate 
hy|>crboIas, is bifedledby the otiicr aiymptote. 


PROP. XXL 

A qimdrilaferaljigiirey ^vhofe Jides pnfi through the ivr- 
tices of am tu‘0 conjugate diameters o f an cllipfe^ or 
conjugate hyperbolas^ and touch the ellipfe or hyper-’ 
holaSj is a paralledagrani^ and is equal to the lYtlangle 
under the axes of the ellipfe or hyperbolas. 

Tig* 9$, Ijet M s L R be a quadrilateral figure, wliofe fidcs 
M s, s L, L R, R M pafe through r, 0, H, JC, the ver- 
tices of the conjugate diameters p.h, g k of the. ellipfe 
FG H K, or the conjugate hyperbolas f, 0, h, k, and 
in thefe points touch the curve or curves ; th.e figure 
M s L R is a parallelogram, and is equal to the rect- 
angle under the axes A b, u k ot‘ tlic elliplb or hyper- 
bolas. 

For, 



OF CONJUGATE HYFEILB OI*AS* 


For^ by Cor. 3. Prop. IV. Book II. the tangents book: 
M Sj R L are parallel to the diameter k Gy and the tan- 
gents M R^ L s are parallel to the diameter f h. The 
quadrilateral figure m s l r is therefore a parallelo- 
gram. 

Agaln^ let c be the center^ and let c t be perpendi- 
cular to the tangent s l. Then as f h is bifedied in Cy 
, the {mrallelogram g h is a fourth part of the parallelo- 
gram LM ; and^ by Cor. i. Prop. XIX. Book II, c i 7 
CB : : c D : c Hy and c i X c h is equal to c b x c i>. 

But (35. i.) c I X c H is equal to the parallelogram 
G By and c B X c D is a fourth part of the rediangle 
under the axes a b, d e. Confequently the parallelo- 
gram L M is equal to the redtangle under the axes a By 
D E. 

Con All parallelograms contained under tangents^, 
palEng through vertices of conjugate diameters of an 
eilipfe, or conjugate hyperbolas^ are equal to one ano- 
ther^ and each of them is equal to the rediangle under 
the axes. 

The twelfth Lemma of Sir Ifaac Newton^s Principia, 

Lib. I. and the tenth Propofition, depending uppn it^ 
are evident from the above. 

PROP. XXIL 

If through a foint in the curve of an hyperbola tzuo Jlraight 
lines he drawn parallel to the ajymptotes and meeting a 
diameteTy the femidiameter will he a rnean proportional 
between the Jcgments of the diameter between the centef 
and the points of concourfe. 

Through the point i in the curve of the hyperbola Fig. 100- 
I B let the ftraight lines i i a be drawn parallel to 
the afymptotes c e^ c and firft let them meet th# 
tranfverfe diameter d b in the points Ty a, and let c be 

the 
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OF CONJUGATE HYPERBOLAS^ 

tide center ; the femidiameter c b is a mean propor- 
tional between c c a. 

For let i A meet the afymptote ce in f, and let b 
T K be parallel to i or to the aiymptotc c and let 
them meet c e in h and k. Then (34. i.) k t, f i 
are equal ; and (4. vi.) ck : c h : ; K T or its equal 
F I : n B. But, by Cor. a. Prop. XVIL f i : h b : : 
c H : c F, and therefore (ii. v.) c k : c H : : c H : c i\ 
Confequently, on account of the parallels kt, h b, p a, 

C T : C B : : C B : C A. 

Secondly, the reft remaining as above, let the ftraigbt 
lines I T, I A meet the fecond diameter l m in the 
points N, o, and let i a meet the curve of the hyper- 
bola p L, conjugate to B i, in p ; and let p a bo |)aral- 
lel to c E or I N, and meet the dimicter l m in a* 
Then, by the above, c a : c l : : c l : c o. But, by 
Cor. Prop. XX. i r, f p are equal, and therefore, as 
F a, r N arc parallel, o a is equal to c n. Cunlb- 
qucntly c n : c l : : c l : c o. 

Cor. I, If two ftraigbt lines T N, T p, touching an 
hyperbola, or oppolite hyperbolas, in n and p, meet 
one another in t, and if a ftraigbt line x i parallel to 
one of the afymptotes meet the curve in i, a ftraigbt 
line I A parallel to the other af3rmptotc5 and meeting 
N p, the ftraigbt line joining the points of contact, in 
A will blfe< 9 : n p in a. This is evident from the above^ 
and Prop. VIL Book IL 

Cor. a,.. The reft remaining as in the preceding Cor. 
if T I produced meet n p in e, t h will be bileblcd in 
I. For let T h parallel to i A, or an afymptote, meet 
the curve in l, and then, by Cor. i. l a parallel to t i 
will meet n f in a, the point in which n p is bifebled ; 
and T I A L is a parallelogram. Draw 1 l, and let it 
meet the diameter c b a in o. Then (34. i.) i a, t l 
are equal, and (2^9. i.) the triangles a i a, x L G are 

eqnl- 
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equiangtilar 3 and therefore ((^6. i,) i g, o.ii are equal;, Book. 
and TG is equal to ga. The ftraight lines i n f _ ‘ ^ .. 

are therefore ordinates to the diameter c b a, and con- 
fequently, hy Prop. IL they are parallel 5 and (ci- vi.) 
TG:GA::Tt:lE. The ftraight line T E is 
fore bifefled in i. 

PROP. XXIII. 

If a diameter of a parabola^ or a ftraight line parallel ti> 
an ajymptote of a 7 i hyperbola^ meet t^^vo tangents and 
the ftraight lines joining the points of contaB^ the 
fquare of its fegment between the curve and the Jiraight 
line joining the points of contact will be equal to the 
re^angle under the fegments between the curve and tan^ 
gents. 

If the diameter of the parabola, or the ftraight line 
parallel to an afymptote of an hjTperbok, pafs through 
the point in which the tangents meet one another^ the 
Propofitlon is evident from Prop. V. and G^r. 2-. Prop. 

XXII; but if not, let the two ftraight lines m n, mo Fig, to^^. 
touch the parabola, hyperbola, or oppofite hyperbolas, 
in the points n, o, and let t x a diameter of the para- 
bola, or a ftraight line parallel to an afymptote, meet 
the parabola or either hyperbola in e, the tangents in 
A, D, and the ftraight line joining the points of con- 
taA in B ; the fquare of e b is equal to the redfangle 
under a e, e d. 

Cafe I. If the ftraight lines touching the parabola Fig. 103. 
or hyperbola meet one another in m, from the point e> 
in which t x meets one of the tangents draw d e pa- 
rallel to the other tangent m o, and let it meet the 
curve in p, l, and the ftraight line n o in k. Theii^ 
by Prop. XVII. Book L the fquare of d x is equal 
the reftangle under e d, d p; and '(4. and ri*) 

A 
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Jir&ight lines he h^eSied to ar^’ third point in the curve BOOK 
of the parabola, or in the curve of either of the oppofte 
hyperbolas, and if they meet a diameter of the parabola, ~~~~ 
or ajlraight line parallel to an afymptote of the hyper- 
bola-, the fegments of this laft mentioned line, between 
the inflcEted lines and the point in which it meets the 
curve of the fehlion, will be to one another in thefamt 
ratio, wherever the point may he in the curve to which 
the lines are infleBed, 

Let N, M be two given points in the curve of the Rs- soG. 
parabola, hyperbola, or oppofite hyperbolas, and let HI' 
the llraight lines n o, m o inflefted from them to any 
point 0 in the curve of the parabola, or in the curve of 
either hyperbola, meet in b, c the llraight line x x, a 
diameter of the parabola, or parallel to an afymptote of 
the hyperbola, and let x x meet the curve in e ; the 
fegments e B, E c are to one another in the fame ratio, 
wherever the point o may be taken in the curve. 

For let tangents pafling through m, n, o meet x x 
in F, D, A. Draw M n, and let it meet x x in g j and 
by Prop. XXIII. E0:eg::eg:£f. Again, by 
Prop. XXIII. E is equal to a e x e d, and e 0== 
is equal to a e x E F. Confequently eb^:ec*:: 

A EXE D j A E X E F ; : (i. vi.) E D : E F. But, by the 
above, (and Gor. 3. 30. vi.) e d ; e f : i e d* : e q*; 
and therefore (ii. v.) E b* : e : : e d* : e g% and 
( 33 . vi.) eb:ec::ed:eg. But as the points m, 

N are given, or fixed, and as the llraight line x x is 
given in pofition, the legments e d, e g remain the 
fame. Confequently, if the point o be moved round 
the curve of the parabola, hyperbola, or oppofite hy- 
perbola, the fegments e b, e c of the llraight line x x, 
between the inflected lines and the curve, will be to 
one another in the fame ratio, wherever the point q 
may be in the curve. 

I* SCHO- 
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K SCHOLIUM. 

_ It may be proper in this place to dIre<Sl the attention 
of the> readet to methods of afcertaiiiing certain parti- 
culars in a conic fedlion, fuppofing the curves of the 
feftions to be given, or ftraight lines to be given, for 
the defcription of the curves. Thefe methods, now to 
be defcribed, might have been delivwed as Corollaries 
to the Propolitions on which tlicy depend, or they 
might have been put into the form of Problems ; but 
it appeared more advifcable to referve them for a feries 
of articles in a Scholium. A cautious defire again ft in- 
termpting the reader in the acquifition of new truths 
fuggefted this delay. The eafe with which they are 
deduced from the preceding Propolitions, and the im- 
portance of the articles therafelves, induced the autlior 
to think that the following was the moft proper man- 
ner of delivering them, and the moft proper place to 
infert them. 

1 . Let the ellipfe A o b e, or the oppolite hyperbo- 
las a, d B e, be given to find the center. 

In the ellipfe and in either hyperbola draw the two 
parallel ftraight lines D e, f o, and draw a b bifeSing 
D E in' H and f o in K. I.et a b meet the curve of the 
ellipfe, or the curves of the oppofite hyperbolas, in a 
and B. Bife«ft a b in c, and c will be the center, by 
Cor. I. Prop. III. Book 11. 

If only, one hyperbola dbe be given, two other 
ftraight lines muft be drawn parallH to one another, 
but not parallel to d e, f g, and a ftmlgbt line being 
drawn bifeiaing them will be a diameter. Its concourfe 
therefofo with a b will determine die center. 

4i. Ihie curve of a eonic fe£tion and a point in it be- 
- ing given, let be r«^uired to draw a diameter through 
the given poin^ 

If the Ibaibn be an ellipfe, or hyperbola, find the 
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ceTit:or by the preceding article^ and through the cen-- BOOK 
ter ^rid the given point draw a diameter. If the fee- 
tion a find a diameter^ by Cor. 3. Prop. II. 

of t:his Book, and parallel to it draw a ftraight line 
throxigh the given point; and, by Cor. i. to the firft 
’Definition, this will be the diameter required. 

3 . The curve a.nd a diameter a b of a conic fedion 
being g^^en, and any point g in the curve befides a 
vertoiK of the given diameter, let it be required to draw 
a flra^ight line from g ordinately applied to the dia- 

Firfi> let the fefrion a g b b be an elllpfe. Find the ^^ 9 - 
center c by the ’ firft article, and through it draw the 
diameter gl. Through the vertex n draw the ftraight 
line I-' 3? parallel to a b. Then if l f touch the ellipfe, 

A Xr G will be conjugate diameters, by Cor. 2. Prop. 

IV* Eook 11. and l o will be ordinately applied to 
A B * But if n F do toac|i , ti^ epifrfe, let it meet 
the oiarve again in p. Draw g f, and kt it meet a b 
in Kiy and g x? will be the ordinate required. For, as 
c X F are parallel, (2. vi.) g c : g k : : c n : k f, 
and tlicrefbrc (14. v.) g f is bifeded in k. Secondly, Fig. no 
let the fedion F x o be an hyperbola, or parabola. lu 
the diameter a b take any point m, and the ftraight 
line G M being drawn, produce it to l, fo that m l 
may be equal to O; m. Then if the point l be in the 
curvo^ o L will be the ordinate required ; but if l be 
not in the curve^ draw the ftraight line h f parallel to 
A a.iid let it meet the curve in f, according to Prop. 

IX. JBook 1 . or Cor. i. Def. I. of this. Draw c f, and 
it will be the ordinpite required. For, if it meet a b in 
,K, it: may be proved, as above, that g f is bifedted in k. 

4* The curve of* a conic fedion f b g being given. Fig. no. 
and a point b being given in jt, let it be required to 
.draw a ftraight line' through ,b to touch the, fediotu, : ^ 

•L 2 Through 
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BOOK Tlirouffli B draw A «, a diameter of the fcdioii, aneJi 

111 ^ r 

' by the lafi article, draw g f an ordinate to it. 'J^hrough 
the rertex n draw the ftraiglu line t n parallel to g f, 

• and, by Prop. 11. t b will be the tangent required. 

Fie- HI. 5. Two unequal ftraight lines A B, D E being given, 
biiedting one another in c at right angles, let it be re-» 
(|uired to deferibe the curve of an ellipfe, of which 
A B, D E fnall be the axes, and c the center. 

r.et A B be greater than i) k, and confequently the 
tranfVerfc axis. Find the foci f, o in a b, by Cor. 2 . 
Def. XL Book IL I^jt the ends of a thread or firing, 
equal in length to A b, be fixed to the points f, o. By 
means of the pin v let the thread of firing be firetclied} 
and, while it continues unifonnly tonfe, let the end or 
point of the pin F rtiove round in the plane, in which 
A B, OF. are fitnated, till it return to the fame place 
from which it began to n>ove. 'J'lie line traced by the 
end or point of the pin e is the curve of an clHpfc, as 
is evident from Prop. XUL Book li, and a b, o E are 
the axes, 

ri£. H». 6. Two ftwdght lilies a b, n e being given, bife^ing 

one atioAer in cat right angles, let it be required to 
deferibe the curve of an hyperbola, of whicli a ij fiuiU 
be the tranfverfe and n u the conjugate axes. 

In A B produced both ways let the foci 1 , o be 
found, by Cor. 3. Def. XL Book IL I,et one end of a 
thread or firing r p r lie fixed to the |H)int r, and let 
the other end be fixed to the extremity r of the ruler 
o R, and let the length of the ruler exceed the Icrsgth 
of the tliread or firing by the firalght line a a. Let 
o, the other extremity of the ruler, be fixed to the 
point o, and let the ruler revolve about u as a center. 
By means of the pin p lot the thread or firing be 
ftretched, and let the part between p and r be kept 
: clofe to the edge off the ruler 3 and while the ruler rc- 

volves. 


f JCL y ^ ^ 

' in plane in which a d e are fituated. The line 

G B 3 ^ curve of an hyperbola^ of which a b 

W i'S tranfverfe and b e Is the conjugate axes, and c 

is center, as is evident from Prop. XIll. Book If. 

{ y ^ TThe ftraight line d x, of indefinite length, being 

ir\ye^r%y and p being a point given withoutdt, let it be - 
> reqiAXi^^^l to delcribe the curve of a parabola, of which 

D x: iThall be the directrix and p the focus. 

Pl^ce the edge of a ruler n d x l along the line d k, 
and Ic^cp it fixed in that pofition. Let g y e be a ruler 
j of flxoL a form that the part g y may Aide along the 

i edgo X) X of the fixed rujer r p x l, and the part y e 

I may L>e always perpendicular to b x. Let e p f be a 

threa-cl or firing of the fame length with the part y e 
of tlio moving ruler, and let one fnd of it be fixed tQ 
^ the nailer at E, and let the oth^r end be fixed to the 

' polai: By means of the pin p let the thread or firing 

be flretched, and the part between p apd e be kept 
clofo to the edge of the ruler. While the ruler g y e 
Aides along the edge b x of the fixed ruler, and the 
I threaded or firing is kept ur^iforndy tenfe, let the end or 

I point of the pin p trace the line a p b c on the plane^ 

in wrlxich the line DX and the point p are fituated. The 
line ^ p B c will be the curve of a parabola, of which 
B X is the clirearix and p the focus, as is evident frorn 
Cor. 3 . Prop. VIII. 

Scev'cral writers on Conic Seaions have^ defined the 
ellipife, hyperbola, and parabola by the defcription in 
Artiole 5, 6, and 7 refpeaively; and from thefe de- 
feriptions, as founded on a primary^ they haye deduced 
pther* properties of the fedtious. 

8. T7wo firaight lines ab, de being given, Fig. 114. 

ing one another in c but not at right let It be 

L 3 re- 
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BOOK required to defcribe an ellipfe, or hyperbola^ of wliicli 
AB, DE fliall be conjugate diameters, and c the center. 

In CD, produced in the elHpfe but between c and d 
in the hyperbola, take the point n, fo that the reft- 
angle under c d, d n may be equal to the fquarc of 
c B. Through d draw the ftraight line m a parallel 
to A B, and bife£t c n in i. Draw i p perpendicular to 
c N, and let it meet m a in p; and then it is evident 
(4. i.) that ftraight lines drawn from p to n and c will 
be equal. With p as a center therefore, and f n or 
F c as a diftance, let the circle m c a n he dedcrihed, 
and let it meet the ftraight line m a in m and a. 
Draw the ftraight lines a c, m c ; and from i> draw 


D K perpendicular to a c, and d h perpendicular to 


M c. In a c take c l, c e each a mean |iropartional 


between c a, c k i and in m c take c f aTui c a each 


a mean proportional between c m, c n. Hum will 


R L, G p be the axes of the ellipfe, or h}'perl)(>la, pro- 
pofed to be deferibed, as is evident from C!or. 2. Prop. 
IX. (and3i. iii.) and Prop. VIL Book If. Confeqitent- 
ly the foci may be found, and tlie deferiptions of the 
curves may be completed, as in the 5th and 6th Articles. 


Fig. 1 16. 9. The ftraight line G B being given in politfon and 

magnitude, and the ftraight line a b bife^ing it; in b, 
let it be required to defcribe a parabola, of whicli a b 
ftiall be a diameter, atul g f. a double ordinate to it. 


Let the ftraight line p be a third prc^orttonal to a b, 
B G, and produce n a to y, fo that a y may be a fourth 
part of p. Through y draw d x at riglit angles to 
Y B, and through a draw a h parallel to a e. Make 
the angle n a f equal to the angle nay, and make 
A F equal to a Y. A parabola deferibed with the focus 
F and the direarix d x, as in the 7th Article, will be 
the feaion required, as is evident from IVop. I'L IX. 
and Cor. 2. and 3. Prop* XL 


10. The 


to find the diameter conjugate to A B. 

Let the ftraight line m be a mean proportional (13. 
vi.) between the abfciffes a f, f B ; and^ c being the 
center of the fedion^ let m be to p l as c b to c d a 
ftraight line parallel to p l. Then will c d be half the 
conjugate diameter required. For, by hypothelis, (and 
vi.) : P : : C : C But (17. vi.) = 
A L X L B, and therefore a l x l b : p : : c : c 
Confequently c d is the femlconjugate diameter to 
A B, by Prop. IV. and V. and Def. VIIL Book IL 


j. 4 
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LEMMA IX.^ 

it he retired to draw ajiraigbt lif^e to touch two 
given circles A L b, D E M. 

Let c be tbe center of a e and f the center of Fig, 12S- 
OEM, and draw c f. Let c g be the excefs of the 
radius of a l b above the radius of x> e m j and with c 
as a center^ and c g as a diftance, deferibe the circle 
HG- From the point F draw fh (T7.iii.) touching the 
circle h G in h. Draiv c h, and let it meet the ciremn- 
ference of a l b in a ^ and draw f d parallel to c 
and let it meet the circumference of d e m in i>. 

Draw A j>, and it will touch the given circles ♦ For 
by the confl:ru£tion a n f are equal and parallel, 
and (16 » iii.) a h r is a right angle* Confequently 
($3. i.) A B F H is a parallelograrn, and (Cor. 46. i.) 

^ Tlie numbering of the Lemmas is continued from thofe preHxed 
to the firft Book. This manner of numbering tlrem was fo^nd 
convenient for reference. 

the 
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the angles at a and d are right oiies^ and therefore 
(i6. hi.) A D touches the circles. 

If it be required to draw a flraight line to touch the 
circles and cut c f, let c f be fo divided in k tliat c k 
may be to k f as the radius of the circle a b b to the 
'radius of the circle d e Draw k l (17, hi.) to 
touch tlie circle alb in l. Draw c l and f m pa- 
rallel to it, and let f m meet i, fc In m ; and L K will 
touch the circle n k m in m. For (15. and 29. i.) the 
triangles c k l, f k arc equiangular, and therefore 
(4. vi,) c ic : K F : : c L : F M. ConfcqueTUly, by 
the conftrufition, the point m is in the circuTufjcrettce of 
the circle o k m, and as the angles f m k, c i. k arc 
equal, and the angle c l ic a right one^ l m (16, hi.) 
touches the circle d e m in m. 

LTCMMA X; 

If a inagntliidc A he to a magnitude % as a magnitude c 
to a magnitude j> ; then A will he to B as the differ’- 
• cnee of the antecedents c to the difference of the cmi’- 
fequents B, 0, 

For let A be greater than c, and confequently (14. v.) 
B greater than x>. Then, by alternation, a : c : : b : n, 
and (17. V.) A — c : c : ; B — D : n ; and again, by 
alternation, c : 0 : : A — o : b — n. But, by hypo- 
ttiefis, A.: B : : c : D, and therefore (n. v.) A : B : : 
A — t:B — 0* 

■■ DEFINITIONS. 

L 

Fig. 129. If the ftraight line A 0 be fo divided in the points 11, 
c, that the whole line a d be to one of the extreme 
parts A B, as the other extreme part D c to the mid- 
dle part B c, the ftraight line a D is faid to be l/nr- 

momcailf 
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conically dz-uidedi and the points a, Cy d are called"- 
Points of harmordcal di^yion^ or Harmonical Points* 

Cor, I. It is evident that each extreme part is greater 
tlaan the middle part. 

Cor. %. If the two extreme points Ay Dy and b one 
of the middle points of an harmonical divifion begiTeny 
ttie other point c may be found (lo. vi.) by dividing 
the fegment b d in Cy fo that the part c d may be to 
^ o as A D to A B. It is evident that no other point 
fc> elides c can be founds which can be a fourth point of 
this divifion. 

Cor. 3. Tlfe two middle points By Cy and a one of Fig. 130, 
the extreme points of an harmonical divifion being 
giveny the other point i> may be found. For from the 
point A draw the ftraight line a and as a b to b c>- 

fo let a E be to the fegment e taken towards a. 

II>raw FCy and let e d drawn parallel to f c meet a c 
produced in D. Then (2. vi.) ai>:i>c: :ae:ef| 

^nd therefore by the conflxufhon ad: d c : : a b : b c, 
arid confeqiieiitly d is the other point of the divifion. 

It: is evident that no other point befides d can be 
foiandy whicb can be a fourth point of this divifion. 

Fory by converfiony as the excefs of A b above b c to 
Cy fo is A c to c D. 

II. 

If the ftraight line a d be divided harriionlcaljy In Fig. 129. 
t:he points and four firaight lines a 'Ey 6 Ey 

^ Ey d Ey any way produced through the points of di- 
vilioDy be parallel or meet one another in the point e; 
tihefe four ftraight lines are called Harmontcals, 

Cor. Every thing remaining as abovCy any firaight 
lime A Dy parallel to a and meeting the harmonicals in 
Ak y By c, Dy vvili be harmonically divided in thefe points. 

Fovy (29. and 15, i,) on account of the equiangular txU 

angleSy 
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angles, <2 J e ; : a d : b e, and ^ e : ^ ^ : B e : 
B 0 , Confecjueqtly, 

a d z d B, : d 0 
A B : D E : B c, 

and (23. V*) a d i d c i i h t> I n c. Again ah : Bs : i 
A B : B E, and b R : h c : : n n : b c ; and therefore 
a b : h ; h c 


B E : B c. 


Confequently (33. v.) ah : i c z : a b : b c; and there-, 
fore (ix. V.) A D : B c : : A B : B c, as, by hypothefis, 
a d z d c : : a b : h 


Fig, 129. 
13Q. 


ftg. 15a 


LEMMA XL 

The rejl remaining as in ibe firjl and feaond 'Defotiimns 
and their CoroUarm^ ^ a Jlraight line o li parallel ta 
any one of the harmonicals aB, hv,^ c d e, meet ibe 
other threey it will be bifcBed in the middle point of C07i-> 
CQurfe. And^ on the contrary^ ^ 

E C, E B, E A meet one another in K, and if the Jlraight 
line O H parallel to any one of tbem^ and meeting the 
other three, he bifehied in the middle point of concoufje, 
the Jlraight lines E B, E C, E B, E A mil he barmo-^ 
nicals* 

Part 1 . Firft, let the ftraight line G H be parallel to 
the harmonical d b, and meet a e, ^ e, e in a, B, H | 
0 H is bifefted in the middle point b. For throeigh B 
4 mm the ftraight line a b parallel to ad^ and meeting 
to batitionicals au, cBj dB in a, c, b. Then the 
ftraight Bne a b is liarmonically di^Med, by the Cor* 
to the tooxid Definition, and therefore b a : a b s : 
B c : c But (4. vi.) B A : A B : : B E : B 0 ; and 
B c : c B : : b e i B H. Confequently (1 1. r.) be: 
B G : : B E : B and therefore (14^ r») a b, b p are 
e^ual. 

So- 
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Secondly, let the ftraight line g h be parallel to the 
armonical c e, and meet a e, d-E. in A, h, g J it 
dll be bifedbed in the middle point a. For through 
draw the ftraight line a d parallel to a and meet- 
ig the harmonicals bE., cb, dEin b, c, b. Then^ 

Y the Cor. to the fecond Definition, a D ; d c-: : A B : 

But ( 4 - vi.) ad:dc:;ga:ec^ and A B : 
c : : A H : E c. Confequently (il. v.) G A : E c : ‘ 

H : E c, and therefore (14, v.) g a, A h are equaL 
Part II. Firft, let the ftraight line a h be parallel to Fig. i 
r>, and meet the ftraight lines e c, e b, e a in h, b, 

, and let it be bife<Sled in the middle point b. Through 
draw the ftraight line a d, and let it meet the ftraight 
les E A, E c, E n in A, c, n. Then (4* vi.) d e : b g : : 

A 2 A B, and de:bh;:dc2CB^ Confequently 
.. and II. V.) D A : a b : : n c : c b. 

Secondly, let the ftraight line g h be parallel to E c. Fig. 
id meet the ftraight lines e d, e b, e a in the points 
H, A, and let it bebifefted in the middle point a, 
irough A draw the ftraight line a n, meeting the 
aight lines eb, e c, e d in b, c, d. Then (4. vi.) 
a: ec::ad:dc 5 and ah:ec::ab:bc* 
mfequently (7. and ii. v.) a d i n c : : a b 2 b c. 

LEMMA XII. 

four J)armi)nicals meet any Jlraight line, the Jlraigbt line 
zi/ill be harmonically divided in the points of concourje * 

[f the harmonicals are parallel to one another, this is 
dent (from 10. vi.),but if not, let c e, cl k Fig^. 23^*'^ 

four harmonicals, and let them meet any ftraight 
e A X) in a, B, c, B. Through b draw the ftraight 
e GH parallel to Jd, and let it meet the ftraight 
e E A in G, and e c in H. Then, by the preceding 

Lemma^ 
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Lemma, g h is bife(9;ed in b ; and ( 4 . vi.) d a : A B : 
D E : B G or B H ; and de:bh::i>c;cb, Gonfe- 
quently (ii. v.) D A : A B : : o c : c B. 


A 
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BOOK IV. 

Cy * Jzfiiilar SeBions^ general Properties^ Circles having the 
fame curvature with the Se5iions in given points^ and 
of Jiraight lines cut harmonically by the Seblions. This 
Book alfo contains Problems tfeful in the Theory of 
AJlronomy, and Methods of finding two mean propor^ 
tionals and of trifeding an angle^ by means of the Sec-^ 
tions. 


DEFINITIONS. 

I. 

T^WO fegments of conic feflions are called Similar 
Segments^ if a recililmeal figure can be inferibed in one 
of them fimilar to any reftilineal figure inferibed in 
the other* 

IL 

Two conic feflions are called Similar Sedions^il b, 
redilineal figure can be inferibed in one of then; fimi- 

lar 
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BOOK lar to any recStllincal figure infcribed In the other : and 
two conic fc 6 lions arc alfo called Similar^ if a fegment 
can be taken of one of them limilar to a fcguient of the 
other. 

IIL 

If a ftraight line touch two conic fefllons in the fame 
pointy the two fetlions arc faid to touch one another in 
the fame point. 

IV. 

If a circle fo touch a conic feition in any point, that 
no other circle^ touching it in the fame point, can j)afs 
between it and the fcclion, on either fitlc of the |)o‘nit 
of contact, it is faid to have the /r/wi? Curvature the 
ScSlion in the j oint of contaBi or it is laid to be the O/cu^ 
latmg Circle for that point* 

PROP. I. 

Any two paraholas are jimilar to one another ; aiid the Jt^ 
milar rectilineal Jigures injerihed In them are to one tina-^ 
ibsr as the Jquares of the parameters of the axes* 

ri7. Let ABC, ah c be two parabolas^ of whioli we, h e 
are the axes, and p, p their parameterB ; and let a a c 0 
be any rectilineal figure Infcribed in the one parabola ; 
a reftilineal figure fimilar to a bc 0 may be infcribed 
in the other, and the fimilar rectilineal iigures infcribed 
in them are to one another as to p^* 

For draw from h, the vertex, tlie ftriiight line ha to 
the curve, fo that the, angle eh a may be equal to ihc 
angle b b a. Draw i r to the curve, fo that the angle 
e be may be equal to the angle b b c. Draw b j>, and 
draw b d to the curve, fo that the angle 4? h d may be 
equal to the angle e b 0 ; and draw a d. Let a u be 
an ordinate to the axis b e, and let a e be an ordinate 
to the axis h e* Then, as the angles at e and # are 
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right angles^ the triangles a b e, are equiangular^ 
and (4. vi.) b b : F a : : b e : e a. But, by the fixth 
Definition Book III. be:ea::ea:p; and be : 
e a i i e a : p. We have therefore the two following 
ranks of magnitudes, in which the magnitudes taken 
two and two in the fame order have the fame ratio to 
one another 5 

B E : E A : p 

be : e a z p 

and confequently (22. v.) b e : p : : ^ ; or by al- 

ternation B B : b c z z V i p. But (4. vi. and altern.) 
B B i b e : z B A z h a, and therefore (i i. v.) iiAz haz z 
V z p. In the fame way it may be proved, that b c : 
I c z,zv z and that b o z b 4 z z z p ; and therefore 
{11. V.) B c : b c z : BD z b dy and by alternation b c : 
B D z z b c z b d. But as the angles e B D, e h d are 
equal, and the angle e b c equal to the angle cb the 
angles d b c, dbc are equal. Confequently (6. vi.) 
the triangles ZBO^chd dxe equiangular, and (4. vi. 
and altern.) c d z c d z z b c : b ov 1* to p. In the 
fame way it may be proved that ad z ad :: f : p; and 
therefore the reftilincal figure abed is fimllar to the 
reftirmcal figure A b c d. The parabolas ab c, ab c 
are therefore fimllar according to the firft and fecond 
Definitions, and it is evident (Cor. 2. 20. vi.) that the 
rectilineal figures ab cd^ ab cd arc to one another as 
the fquarcs of their homologous fidcs, or (xi. v.) as 
to 

Cor. I. It is evident from the above that fimilar rec- 
tilineal figures may be inferibed in the fimilar parabolic 
fegments a b c d, a b c d^ of which the homologous 
fides will be to one another as p to />, and which will 
be deficient from the parabolic fegments by fpaces lefs 
than any given. The fimilar parabolic fegments them- 
felves will therefore be to one another as p^ to 
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I Book. Cor. a,. In two parabolas the parameters of dlaniC- 

terSj which contain equal angles with their ordinates^' 
are to one another as the parameters of the axes. For^ 
the reft remaining as above^ let a g, touching the pa- 
i ' rabola A B c in a, meet the axis b e in a 5 and let ag^ 

! i toucliing the parabola a he in a, meet the axis h e in g. 

I Let F be the focus of a. B c, and j^'the focus of a h 

and draw a f, a f. Then^ as b Is one fourth of 
and hfone fourth of p, by the above, (and 15. v.) A b : 
J B F ? i dh : bfl and thefefore (6, vi.) the triangles 

* A B F, ^ are equiangular, and a f : b f : : af : hfi 

or, by Cor. %. Prop. XL Book 111 . (and *5. v.) t!\e pa- 
^ rameterof the diameter pafling tlirongh A is to f as the 

I' parameter of the diameter pafliiig through d to 

‘ by Cor* Prop, IX, Book IlL the triangles a f g, 

iifg are iifofceles, and, as above, the angles A f g, afg 
I arc equal. The angles a g f, a gfim tluTcforc t*(|ual5 

ij I and, as the diameters of a para!)oIa are parallel, tin* an- 

gle A G F is equal to the angle w'hich the dijuncter 
through A contains with its ordinates, and the 
I . . angle a equal to the atigle which the diameter palf- 

! ' ang through a contains with its ordinates, by Prop. IL 

1 ! BookllL 

PROP. IL 

Two elllpfes^ or two fyperholas^ are Jimilar to om 
thsTy 2/* two conjugate diameters in the om hi propor-* 
iional to two conjugate diameters in the other ^ and the 
JirJl two and the other two contam equal angles. On 
the contrary^ two elllpfes^ or two hyperbolas^ be 
hr to Om another, Hva conjugate diameters in the one 
will be proportional to Uvo conjugate diameters in the 
other, provided the JirJl two and the other t%vo contain 
equal angles i 




Let 
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Let B Hj i ^ be two ellipfes, or two hyperbolas, and book 
in the one let a b a diameter be to d E its conjugate 
in tlie other, ah z. diameter is to de its conjugate, 
and, c, c being the centers, let the angle d c b be equal 
to the angle dch\ then the cHipfe b h is fimilar to the 
ellipfe h i? 7 , and the hyperbola b h is fimilar to the hy- 
perbola hh. On the contrary, if the ellipfe or hyper- 
bola B H be fimilar to the ellipfe or hyperbola h Z?, and 
it the angle d c b contained by ab, d e, two conjugate 
diameters in the one, be equal to the angle deb con- 
tained by two conjugate diameters in the other; 

then A B is to D E as ^ ^ to de. 

Part I. Let b h m l k be any reflilineal figure in- 
feribed in the ellipfe or hyperbola b h, and from c the 
center draw the ftraight lines c h, c m, c l, c k. 

Again, at c the center of the ellipfe or hyperbola 
make the angles hch^ bem, mc \ Ick^ equal to the 
angles b c h, h c M, m c l, l c K, each to each ; aiid 
let the points h, /, k be in the curve of the faction. 

Then the ftraight lines b bm^ ml, Ik, kb being 
drawn, the reftilineal figure hbmlk inferibed in the 
ellipfe hb fimilar to b h m l k inferibed in the el- 
lipfe B H ; and the redilineal figure hbmlk inferibed 
in the hyperbola bh fimilar to b ii m l k inferibed 
in the hyperbola b h. For draw 11 g an ordinate to 
A B, and hg an ordinate to a h. Then, as the angles 
D c G, deg are equal, and as, by Cor. 2. Prop. IV. 

Book II. H G is parallel to dc, and hg parallel to d e, 
the angles (29. i.) at g and^ are equal. The angles 
H c G, he g are alfo equal, by conftrudlion, and there- 
fore the triangles ii c g, h eg are equiangular. Con- 
fequently ( 4 , vi.) o u : co : : gb : eg; and g : 
c G^ ; ; g h'^ : eg'^, and (16. v.) g h ^ : g b" : : c : 
cg'^. But, by hypothefis, (and 15, v.) c b ; c d : : 
c h : c d, and therefore c b'' : c sy : : eb^ : c ; and, 
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book:' by Prop. V. Book 11. c iP : c o’ : : A r. x c n : o iP ; 

and c Ir i c(F a g g b : g b’ , I kiicc ( 1 1 . v.) a o 
’ X G B : G iP' ^ g y gb % g id ; and (16. v.) a g X 

G B : ag y gb : : G 11" : gb''. Conlcqucntly (ti. v.> 
A o y o li : n g y g b : : c o’ : and therefore 

(16. V.) A G X G i! : c G’ : : X ^ : cg‘’, and (by 

5. and 6. ii. and 17. and 18. v.) c b’ : C O* : : c ^ ^ : 
eg'. We have therefore (22. vi.) c b : c G : : 
and {16. V.) CB : f i’ : : c G : eg. Again, by the fi- 
mitar triangles, c a : : : c n : <? /> ; and therefore 

(tl. V.) CB ; ci' : : c H : c/>, and by alternation c n : 
CH : : c b : c b. Cunfccjucntly (6. vi.) the triangles 
s cu, beb are fimilar. in the fame way it may be 
proved that c b ; : : c m : e?« ; and therefore (ii.v.) 

that c B : cb : i cu : cm. Confequently, by alter- 
nation, (and 6. vi.) the triangles ucH,mcb are fimi- 
lar; and in the fame way it may be proved, that the 
triangle I c m is faniiar to the triangle n c m, the trian- 
gle Ick io the triangle 1- c k, and the triangle k c b to 
the triangle kcb. The rediilineal figures bh m i. k 
hhmlk (20. vi.) are therefexts fimilar, and the fedions 
B H, i i are therefexe fimilar, according to the firft and 
fecond Definitions. 

Part II. If a b be not to </ r as A E to 0 15, let a b be 
to D E as a h to a ftraight line greater or Ids than de % 
and with this ftraight line as a conjugate diameter, 
and A B as a tranfverfe diameter, Ihppole an ellipfo or 
hyperbola to be delcribed. Then this ellipfe or hyper- 
bola will fall without or within the feition hh of the 
fame name, and, by the |)receding part, a re«£tilineal 
figure may be inferibed in the fedlion, at prel'ent fup- 
pofed to be deferibed, fimilar to the redilineal figure 
B H M t K. But as, by hyputhdia, the fe^fions B li, 
h h are fimilar, a reilillneal figure may be inferibed in 
the fedlion hh fimilar to the retlilineal figure s ii M l k, 

ac- 
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according to the fir ft and feeond Definitions. Let this 
infcribed figure b h ml k. Then {%!• vi.) in the fec- 
tiooj having ah for its tranfverfe diameter, and falling 
either without or within the fe^Sion h a reftilincal 
figure may be infcribed fimilar to bhmlk\ which 
{from Def. i. vi. and 2i. i.) is evidently abfurd. Con- 
fequently, the fedlions b h, h h being finiilar, and the 
angles dob, deb equal, a b is to d e as ^ to df 

Cq 7 \ I, In fimilar ellipfes, or fimilar hyperbolas, di^ 
ameters which contain equal angles wtth the axes are 
to one another as the axes. For if a b, a b be the 
tranfverfe, and DKy dc the conjugate axes, then the 
angles b c ii, b ch being equal, ic B is to c Et as c to 
c hy as was above demonflrated. 

Cor, %, From the above (and Cor. %, 20. vi.) it is 
evident that fimilar redlilineal figures may be inicribed 
in fimilar ellipfes, or in fimilar hyperbolic fegments, 
which {ball be to one another as the Iquares of the 
tranfverfe, or as the 1‘quares of the conjugate axes. 

Cor, 3. Similar ellipfes, and fimilar hyperbolic feg- 
ments, arc to one another as the fquarcs of their tranl- 
verfe, or as the fquarcs of their Conjugate axes. This 
is evident from the preceding Cor. (and ^, xii.) as a 
redfcilineal figure may be infcribed in an ellipfe, or in a 
hyperbolic fegment, which fliall be deficient from the 
ellipfe, or hyperbolic fegment, by a fpace left than any- 
given fpace. 

Cor, 4. The angles contaiued by the afymptotcs of 
fimilar hyperbolas are equal to one another; and if the 
angles contained by the afymptotes of two hyperbolas 
be equal, the hyperbolas will be fimilar. For let a b, 
D E be the axes, c the center, and c s an alyinptote of 
the hyperbola B h 5 and let a by d e bo the axes, c the 
center, and ^ an afymptotc of the hyperbola b h. Let 
B s touch the hyperbola b h in the vertex b, and meet 
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BOOK the afymptote in s 5 and let h s touch the hyperbola 
b h III the vertex and meet the afymptote in 5. Then 
the angle c b s Is equal to the angle c h as each is a 
right one, and, by Cor. 3. Prop. XV. Book ill. n s is 
equal to ce, and is equal to and therefore, if tlic 
hyperbolas be fimilar, by the fecond part of this Prop, 
(and 13. V.) CB : B s : : cb : b s. Confequently ( 6 . vi.) 
the angle b c s is equal to the angle b cs* On the con- 
trary, if the angle Bc s be equal to the angle bes^ 
then (4. vi.) cb : n s : : c b : b s ; and therefore, by 
the firlt part of this Prop, the hyperbolas b h, b/j arc 
fimilar. 


PROP. iir. 

IJ two dlipfes^ or two hyperbolas^ he the trafif- 

verfe axis In the one will be to the dijlarice between the 
foci as the iranj'verfe axis hi the oilhr in the dlflance 
bt. tween the foci. On the eontran'^ two elUpfeSy or two 
hyperbolas^ will he Jhnilar^ if the tranfverfe axis m the 
one be to tbedyiance between the foci as the iranfvetfe 
axis in the other to the diJIancB between the focL 

Fsg. 119. Part L Let b h, bh be two fimilar ellipfes, and b h, 
izo. ^ fimilar hyperbolas. Ixjt a b, i> e be the 

jaz. tranfverfe and conjugate axes, c the center, and f, o 
the foci of the one ; and let a b^ d e be the tranfverie 
and conjugate axes, c the center, and f 0 the foci of 
the other ; then a b is to r o as a b is to fo. 

For in the ellipfes draw ,e o, ^ 0, but in the hyper- 
bolas draw E A, ea. Then, by Cor. a. and Cor. 3. 
Bef. XI. jBook 11 . in ti'e ellipfes n o is equal to c a. 
and ^0 is equal tor a; but in the hyperbolas e a is 
equal to c o, and earn equal to 00. Hence, as the 
feftion B H' is fimilar to the feAion bh^ by the fecond 
part of Prop. IL in the elliples eo i eq : : eo t ec ; 

’ ' ■ ' • ^ but 
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|)T;it**in tlie hyperbolas c a : c e : : ^ Gonfe- 

quently, as the angles at c and c are equals being right 
angles^ the triangles (7. vi.) e c in the ellipfes 

are equiangular 3 an.d in the hyperbolas the triangles 
(6. vi.) A c E, ^ r ^ are equiangular. Hence in the el- 
lipfes E O5 or its equal c a, is to c o as eo^ or its equal 
c is to coi but in the hyperbolas c a is ,to a e^ or 
its equal c o, as is to ^ e, or Its equal co. 

Part IL Oil the contrary^ the reft remaining as above^ 
if it be allowed^ either in the ellipfes or hyperbolas^ 
that c A is to c o as c <2 to c 0, then it may be proved^ 
as above^ (by 7. vi.) that in the ellipfes the triangles 
E c o, ^ 0 are equiangular, but in the hyperbolas that 
the triangles ac e are equiangular. Confequent- 

]y in the ellipfes e o, or its equal c a, is to c e as eo^ 
or its equal c to c e-, and in the hyperbolas c a is to 
c E as <2 to Hence this part of the jCor. is evident 
from the firft part of Prop. IL / 

Cor. If B H, ^ ^ be two ellipfes, or two hyperbolas, 
.of which the foci are o, f in the one, and 0,/ in the 
other, and if the triangles m o f, mofho equiangular; 
then if the feilions be fimilar, and the point m be in 
the curve of b ii, the point m will be in the curve of 
hh. For (4. vi.) 0 M : m F : : 0 ; w/; and therefore 

j(l8. v^) in the ellipfes o m + m f : m f : : 0^/ + mfz 
mf ; and (17. v.) in the hyperbolas o 3^ — m jp : m f ; : 

mf. Again, (4. yi.) cither in the ellipfes or 
hyperbolas, u f o : : mfifo. Confequently, in 
.the ellipfes, 

O 3 M q- M P : M F : P o 

om + mf ; 'fnf z f 

and therefore {%%. v.) o m + m f : f o : :om + mf; fa^ 
Alfo, in the hyperbolas, 

OM — mf:mf:fo 

om mf : m f :fo ; 

M 4 
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iii BOOK and therefore ir.) om— 

‘ f 0. But, the reft remaining as in the Propnfition, by 

Prop. XIII. Book 11 . o M + MF in the eliipfe, but 
o M — M F in the hyperbola, is equal to a b, and as 
j ' the feftions are fimilar, by this Prop, a B : f o : ^ : 

fo. Confeqiiently (ii. v.) in the ellipfe ab if o i i 
\ ' om^mf if 0*, and in the hyperbola ab if o :: om 

Mf : fo. In the ellipfe, therefore, (14. v.) 0 m^raf is 
equal to ^ b, and in the hyperbola f\% equal to 

. ; ab. Confequcntly the point m is in the curve of the 

fe£tion h by Cor. i. Prop. XIV. Jiook IL 

!| j SCHOLIUM. 

1 i Idavlng explained methods for defcriblng conic fec- 

i , tions, and demonftrated the principal properties of fi- 

i •’ milar fc^ions, it may be proper, in this place, to give 

l|| an explanation of feme paflliges in the fourth Ici’iion of 

the firli Book of the Principia. The reader, who 
thinks fuch explanations neceflary, is Jiippofed to have 
i . that juflly celebrated work betbre him whilft he perufes 

'tf this 'Schblium, as 'he is here referred to the figures 

Jil which it contains. In tlte following explanations the 

Lemmas and Propofitions of the above-mentiotjed Sec- 
tion of the Principia are printed in capital letters, to 
didinguifh them from fuch parts of this treatife as are 
referred to. 

LEMMA XV. This is fully explained in Cor. s. 

Prop. XV. Book IL 

PaOPOSITION XVIir. This is evident from Prop. 
XIIL and Cot. Prop. XV. Book IL 

PROPOSITION XIX. The reafons for the deferip- 
tions here -delivered are eafily deduced from Cor, 3. 
Prop, X. and Cor. 3. Prop. VIIL Book ILL and Lcrn- 
ma IX. and it is -evident that r i will be the direftrix 
of the parabola. 


PROPO^ 
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PROPOSITION XX. An ellipfe or hyperbola Is book 
faid to be given in fpecies when it is fimilar to a given 
eliipfe or hyperbola, or when the ratio of the axes to 
one another is given. When the ratio of the axes to 
one another is given, the ratio of the principal or tranf- 
verfe axis to the dillance of the foci is alfo given, or Is 
conftant, according to Prop. III. 

The remaining part of Cafe t. PROP. XX. is evi- 
dent from Cor. i. Prop. VIIL Book III. and Lemma 
IX. 

Cafe a. That a ftraigbt line bife&Ing v ‘z^ at right 
angles will pafs through the other focus, of the ellipfe 
or hyperbola, has been proved in Cor. 3. Prop. XV* 

Book II. and that the circumference of a circle de- 
feribed upon k k as a diameter will pafs through the 
lame focus has been proved in the 4th Cor. to the 
lame Propofition. The whole of Cafe a. is therefore 
evident from the Corollaries already mentioned, and 
from Prop. XIII. and XV. Book 11 . 

Cafe 3. That a circle deferibed upon k as a diame^ 
ter will pafs through the other focus is evident from 
Cor. 4. Prop. XV. Book II. and that v r wall pafs 
through the fame focus is evident from Prop, XV* 

Book II. 

Cafe 4. That vh is equal to a b is evident from Sir 
Ifaac Newton’s demonftration. Recurring to propor- 
tions previoufly ftated s n i sh i i sv i s and there- 
fore svLis'Piishisp-, and as the angles p s h,/> sb 
are equal, the triangles p s h, are fimilar. Again 
s V : sp : : s h : s q ; and on account of the fimilar tri- 
angles V STy bs s V : s p : : bs : sq. Confcquently 
(II. V.) s V : s p : : : spy and by inverfion s p : s v : ; 

s p : s V. From the above therefore 
s H : s p : s V 
sb i spi svy 
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and ( 2 %. V,) vS H : s V : : and as the angles 

V s Hj VS ^ are equal, the triangles (6. vl.) v s ii, 
are limilar. From hence, and Prop. Iff. and its Cor^ 
the proceedings in this cafe are evidently juft. 

LEMMA XVr. Cale x. By Cor. i. Prop. VIII. Book 
II L p R is the diredrix of the hyperbola, of which n m 
is the tranfverfe axis, and a, b the foci, and therefore 
A r is given and by the fame Cor. z r : a 2; : : m n : 
A B. Ixt i> denote the diftcrence between a z, cz, and 
then D by hypothefis Is given. For the lame reafons 
A a is given, s a being the directrix to the other hy- 
perbola 5 and, as above, a z : z s : : a c : d. Confe- 
quently, by the fifth I^crnma, (and x* vi.) z b s : : 
M N X A c : A B X D } and as u n, a c, a ii, and i> 
arts given, ^ the ratio of % e to z s h- gtvciu Again, 
Eadius t finie<!l,.2s T*s t : t z : z s ; and therefore by 
the above, and the fifth Lemma, (and j. vi.) Badius x 
B : fine ■< z t s X a c : : t z : a z. But t z and t n 
being given in pofition, the line of the angle zt s is 
given, and therefore the ratio of t z to a z is given. 
The ftraight line t a is given, and alib the angle a t z, 
and A z : T z a : fine <; a T z i fine <; x a z | and there- 
fore the -angle x a z is given. Confequentiy the tri- 
angle A T z is given. By irdroducing ft>rnc tutiditional 
ftraight lines into the figure, the triangle might l>e af-* 
certained geometrically. ^ 

■ Tlie other two .cafes need no explanation ; -nor do 
the remai-ning parts of the Secilon, as the feveral cafes 
in -PROP. XXL may be folved by the preceding LEM- 
MA. The SCHOLIUM is- evident from Prop. VIIL 
Book III. 

■^>ROP. IV. 

Jf iiuo Jlraigbt Urns touching a conic or oppofite 

hjperholaSj meet a Jlraigbt Urn which cuts the Jeifmn^ 

oppo- 
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^ppojtie hyperbola^ or oppojlte hyperbolas^ and is parallel BOOK 
to the Jlraight line joining the points of contaB^ the feg-^ 
ments of the fecani between the curve or curves arid the 
tangents will be equal to one another: and if two 
Jlraight lines touching a conic feBlon meet a Jlraight line 
which touches the fcBion^ or oppofte hyperbola^ and is 
parallel to the Jlraight line joining the points of contaB, 
the fegments of the lajl mentioned tangent between the 
point ff coniaB and the tangents ^vhich it meets will he 
equal to one another^ 


3 34 - 


If the two tangents be parallel^ this Prop, is the 
fame as the Cor. to Prop. I. Book IL and this cafe has ^33' 
been already demon lira ted. Let the two ftraight lines 
therefore a e, d e touch the conic fe&ion a d, or the 
oppofite hyperbolas a^ d, in the points A^ d, and meet 
one another in e, and, firft, let them meet in the points 

H, K the ftraight line pi which is parallel to a 
and cuts the curve of the l'e6lion^ the oppofite hyper- 
bola, or the curves of the oppofite hyperbolas, in the 
points F, G ; the fegments ii f, k g are equal to one 
another. 

For let the firaight line e m bxfe£t a d in m, and 
meet the firaight line hk In n ; and then, by Cor. 

I. to Prop. VL Book III. e m is a diameter, and 
therefore, as a d, f g are parallel, f g is bife<3:ed in n, 
by Cor, i. to Prop. IL Book III. But (29. i. and 4. 

vi.) E M ; E N ; : A M : H n, and E M : E N : : D m : 

K N. Confequently (ii. v.) a m : h n : : d m : K N, 
and therefore (14. v.) h n is equal to k n, and h f 
equal to k g. 

The reft remaining as above, let the tangents a k, F%. igi. 
D E now meet the firaight line l i in the points l and 
I, and let l 1 be parallel to a u, and touch the fefition, 

or 
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BOOR or oppofite hyperbola, in the point b; the fegments 
L B, E I are equal. 

' For as L I, A D are parallel, by Prop. IL Book HI. 

a diameter paffing through b wiii biic<?l a d, and, by 
Prop. VI. Book III. it will pafs through e. The dia- 
meter E M therefore palTes through b the point of con- 
tafl:, and (4. vi.) e M : k b . ; a m : L B. Alfo k m : 
E B : : D M : I B, and therefore (ii. v.) A m : l b : : 
3D M : I B. Confequently (14. v.) l b is equal to i b. 

Fsg. Cor, I, If two parallel ftraight lines as a d, g f cut 

a conic feftion, or oppofite hyperbolas, in a, d and g, 
t34» F, and ftraight lines a g, d p joining their extremities 
meet in o, a the ftraight line o a, wliich cuts the fec- 
tion, or oppofite hyperbolas, in f, r, and is parallci to 
A B, G F 5 the fegments o r, a f are equal. For let 
the tangents a E, D e meet o a in t and s 5 and then 
(4. vi.) A H : A T ; : H G : T O, and D K : D s : : K : 
s a. But, on account of the parallels, a 11 : a t : : 
B K : D s, and therefore h g : t o ; : k f : s a 5 and 
as, by this Prop, h g is equal to r f, and x r to s f, 
is e\ddent (14. v.) that o e is equal to q. f. 

Fig. r^T. Cor. Tt>e reft remaining as above, let A G n>eet 
the tangent l i in v, and let i> w meet it in y, and the 
fegments v B, y b will be equal. For it may be de- 
monftrated, as in the preceding Cor. that l v, i y are 
equal; and confequently, as lb, i b are equal, the 
legmen t v b is equal to the fegment y a. 

PROP. V. 

IJ^ a impezium be infcribed in amtm feilkn^-Qr oppojiu 
hyperbolas^ and its Jides be indefinitely produced^ mid if 
from any point in the curve tw firaight lines be drawn 
patallel to two adjacent fides of the trapezium eitid meet 
the opp^tejidesi the redtanghs under ibejegments of thefe 

firaight 
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Jiralght lines^ between the fmnt in the curve mid the op- BOOK 
pQ^fe Jidcs of the trapezium ^ will he to one another as 
the fquares of the femidiameters parallel to them^ or the 
fquares of the tangents parallel to ihem^ and meeting 
one another^ 


Let A B D c be a trapezium infcribed in a conic fee- 
tion^ or oppofite hyperbolas, and let its lides be indefi- 
nitely produced, and from any point E in the, curve let 
the ftraight lines E n, e h be drawn parallel to the ad- 
jacent fides A B, AC, and let e n meet the oppofite 
tides A c, B D in a and n, and e h meet the oppofite 
fides A B, c D in R and h } the reftangles a e n, h e k. 
are to one another as the fquares of the femidiameters 
parallel to e n, e h, or the fquares of the tangents pa- 
rallel to them and meeting one another. 

For if the oppofite fides a c, B D be not parallel, let 
the ilraight lines B d, d f be drawn parallel to a c ot 
H R 3 and let b d meet the curve again in d^ and let it 
meet e n in tz* Let b f meet the curve again in f, 
and the ftraight line a b in g. Draw the ftraight line 
c d, and let it meet the ftraight line h r in h, and the 
ftraight line d f in s. Let the ftraight line h r meet 
the curve again in t* Then, by Cor. i. Prop. IV. s 0 , 
•F G are equal, and ^ t is equal to e r, and confequent- 
]y ^ E, T R are equal. ITie rectangle h n n is there- 
fore equal to the redtangle x R e ; and, on account of 
the parallelograms b e, a e, the rcftangle a ic ft is 
equal to the reSangle a r b. The re<itangk‘8 t ii k, 
ARB are therefore to one another as the rcdanglcs 
E R, a En; and confequently, by Prop. V. .Book. 11. 
•and Prop, XIIL Book I. thefe re£tanglcs are to utsc 
another as the fquares of the femidiameters parallel to 
II R, E N, or as the fquares of tangents parallel to e it| 
F. N, and meeting one another. Again, on account of 

the‘ 
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BOOK the equiangular triangles n ch^ d c s, nh z b n : t 

* c /& : c s ; and therefore^ on account of the equals 

and parallels, ii /> : f G : : e a : a o. Alfo, on account 
of the equiangular triangles N b i> B o, n b or (34. i.) 
er:i>g::n^:gb; and therefore, by tlic liftii 
Lemma, 11 ^ x b r : d g x g f : : k a X n : a g X 

G B ^ and by alternation h A X b e ; e a x n : 

dgxgf:agxgb. But, by Prop. V. Book IL 
and Prop. XIII. Book 1 . d g x g f and a g x G n are 
to one another as the fejuares of the fetnidiaincters pa- 
rallel to H R, R N, or as the fquarcs of tangents paral- 
lel to H R, B N, and meeting one another. Piy the. 
above therefore (and 11. v.) hii x h r : a n x h« : : 
H /j x E R : E a x N n ; and by alternation h k X e r : 
H /> x !•: H : : a E X E w : a E X N # ; and therefore 
(i. vL) i? E : M : : R : N and (17. and l8. v.) 
ir K : H /6 : : bn r n //. (Vndcquently by altcrnaticni 
(and I. vl.) n k x k u : b n x h a : : h A x i*: k : n 
X K a ; and therefore, hy the above, (and ii. v.) it e 
x K R and K N X 1: a are to one another as the fcpiares 
of the femidiameters parallel to h b, B n, or as the 
fquares of tangents parallel to h r, b n, and meeting 
one another. 

Fig. 125. If the flraight lines a b, c n cm!, one another like 
the diagonals of a trape//nuri, as in F'ig. 125. and the 
rcftl>e <is expreded alxurn in the pailicular iniuiidalioii ; 
thei) it may he proved, as above, that a K x 11 n and 
H E X E E are, to one another as the fquaret of tlie !c- 
midiamers parallel to k n, k ir, or the fqiiares of the 
tangents parallel to them, and meeting another* 

It is- evident that the method of de!iionflr.i.tifjii and 
conclufion will be the fame, if one of* l!ii' firaight lines 
H E, Bi, 0 F, or even two of them, be taiigeritm 
Fig. 123. Cor, I. If the points a, b, c, i> remain liied, iirid 
E with the ftraight lines t n, e h, always pa- 
rallel 


! a K N, H E R will be to one another in the fame ratio* 

Cor. The points a, b, c, e remaining fixed, if the 
point D, the interle£tion of the ftraight lines b d, c D, 
be carried round the feftion, or oppofite hyperbola, in 
every lituation of d the fegments e h, e n will be tb 
one another in the fame ratio. For the rectangles 
I H E R, a E N in every fituation of d will be to one 

another in the fame mtio, and therefore as e r, a e re- 
main fixed, the Cor. is (i. vi.) evident. 

Cor, 3. The reft remaining as above, draw b c, and Fig. 

I let it meet e h in l. In the ftraight line e a, and on 

the fame fide of e xi with the point n, let the point r 
I be taken, and let h k be to e n as l e to e t ; and 

I then B T being drawn, it will touch the ieclion. For, 

I ‘ if it be poffible, let it meet the curve again in v ; and 

V c being drawn, let it meet e ii in x. Then, by Cor. 
a, XE t E T : : H E : E N, and therefore (ii. v.) l e : 

E T : : X E : E T, and l e, x £ are equal : which Is ab- 
, furd. The ftraight line b t therefore touches the fc£lion. 

■ Cor. 4. Hence, the reft remaining, if the ftraight 

line B T touch the fedlion in b, and meet the ftraight 
line e N in T, h e will be to e n as l e to e t. 

Car. If the ftraight lines a r, c h touch the fec-^ Fig. 12 
tion in a, c, and from e, a point in the curve, b a be 
drawn parallel to a r, and meet a c, the line joining 
the points of contaft, in a, and h e r be drawn paral- 
lel to A c, and meet the tangents in n and ir 5 then 
the rcftangle h e r and the fquare of e a will be to 
one another as the fquarcs of the fcmidiameters paral- 
lel to H R, a B, or as the fquarcs of the tangents pa- 
rallel to H R, a E, meeting one another. Fur if h r 
meet the curve again in x, then, by Prop. IV* h x, 

K R are equal, and the redlangles n u u, x e b are 

equal ; 

i 
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BOOK equal : and (34, i.) as e a is equal to a 11 ^ tlie Cor. is 
evident from Prop, V. Book If, and Prop, XI I L 

Book I. 

PROP, VI. 

If a irapez'ium he htferihed hi a conic or oppoffi: 

hyperbolas^ and from any point hi the curve a jiraigbf. 
line he drawn in a ghven angle to each ofihejides^ or 
the fides produce dy the rvBangle under the lines drawn 
to two oppojitc fules will be to the ret! angle under the 
lines drawn to the two other oppojiie fules in a given 
ratio. 

T 35 ‘ A B D c be a trape2:iuni inferibed in the conic 

fedHon e A' b d c, or in the oppofitc hy|)€rboks a d c\ 
e'By and from any point e in the curve let the flraight 
lines E E K o, k k lie drawn in given angles to 
the fides A By c i>y H Dy A Cj each to each ; tlu* rectan- 
gle under b i., k m, drawn to the oppofitc fides a 11, 
c D, is to the recfangle under r o, k Kj drawn to the 
^her two oppofitc fides b i:>^ a Cy in a given ratiot 
For from any other point e in the curve of tlie fee* 
tion, or in the curve of cither of the oppofitc hyperbO'- 
las, let the ftraight lines ely e e 0, eh be dniwii pa- 
rallel to E hy K M, E Oy K K, each to caeh^ and to the 
fame fide of the trapes?ium each to each. Tlirmigli 
the point e let the liraight lines a n, ii e be dniwii 
parallel to the adjacent fides a b, a c, and meeting tlio 
■fides A c, B p, A D c, in the points n and e, 
Through the point e draw the ftraight lines q h r pa- 
xallai to the ftraight lines a h or to tlic fides a b, 
A c, and meeting the fides a b a b, 0 c in tlie 
points y, n and r, h. Then (29, i. and 4. vL) s 11 : ' 
e r :: Eh lehy and m u : eh i : mm : em. Confe- 
quently^ by tiie fifth I-iemiua^ E E X e 11 : c r x : : 

K L 
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"x IS. M t el X e m. Again {29. i. and 4. vl.) E a : BOOK 
:: EK i e k I and E N : ^ : : e b : ^ 0, and there- 
fore^ as before^ Eax e : e q x e n : : e k xeo: " 

ek X eo, Butj by Cor. i. Prop. V. e r x e h z jer x 
^^::Eax en : eq x e and therefore (ii. v.) 

E L X E M i e I X e 7711 i EE XEO z el X e 0 . Con- 
fequently, by alternation^ the refliangle under e l/e m 
is to the' reftangle under e k, e o in the conftant or 
given ratio of the refilangle under el, em to the redl- 
angle under ^ ^ 0. ' ' : ’ . ; 

Cor. If two ftraight lines a r^ ch touch a conic Fig. 127. 
fefiion in A^ c, atrd if from any point e in the curve 
ftraight lines e l, e m, e k be drawn in given angles 
to the tangents, and a c joining the points of contadl, 
the reftangle under e x, e m and the fquare of e k 
wiirbe to one another in a eonflant or given ratio. 

For take any other point e in the curve, and through 
E, e draw h r, B t |>^allel to a and let them meet 
the’ tangents in h, r and r; ani draw e a, ^ y pa- 
rallel to A R, and let them meet a d in a> jr. Then 
by fimilar triangles, as above, ERXEHi^rx^i?:: 

EE X EM i el X e and by Cor. 5. Prop. V. e r x 

E H : X ; E : e(f. But on account of the 

parallel lines, the triangles e k a, are fimilar, and 
E E Confequently (11. v.) e l x 

E M : X : : E 

PROF. VIL 

The curve of a conic feEtion cannot meet the curve of ano-’ 
ther conic feEtibn, or the curves of oppofte hyperholas, in 
more than four points, 

For^ if it be polfible, let the curve of a conic fediion 
meet the curve of another conic feftion, or the curves 
hyperbolas, in the points " A, b, C, e; 
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book and draw a b, b p, D c, c A. Let the Ihaight linrs 
E N, E II be drawn parallel to a n, a <•, and let tbeni 
meet B D, p c in N and H. f-ct the lhaight line u p 
be drawn, meeting the curves again in p, t, ami the 
ilraight line K n in n. Let the (traight lincK p v, i c 
be drawn, and let them meet the flraigbt line le n in 
K and h. Then, by Cor. a. Prop. V. n e ; k n : : 
L E : E «, and h is : B N : : K E s K «. Consequently 
(ll. V.) L E : E » : : K K ; EM, and (14. v.) n H, K 1: 
are equal ; which is abfurd. Tlie curve of the conic 
feiUon, therefore, does not meet the t iirve of the 
other, or the curve of oppofitc hy{»crlKibis, in five, 

, points. 

IFie* ’38. Cor. I. If two conic fe<Stion8 touch one iinother, they 
will not moe| «ach other in Arce other points, for, 
if it be poffifcle, let the two fe^ions have the common 
tangent in the point b, and meet one another in a, i., 
c, and of thefe let is be the intermediate point. Let 
B A, B c, c A be drawn j ami let k t, k ii be drawn 
parallel to ba, AC, and let them meet bt, bc in r 
and H, Through the point of conta^i s let so bo 
drawn, meeting the curves in B and </, and tlie flraiglit 
line B T in n ; and let t> Cj dc be drawn, meeting e ii 
in I and Then, by. Cor. 4. Prop. V. n e is to 8 T 
as L E to Eir, and I E J# to E N in the flime proportion, 
and therefore (9. v.) i e, e k are equal ; wliieb is ab- 
furd. The two points D, d therefor© ©oincide, and tin* 
two feftions meet in the five points a, s, p, c, ej 
. which by thls'Prop. is impoffibk, 

Fiff. m- ' feiaionl AP 0, a J'd touch one 

another in the points A, », they will not meet vam 
another in any other point. For, if it be pofliblc, l« t 
them meet one another in liie jjoint i, and ki the 
Ilraight line j p be drawn, meeting the tangents a b, 

. . .. B n in B, o, and |I|e curve of the feftion a r 0 in r. 

As 
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As the feftlons touch one another In by the pre- ^ 

ceding Cor. they do not meet one another In three 

other points. Let the ftraight line i G therefore meet 
the curve of the feiStion a J^d in y. Then, by Cor. 2,^ 

Prop. XVII. Book 1 . b : g : : i b x b f : f g x 
G I ; and BE'^iGE^rriB xb/:/gxgi. Con- 
fequently (11. v.) 1 b x b f : f g x g i : : l B x b/: 
fa X G and by alternation 1 b x B f : i b x b/ : : 
FGXGi:yGXGi; and therefore (i. vi,) b f 2 
b/: : B G :/g. Hence (xOf- v.) B f : b/: : b G : b g, 
and therefore b f, b/ are equal : which is ablurd. 
Confequently the Cor. is evident. 

PROP. VIII. 

Jf a Jlrmght line touch a conic fcElion^ and a Jlraight line 
fcrpendicular to it be drawn through the point of con^^ 
and meeting the axis or axes of the fetlion^ the 
fegment of the perpendicular between the point of coit'^ 
ta3 and the axis of a parabola^ or between the point of 
contact and the tranfverfe axis of the feBion^ will be the 
leaf of all freight lines which can be drawn from the 
fame point in the axis^ and on the fame fide of it^ to the 
curve ; but the fegment of the perpendicular between the 
point of contaB and the conjugate axis of the elltpfe will 
he tht great fi of alt fir aigbt lines which can be drawn 
from the fame point in the axk^ and on the fame fide of 
itp to the curve* 

Let the ftraight line P B touch a conic fedlion In the pig. 3f4o» 
point p, and let the ftraight line > k, perpendicular to 
the tangent, meet a b the axis of a parabola, or the 
tranfverfe axis of the fe^tion, in the point k, and let it 
meet B E the conjugate axis of the ellipfe in m 5 the 
fegment p k is the leaft of all the ftraight lines which 
can be drawn from on the fame fide of a b, to the 

n 2 ■ . curve I' 
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BOOK curve ; and in the ellipfe the legtncnt m p is the grcat- 
eft of all tlic ilraight lines which can be drawn from 
M, on the fa»ne fule of r> E, to the curve. 

Let the tangent p r meet the axis A B in r ; and 
draw PGR double ordinate to a b, and let it meet a js 
in F, and the curve again in c, and draw « o. Tlien, 
as the angles at f are right angles, and as p f is equal 
to F o, we have (4. i.) p u equal to o b, o K equal to 
p K, and K o R a right angle, being equal (8. i.) to the 
angle k p r. Let the ftraight line b n, touching the 
fedlion in the vertex u, meet the tangent p u in ii, 
and draw k h. Then in the parabola the fquare of 
Pig. t+o. B H is to tlic fquare of p it, as the parameter of the 
axis A B to the parameter of the diameter pafling 
through p, by IVop'. IV. Book III. and therefore, by 
Cor. I. Prop. XI. Book III. the fquare of b h is left 
than the fquare of p n. Confcqucntly, as k ii is com- 
mon to th,c two right angled triangles K n n, K p n, 
the fquare of kb (47. i.) muft be greater than the 
fquare of k p, and k p muft be lei's than kb. Again, 
fig. 14X. in the ellipfe or hyperbola, c being tlie center, by 
Prop. V. J&ook II. the fquare of b h is to the fquare of 
p H as the fquare of c 0 to the fquare of the femidia- 
meter parallel ^o p h j and therefore, by Prop. Xl. 
Book II. the fquare of b u is kls than the fquare of 
p H. Confequenily, for the fame reai’ons as in the pa- 
Pig. 140. labola, p K is lefs than k b. If therefore with k as a 
centar, and k p as a diftance, in each fedion, a circle 
be deferibed, its circumference will pafs through o, 
and cut a b within the fe£lion * ; and as k p b, k u r 
are right angles, p r and o b (16. iii.) arc tangents to 

* The circle Is inteationally omitted, in the fignrei. The drferip- 
lion of it would have made them more complex, and not rendered the 
•PrepoCtiun or either of the Cortdlarie* more perfpkuous. 


the 
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v’ll. the circumference of the circle cannot meet the 
curve of the feftion in any other point befides p and a 3 
and therefore k p is the leaft of all ftraight lines whicb. 
can be drawn from on the fame fide of a Bj, to the 
curve. 

In the cllipfe draw pn a double ordinate to the com- 
jugate axis d e, and let it meet d e in and the curv'e 
again in N. Let the tangent p n meet p e in 
and draw N-T^ n* m. Then it may be proved^, as above^ 
that M N‘ is equal to m p, n t equal to p t, and that 
the angle m n t is‘ a right angle, being equal to the 
angle m p t. Tn the ellipfe let the ftraight line p v, 
touching the iedlion in the vertex d, meet the tangent 
i> 11 in v, fmd draw m v. Then, by Cor. 3. Prop. II 
Book IL D V is parallel to the axis a b, and by Px'op. 
V. Book IL the fquare of d v is to the fquare of p 
as the fquare of c b to the fquare of the femidiameter 
parallel to p v ; and therefore, by Prop. XI. Book li- 
the fquare of d v is greater than the fquare of p "v** 
Confcquently, as the angles at d and p are right an- 
gles, and M V common to the two triangles m d v, 

p V, the fquare of m p (47. 1 .) muft be greater than 
the fquare of m d. If therefore with m as a center, 
and M p as a diftance, a circle be deferibed, its circum- 
ference will pafs through n, it will cut d e without 
the cllipfe, and, for the fame reafons as above, the 
ftraight lines r p, t n will touch it and the feftion in 
the points p, n. Confequently, by Cor. a. Prop. VII. 
the circumference of the circle cannot meet the curve 
of tlie feftlon in any other point befides p and N j and 
therefore m p is the greateft of all ftraight lines which 
can be drawn from m, on the fame fide of d e, to t:he 
curve of the ellipfe. 

Cor. I. If a ftraight line as p g be a double ordinate 
N 3 to 


Fig:, 141* 
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BOOK to A B the axis of a parabola, or the traihVerfe axis of a 
conic feftion, a circle touching the leAion in p, and 
’ pafling through G, will alfo touch the fe^lion in c j 

140 and the other parts of its circumference will fall whol- 
ly within the feftion. For p g will be in the circle, 

. and, being bifeiSled by a b at right angles, the center 
of the circle (Cor. 1. iii.) will be in a b. Let k be 
the center, and draw k p, and let p a be common to 
the circle and fe6tion, according to the third Delini- 
tion. Then (18. iii.) k p a is a right angle; and k g, 
o R being drawn, it may be proved, as above, that the 
angles k o r, k p r arc equal. Confcquetitly a u will 
touch the circle, (i(S. iii.) and it is evident, from Cor. 
2. Prop. VI. Book III. that it alfo touches the fedUonr 
Hence the Cor. is manifeft. 

Fig. t4t. Cor. %. If a ftraight line as p n be a double ordinate 
to D K the conjugate axis of an ellipf s, or of opixdite 
hyperbolas, a circle touching the ellipf'e or hypcriiula 
B p in p and palling through nt will all'o touch the el- 
Mpfe or the oppolitc hyperbola in n. For let the axis 
D E meet the common tangent p r in T, and the ordi- 
nate p N in t. Then, as p n will be in the circle, the 
center of the circle (Cor. i. iii.) will be in « u. X.ct 
w be the center, and draw m p, m n, n t. Then (4. i.) 
M p is equal to m n, and x p equal to r n ; and there- 
fore (8. i.) the angle m n r is equal to the angle m pt, 
which is a right one. Hence (16. iii.) the circle 
touches the ellipfc or the oppofite hyperbola in n, and 
K T is the common tangent to the circle and fedion. 

In this cafe it is evident, that the circle deferibed 
with the center m, and the diftance m p, hills without 
the cllipfe, and without each of the oppofite hyperbo- 
las. For, by this Prop, m p in the clliplb is the great- 
eft ftraight line which can be drawn from u to the 
curve; and in the hyperbolas, as x p, x n are the com- 
, Bion tangents, it is evident that M, p, m n are the leaft 

ftraieht 
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If from the vertex of the axis of a parabola^ or from a 
vertex of the tranfverfc axis of an elViffe or hyperbola ^ 
a feg7ncnt he taken in the axis equal to its parameter^ a 
circle deferibed about this fegment as a diameter will 
fall wholly within the fcBlion ; hut if from a vertex of 
the conjugate axis of an tdUpfe a fegment he taken in 
the axis equal to its parameter^ a circle deferihed about 
this fegment as a diameter will fall wholly without the 


Let A B be an axis of a conic fc<9:ion5 and In the hy- Fig. 143. 
perbola the trarifverfe axis, and from the vertex a let 
the fegment a c be taken in the axis equal to Its para- 
meter ; the circle a e c deferibed about a c as a dia- 
meter will fall wholly within the feftion, unlefs a b be 
the conjugate axis of the ellipfe^ and if a b be the con- 
jugate axis of the ellipfej the circle will fall wholly 
without the fe£tion. 

For through a draw the ftraight line a d equal to 
AC, and at right angles to a b, and draw cn. Through 
any point f in a c draw f g an ordinate to a b, and let 
it meet the circumference of the circle in e, the curve 
of the fctSlion in g, and the ftraight line c d in k. In 
the ellipfc and hyperbola draw from the vertex b the 
ftraight line b d, and let it meet f g in 11 ; but in tlie 
parabola draw d h parallel to the axis a b, and let it 
meet F G in h* Then, by Prop. IL Book IIL a i>’, 

F K are parallel, and therefore (4. vi.) a d : a c : : f k : 

F c ; and as a d is equal to a c, f k is equal to f c. 
Confequently A f x f k is equal to a f x f c, and 
therefore (35, iil.) a F x f k is equal to the fquare of 

N 4 M f. 
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BOOK E F. But, by Cor. i. Prop. VI. Book 11 . and Prop. III. 
Book III. the fquare of p o is equal to a f x r Ji. In 
the parabola and hyperbola therefore, and when a r is 
the tranfverfe axis of the ellipfe, the fquare of f G is 
. greater than the fquare of F E, and confequently the 
point G is without the circle. But if A B be the con- 
jugate axis of the ellipfe, as in Fig. 146. the Iquare of 
F K will be greater than the fquare of f g, and there- 
fore the point g will be vsrithin the circle. 

PROP. X. 

If from the vertex of the aieis of a farahola, or from a ver- 
tex of the tranfverfe axis of an ellipfe or hyperbola^ a 
figment be taken in the axis greater than its parameter, 
a eircls drfcribed about this fegmmt as a diameter will 
fall without the feStion on each Jide of the vertex j hut 
f from a vertex of the conjugate axis of an ellipfe a feg- 
ment he taken in the axis lefs than its parameter, a cir- 
cle deferihed about this fegment as a diameter will fall 
within the ellipfs on each fde of the vertex. 

Fig. 147. Firfl, let A B be the axis of a parabola, or the tranf- 
'4*! ®llipf® ot hyper!>ola, and from the ver- 

te.x A let the fegment a c be taken in the axis greater 
than Its parameter ; the circle a i c deferihed about 
A c as a diameter will fall without the feftion ou each 
fide of the vertex a. 

In the ellipfe let the point c be between the vertices 
A, B, and in each fedlion let the ftrajght line a i> be 
thswn perpendicular to the axis a b, apd equal to its 
parameter. , In a d let the fegment a f be taken equal 
to A c, and djaw c p. In the ellipfe and hyperbola let 
the ftraight.line b » be drawn, and let it meet c f in 
Ej but in the .jarabola let the firaight line p a be 
drawn parallel to the axis, and let it meet c t in a. In 

each 
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each feftiori’let any point g be taken in c between BOOK 
the points v; and draw g l parallel to the ordinates 
of A By and let it meet d e in h, the circumference of 
the circle in i, the curve of the fedtion in K^ and the 
axis A B in l. Then, by Prop; III. Book III. and Cor^ 

I. Prop. VI. Book 11. the fquare of the ordinate l k is 
equal to the rectangle under at, lh; and on account 
of the equals a f, a c, the redlangle under a l, n o is 
equal to the reSangle under a l, l c, and therefore 
(35. iii.) equal to the fquare of i l. But the redlangle 
under A l, l g is greater than the reftangle under A e, 

L H, and therefore the fquare of i l is greater than the 
fquare of l k. Confequently the point i is without 
the fedlion ; and if the ftraight line g l meet the cir- 
cumference of the circle again in m, the point M, for 
the fame reafons as above, will be without the fe6lion« 

The circle a i c therefore falls without the feftioii on 
each fide of A. * 

Secondly, let a b be the conjugate axis of an 
and from the vertex a let the fegment a c be taken In 
the axis lefs than its parameter ; the circle a i c de- 
feribed about a c as a diameter will fall within the el- 
lipfe on each fide of the vertex a. 

For let a c be^ greater than the axis A b. Let the 
ftraight line A n be drawn perpendicular to A b, and 
equal to its parameter. In a d let the fegment a F be 
taken equal to a c, and draw b d, e f, and let them 
meet one another in the point e. In c f take any 
point G between the points f, e, and draw g l parallel 
to the ordinates of a b, and it meet b d in h, the 
curve of the ellipfe in k, the axis in l, and the cir- 
cumference of the circle in i, m. Then, as above, it 
may be demonftrated, that the points i, m are within 
the ellipfe ; and therefore that the circle a i c faljb 
within the ellipfe on each fide of die vertex A. 


Cor. 
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Cor. r. If from the %TTte% of the axis of a parabola, 
or from a vertex of the tnmfverib axis of ait liyjx'rboli'L 
or from a vertex of either axis in an cllipfe^ a 
he taken in the axis equal to its parameter, a eirck; dc- 
feribed about this fegmetit as a diameter u’ill have the 
fame curvature with the febHoii in iIk^ vertex* For, by 
the preceding Prop, in the parahoki, iiml xvhen A ii is a 
traniVeric axis, tint circle A E r falls wholly within tins 
leclion, the diameter a c being equal to tlic ji*irarricter 
of the axis a b ; and it is e’fideiit, that if a fegmcnit ho 
tiken from a in a u lets iluin a c, a circle clrl'crilu'cl 
atoutit as a diameter will fall within iln:’s circh.' \ r. c;. 

by this Prop, if from a i:i legincn! !h' taken !u 
A fi greater than the parameter of a b, or grcalcT tlnni 
■A c> in Fig, 147, it will fall m^ithoui tlie ibitkim lu 
Fig, 143, therefore the circle a n c has lli© fame cur- 
t^aUtre with the fecVion in a, Alfo when a e is the 
conjugate axis of the cHipfe, hy the prec‘eding Pro|), 
the circle a k c fills wholly without ihc’ a c 

being equal to tlm parameter of a ii ; ami it is cvitlcnt, 
that if a fegment be taken from a in a b greater tlian 
A e^'the circle deferibed about it as a fliafiieter will fall 
without the circle a k c. Again, by this I'¥ti|K if from 
A a fegment be taken in a ii lefi tlian the jKiraiiirler of 
A By or lefs than a c, in Fig* 150. a circle dcfcrilicd 
about it as a diameter will fall within the fe^rmiw In 
this cafe thcrefom the circle a e o in Fig. 14b. lias the 
lame curvature with the lection in a, tccordiiig to the 
fourth Definitiotu 

■ Cor, a* If a circle touch aconic in flic vertex 
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PROP. XL 

if frmii a point in the curve of a conic feBion a double or-- 
dhiate he drawn to the axis of a parabola^ or to the 
tratfverje axis of the fcBion^ and if through the point 
in which it ?ncets the curve again a diameter be drawn^ 
and from the frf mentioned point a double ordinate be 
drawn to this diameter ; a circle, touching the feBion irt, 
the frf mentioned pointy and puffing through the other 
extremity of the laji mentioned double ordinate^ will not 
meet the feBion in any other point hcfidcs thefe hvo^ and 
it will have the fame 'curvature with the feBion in the 
point of contaB, 


BOOK 
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Froti} the point b in the curve of the conic fe6lIon Fig. 
B A h let the ilraiglit line b a be drawn a double ordi- 
nate to D H tlie axis of the parabola b a or to D it 
the tranfverfe axis of the feftion, and from A, the point 
in which it meets the curve again^ draw the diameter 
A I-:, and from b draw the double ordinate B f to a e ; 
the circle b k f, touching the feftion in b and paffing 
through F, the point in which the double ordinate b f 
meets the curve again, will not meet the feSion in any 
other point befides B, f, and it will have the fame 
curvature with the fcdflon in the point B. 

For if the circle K f b pafs through the point a, it , 
will touch the fe6Hon alfo in a, by Cor. i. Prop. VIIL 
and the other parts of the circumference will fall whol- 
ly within the feftion 5 and if the feftion be an ellipfe, 
and B K be drawn, it will be an ordinate to the conju- 
gate axis 5 and therefore if the circle k f b pafs 
through E, it will alfo touch the feftion in e, by Cor. 

2. Prop. VIIL and the other parts of the citcumfe- 
rcncc will fall wholly without the eUlpfe. If there- 
fore the circle k. f b pafs through a in any.fefition, or 

through 
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B-O0K-' through B in the elHpfe^ it will touch the ferticm in 
the points b, a nr and, by Cor. 2. Prop. VI L it 
will .not pafs through f, contrary to hypothefis. Hence 

is evident that the circle K B F in any feflion is 
greater than a circle which touches the fetlicui in 

A, but in the ellipfe it muft be lefs tlKiu a circle 
which touches the ellipfe in b, e ; tnei therefore, 
in any feclion, the civcuniference of the circle k b f 
meets the ftraight line b a without, but the llraight 
line B u within the fedion. Let the circumference 
meet b a in k, and ae in a. If it be poffihle, let 
the circumference of the circle nuxt tlic fiaiion 
in L* . Praw the common tangent fi i>, meeting the 
axis o H in 0, and draw a tk Then, by Cor* c* 
Prop. VL Book* IIL a 0 will toiicli the icBioii, and 
therefore, by Prop. II. Book IIL a 0, n f are parallel, 
and on account of ih.c axl.s r> n, the. tjmgrnts (4. i.) 
A 0, B o are equal. Let i. m !)e. drawn paralU*! a d 
or r K, meeting the curve again in 1, and tin* tangent 
B ,D in Then, by Prop. XI 11 . Book L b : A o* : s 
B E M X Ml; and therefore u ai *■ m equil to t M 
X M I 4 and as, by hy|>othefiii| the point h is in the 
circumference of tlie circle, the fK:>int t (^ 6 , iii.) in alfo 
in the circumference of tlie circles ITe circle k f fi 
therefore, touching tlie feclion in b, meets the fcclioii 
in F, L, I, which, by Cor. f. Prop. VI L is inuMifllble. 

circle K F B therefore docs not meet the kHum In 
mj point bdidcs b, f ; ami m tlie |Kjiiit e is without. 
Slid the pciiut a within the feetioii, the ardi 11 k f will 
be without, and the arch fob will be witliiii the fee- 
idort. 

'The circle k f ® will alfo have the fime curvature 
with the fe£Hon in the point b. For let any oilier cir- 
cle as n E B, touching the fedfciori in b, be ticfi'ribcci ; 
and, fir ft, let B e b be Mi thiin k f i. Then, ai tlie 
; flraight 
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iii.) will be in the fame ftraightlme, and therefore the 
leffer circle b r l will fall wholly within the circle 
K F B. The circle b r l therefore cannot pafs between 
the arch b a f and the curve of the feftion ; and if it 
pafs through a, or be lefs than a circle paffihg through 
it will fall wholly within tht feftion^ by Gon 
Prop- VIIL and therefore it cannot pafs between the 
arch F K B and the curve of the fedbion. But let the 
circle b r b be greater than the circle paffing through 
A j and meet the ftraight line b a In Vj and the curve 
of the fedlion in l*. Let the ftraight line l m be drawn 
parallel to A meeting the curve of the fedbion again 
in and“the tangent b d in 3M. Then^ by Prop. XIII* 
Book L B : A : : B : L M x M andj on ac- 
count of the equals b d, A the fquare of b m is equal 
to LM y M I. The point i therefore (^ 6 , iii.) is in 
the circumference of the circle^ and confequently, by 
Cor. I. Prop. VIL it meets the fe< 9 :ion .only in the 
points B, Lj I. Again, it is evident that the circle 
B R L meets e f within, and b a without the fedbion, 
and therefore that the curve of the fedlion between the 
points F, L are without the circle. In the tangent 
B M therefore take any point t between b and m, and 
let the ftraight line t p be drawn parallel to a d, meet- 
ing the feftion in p, and the circle b r t in r, />« 
Then, as above, it may be demonftrated that e is 
equal to p t x t But the fqUare of b t (36. iii.) is 
equal to the re<£bangle r t x t />, and therefore th^ 
redbangles ptxt^, rtxt/> are equal. Confe- 
queritly p t : x R : : Tp : T and as p T is greater 
than T R, T/> is greater than x s. The arch Bp i -there- 
fore falls within the feftlon. 


*■ Such lines as coxild (jafily be fupplied by the mind of the- reader 
are omitted in Fig. 155. and 1 56. 

Se- 
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Secondly, let the circle p» b l be greater than tiio 
circle K F B ; and it may then be deniDrirtrated, as 
'above, that the circle b k i, falls without k f ji, and 
therefore that it cannot pafs between tlic arch r k b 
and the fe< 9 :ion. Again, if the circle b r l paik through 
kIti the elliple, or be greater than the circle padhui; 
through K, it will fall wholly without the ellipfe, and 
therefore it will n(^ pafs betw^een the ellipfe and the 
arch FOB. But in any leciioii let the circle b ii l 
meet a e within the fe6lion, and the curv e of the fec- 
tion in l. Draw the ftraight line x- m parallel to a d, 
and let it meet the feftion in i, and the tangent b i> in 
M. In B D take any |)oint t between b and m. Draw 
T B, and let it meet the fedlion in x> and and the cir- 
cle b a L in r and f. Then, as above, it may be de- 
monftrated that the arch fi is without the fe^lion. 
The circle k f b therefore has the fame curvature unth 
the fedion in the point of contad i?, according to 
Def. IV. 

Cor. From the above, and Cor. i. Prop. X, it is evi- 
dent that only one circle, touching a conic fedion in a 
^ven point, can have the fame curvature with tlie fec- 
tion in that point. 


PROP. XIL 

If a circk touch a conic JeSiion^ and have the fame mrva--- 
iure with the feEtion in the point of contaM^ ii tifiil eni 
off from the diameter of the fcBion faffing through the 
point of contaB a fegment equal to its parameter. 

If the point of contad be the vertex of an axis, the 
. Propofition has been dembnftrated, as hated in Ccir, 2. 
1^0. , Prop. X. but if the circle k b f touch the fedioii in the 
point B, which is not a vertex of an axis, let every thing 
remain as in the preceding Prop, and let K b f be tlie 
circle having the fame curvature with the fedion in 

the 


CURVATURE WtTH THE SECTIONS. 


191 


tlie point B. Let the circumference of the circle K b F 
therefore meet b Cj drawn through b the point of con- 
■ tadl and c the center, in the point n, if the fedlion be 
an ellipfe or hyperbola ; or let it meet the diameter 
•bn in the point n, if the feftion be a parabola; in ei- 
ther cafe die fegment b N is equal to tlie parameter of 
the diameter b c n. 

Firft, let the feSiion be an ellipfe or hyperbola, and 
draw the diameter c v parallel to the tangent o a, and 
the diameter tm parallel to the tangent bd, and meet- 
ing B F in G. Let the tangent o a meet the diameter 
T M in M, and the diameter b c in l. Let the diame- 
ter A E meet its ordinate b F in i. Then, on account 
of the axis d c and its ordinate a b, the femidiameters 
c A, c B are equal; and by fimilar triangles l a : a c : : 
B I : c I ; and a c : a M : : c i : i G. Confequeatly, 

B A : A C : A M 
B I : c r : I G, 

and V,) L A : A M r : B I : I G ; and therefore (az^ 

vi.) LA X A M : B I X I G : : L : B 1% or, by the 

above, as a c"" to c i^. But, by Cor. a,. Prop. I\L 
Book IL the diameters x m, b l are conjugate, and 
therefore l a x a m is equal to c v% by Cor. a. Prop. 
IX. Book IL Confequeutly cv^;bixig::ac^: 
c ; and, by alternation, c : A : : b i x i g : 
ci^; and, by Prop. V. Book IL c : Ac^ : : b :< 
A I x I E. Confequently, by the tenth Lemma, (and 
12. V. and 3 . ii.) c v^ : a c* ; : g b x B i : a c% and 
therefore (14, v.) c is equal to g b x b i. But, by 
Prop. V. Book II, A : B : : c : c T*; and there- 
fore, on account of the equals a i>, b d, the Iqnarc of 

c V is equal to the fquare of c t. I'hc Iqiiarc of o r 
is therefore equal to g b x e i ; and n b x b c is 
equal to f B x B G, by the feventh Lemma. If there- 
fore N B be bifefted in p, the rectangle under p b, b c 
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will be equal to o B x b i, or to c t"*. But CT* is 
equal to the reftangle under c B and half the parame- 
ter of c B. Confequently the fegment b n is equal to 
the parameter of the diameter c b. 

Secondly, let the fetlion he a parabola, and let th« 
diameter a e meet its ordinate B f in e. Draw to the 
diameter b n the ordinate A c, meeting the diameter 
B N in c, and B F in h. Then, on account of the equals 
A r>, B 0, the parameter of the diameters a b, B c will 
be equal, by Prop. IV. Book III. and by Cor. Prop. V. 
Book 111. A E, B c are equal, and as a i-;, b c are paral- 
lel, tlxe triangles A e h, b c h arc equiangular. Con- 
fequently (4. vi.) A E : ic H : : B c ; n It, and therefore 
(14. V.) E H, n B arc ocpal. Confequently f b ; u k : : 
B E : B S, and therefore f B x B H is equal to b k*. 
But, by the 1‘eventh Lemma, f b x b h is equal to n b 
X B c j and as B e, A c arc C(|ual, n e^ is equal to a c*. 
Tlie rc(fl:anglc n b c therefore is equal to tlic fquaru of 
A c. Moreover the iiiuare of a c is equal to the 
angle under B c, and the parameter of the diameter 
bn; and therefore the redtangic N B.c is equal to the 
jeftangle under , the abfeifs b c, and the parameter of 
the diameter b n. The fegment b n is therefore etjual 
to the parameter of the diameter drawn through ti the 
point of contadt. 

Cor. I. If from the vertex of a diameter of a jwir-i- 
bola, or from a vertex of a tranfvcrfo diameter of an hy- 
perbola, or from a vertex of any diameter of an clliple, 
a fegment be taken in the diameter ccjual to its para- 
meter, a circle touching the fedtion in the vertc.'c, and 
pafling through the other extremity of the fegment, 
will have the fame curvature with the fcclion in the- 
vertex. This is evident from Cor. 1. I’rop. X. and the 
above. 

Cor. 2,. If through 0, the focus of the parabola, the 

flraight 


meter of the diameter b c. 

For through o draw o x parallel to b d, and let it 
meet b c in x. Then^ by Cor. Prop. XII. Book III. 

B X is equal to b o ; and by the feventh Lemma k b 
X BO is equal to n b X b x. Confequently b R is 
equal to b n . 

Cor. 3. The reft remaining as above in the ellipfe and 
hyperbola^ if the ftraight line b r drawn through the 
focus o meet the circle again in r^ and x s be the tranf- 
verfe axis^ then b r will be to the diameter c t as c t 
is to X 's. For let the diameter ct meet b r in y, and 
then^ by the feventh Lemma, the rettangle r b y is 
equal to the reftangle f b g. But by the above the 
reftangle P b g is equal to twice the fquare of c t, and 
therefore the reftangle r b y is equal to twice the fquare 
of c T. Confequently r b : the whole diameter c t : : 
the femidiameter c t : b y. But, by Cor. Prop. XVI, 

Book 11 . B y is equal to cx, and therefore (15. v.) br : 
the whole diameter c t : : the whole diameter c t : x s . 

PROP. XIIL 

y Cl circle touching an ellipfe or hyperbola have the fame 
curvature with the feStion in the point of contaB^ its yS?- 
midiameter will he to the femidiameter of the feBion cori’^ 
jugate to that paffing through the point of contaB^ as the 
fquare of the fame femidiameter of the feBion to the reBi-- 
angle under the femiaxesn 

For if the circle touch the feftion in the vertex of Fig. 144. 
an axis, then every thing remaining as in Prop. IX. 
by the Definition of a parameter, and inverfion, a e is V 

to the axis parallel to the common tangent at a, as the 
fame axis to the axis ab, Confequently (15. v. and 

o i.iv.) 
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X. iv.) as the feinicliameter of the circle a EC to the 
femiaxis parallel to the coTniiion tangent at fo ig 
the fquare of the fame femiaxis to tlic rcetaiiglc under 
the femiaxes. 

But if the circle of ciirvatiire do not touch the fec- 
tlon in the vertex of an axis, let every thing remain as 
an Prop. Xfl. and let u b be the fcinidiameter of the 
circle ; and then u b will be to c t as c T ^ to the 
reftanglc under the femiaxes. 

For let c X be the tranfverfc femiaxis, and c ii the 
conjugate femiaxis. From the center c draw tlie per- 
pendicular c a to the tangent n r>. Let u n meet the 
circumference again, in w, and draw wn. llacn (31. 
iii.) the angle w” n b is equal to the angle c a ji, and 

the angle kbw (29. i.) equal to the angle Bca. 

Confequently (4. vi.) c b : c a : : w b : B H, or (15. v.) 
as 0 B to p n 5 and therefore c a X 0 n is <‘r[ual to 

C B X p B. But, by Prop. XIL and the of 

a parameter, c b x p li is equal to c and tlierefore 
0 B : CT : : c T : c a. (lonfequently (i. vi.) u B ; 
C T ; : c T* : c T X c a. But, by Cor. 1. Prop. XIX. 
Book IL c T X c a is equal to c x x c 11 ; and 
therefore 0 b : c t : ; c : c x X c 11. 

Cor. By the above the ftpiare of c x is cqiuil to the 
Tcitanglc under u b, c a. 

PROP. XiV. 

1/from ih^ center of a circle^ tombing a conic foilmif and 
having the fame ctirvature with the fetfmn in the point 
of contaBy a perpendicular he let fill upon a Jlraigbi 
Urn drav/n from the point of coniaB through the ntanji 
focus^ a Jlraight line drawn from the point tf conmurfe 
to the point in which the diameter (f the einde^ 
through the point of contaii, cuts the focal axis will he 
at right angles to this diamekr of the circle^ 


From 
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From H the center of the circle h p m, touching BOOK 
the conic feAion a p in the point p and having the * 
fame curvature with the fe£lion in p, let the perpendi- 
cular H K be drawn to the ftraight line p k paffing 
through F the ncareft focus; the ftraight line K i, 
drawn from k the point of concourfe to i the point in 
which the diameter p H of the circle cuts the focal axis 
A I, IS at riglit angles to 11 p. 

For firft let the fcclion be an ellipfe or hyperbola of 
which c is the center^ a c the tranfverfe femiaxis^ and 
D c the conjugate femiaxis. Let n p be the common 
tangent, and c t the femidiameter of the fedion pa- 
rallel to Np; and draw c o, fn perpendicular to 
N p. Then, by C'or. Prop. XIIL the k|iiare of c t is 
equal to the rettatiglc under up, cg; and, by Prop. 

XVII. Book TL tlic fpiarc of c d is e(]iial to the reef- 
angle under ip, c g. Coufequently c : c ; 

H p X c G : I p X c o ; and therefore (r. vi.) c : 

0 : : XX p ; T p. But, by Prop. XIX» Book IL (arul 

2 . 2 - vi.) c : V d" : : F N“; and, on account of 

the funilar triangles, f : f : : u : p K'k (Jon- 
fcqucntly (ll. v.) xx p’ : P r" : : 11 p ; i p ; and tlierC'- 

forc (l. vi.) II P^ : P : : ix p“ : ii p x i x>, and (14, v.) 

p is equal to xi p x 1 1*. Hence ri p : p k : : p k : 

X F, and (6. vi.) p i k is a right angle. 

Secondly, let the fe6lian be a parabola, and let the 15^, 
common tangent n p meet the axis a i iii g. Then, 
by Cor. Prop. IX. Book III. g f is equal to p p, and 
therefore (6. i.) the angle f g p is equal to the angle 
F p G. But as each of tlie angles g p t, h k p is a right 
angle, the angles f p a, f pi together arc equal to tiie 
angles k p t, p h k together. Confcquently the angle 

1 G p is equal to the angle p iiiv ; and tlicrefore (4, vi.) 

G I : I p : : p K : P H, and h p x p i is equal to G i x 
p K. ihit, by Cur. 2* Pi’up. XII. (and 3. ii.) p k is 

o 2 equal 



BOOK equal to half the parameter of the diiiiTieter pafling 

through Pj and there^orcj by Prop. XL Book liL p iC 
• is equal to g i. Coisfequeutly H p x p i is ecjiial td 
F k'\ As above, therefore, ii p : p ic ; : p k a i p, and 
(6. vi.) p I K is a right angle. 

Fig. i£; 7 * Cor, If a ftraight line N o touch a conic fe^ion in 

and p II at right angles to it meet the focal axis A B in 
I, and if i k perpendicular to p h meet in the point k 
the ftraight line p n dravi^n tlirough the neareft focus 
F, and, laftly, if k h at right angles to p h iru'ct p it 
in H, the point h will be the center of the circle which 
touches the feibion, and has the fame curvature with 
it in p. 

* SCHOLIUM. 

Fig, iSo. If a body b revolve in afpace void of refiftance about 
the center c in the curve ii a f, and if tlu‘, circle u k v 
toucli the curve in the point n, ami have tlu^ lame cur- 
vature with it ill that point ; and if tlic firaiy;ht line 
B c N" meet the circle again in n, and c a perpendi- 
, cular to the common tangent b a, Sir Ifaac Newton 
has deraonftratal, in Cor. 3. to Prop. VL lib. L of tlie 
Principia, that the centripetal force is reciprocally as 

c a® X N B, or direilly as — ~ — ~ . 

c X K B 

By means of this expreflion, and the properties of 
Ofculatlng circles demonftrated in the prccediiig Pro- 
pofition8,,thc ccntripal forces of bodies moving in co- 
nic leilions may be eafily afeertained, as in the follow- 
ing examples. 

Fix. Let the body revolve in the ellipfc x H s, and let 

the law of centripetal force tending to c the center bo 
required. 

Every thing remaining as in Prop. XIIL the centri- 
petal force, according to the Newtonian expreffion, is 
teciprocally as c x b n. But,, by Cor. x. Prop. 

XIX. 
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XIX. Book IL c T X c a = X c X c h, and therefore book 

^ XC'XCH^ 


c a = 


C T 


-3 and by the Definition of a parame- ‘ 


ter_5 and Prop. XIIL e n ■ 


4 CT* 
" a c i\ 


3 CT 


C li 


X c“ X c n 2 CT“ 
X 


C T' 


C M 


. Confequent-* 

XC^ X 2 Cli^ 

C B 


ly C Cl^ X B N 

knd therefore^ as x x % c n"" is a confiant quantity;^ 
the centripetal force is reciprocally as —^5 or dircdly as 
the diftancc c b. 

2. Let a body p move in an ellipfc or hy|>erbola pa, 
and let the centripetal force tending to the focus f of 
tlio fefliion be required. 

TIic reft rcniaining as in Prop. XIV. let the ftraight Fig. 15% 
line p F meet the circle again in r.^ and, by Cor, 3. 

Prop. XII. L p : 2 e T : : 2 c x : 2 c a ; and there- 

fore i p = ^ Again, by I>rop. XIX. Book 

2 C A C A 

II. (and 23. vi.) f n* : f p* ; : c D* : c t’, and f n* = 

P X C 3 >^ 

— Newtonian general exprcflion 

being adapted to the prefent Figures, the centripetal 
force is reciprocally as F n"" x t. p 5 and therefore this 

force, by the above, is reciprocally as ^ * x c d 


CT 


2CT*' FP®X2CI>" 


^ ^ Again, if the letter l be put for 

C. A C A * 

the parameter of the tranfverfe axis, 2 a c : 2 c d : : 


2 c D : 


4 c 


2CD'' 


t. Confequently as l, or its 

2J A C A O 

value, is conftant, the centr!{>etal force is reciprocal iy 
as F or inverfely as the f<{uare of the dlftaticc. 

3. Let a body f move ii^ the curve of a parabola fa, 
and lot the law of centripetal force tending to tlie 
cus F be required. 

03 
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BOOK Every thing remaining as in Prop. XIV. let the 
. {Iraight line p p meet the circle again in and let f n 

I'ig* 159. drawn perpendicular to the tangent p g. Then, by 
Cor. a. Prop. XII. of this, and Cor. 2,. Prop. XL Book 
III. L p = 4 F p; and, by Prop. X. Book HI. f = f 
X A F. Again by the Newtonian general expreflion, 
adapted to this Figure, the centripetal force is recipro- 
cally as F X n P. By the above therefore the cen- 
tripetal force is reciprocally asFPXAFX4FP=sFP^ 
X 4 A F. Confeqnently, as 4 a f is conftant, the cen- 
tripetal force is reciprocally as f p^. 

PROP. XV. 

If three Jlraight lines touch a conic fcBion^ or oppojttc hy- 
perbolas^ any one of them will be harmonically divided 
in its point of contaB^ the points in which it meets the 
other twQ^ ayid the points in which it meets the fraiglot 
line joining their points of contaB* 

Let the three ftraight lines a r, k p, pn touch a 
coiiic fedlion a e isr, or oppoCte hyperbolas a, n in the 
points a, E, n 5 any one of them as r p is harmoni- 
callyi divided in its point of contaft e, the points b, p 
in which it meets the other tangents, and the point A 
in which it meets the line a n joining their points of 
contaft. 

Cafe i. Firft, let the tangents or, n p be parallel ^ 
and then, by the Cor. to Prop. XIII. 'Book I, re: 
E P : : Q, R : N p. But (4. vi.) a R : n p : : R a A P, 
and therefore (ii. v.) r a : a p : : r e : e p. 

Lg, 365. Cafe z. Let the tangents a r, n p meet one another 
in the point b ,• and through the point p draw p h pa- 
rallel to a R, and let it meet the curve of the fedlion 
in G, H, and am in i. Then, by Prop. XIIL Book I. 
R E- : E : : Or R^. : H p X P G. But, by Prop. XVIL 
Book L H p X F G is equal to p Confequcntly r e* : 
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E : : aR^ : p i% and { 20 ,. vi.) r e : e p : : a r : PI, BOO Kl 
But (4. vi.) a R : p I ; : R A : A p, and therefore (ii. 

V.) R A : A p : : R E : E P. 

PRO P, XVI. 

If two Jiraight lines touching a conic feBion^ or oppojzte 
hyperbolas ^ meet one another ^ a fecant pcifing through 
the point of concourfe will be harmonically divided in 
the. point of concourfe^ the points in which it meets the 
curve or curnjes^ and the point in which it meets the 
flraight line joining the points of contaB, 

Let the two ftraight lines e a, f a, touching the fee- Fig- 15^- 
tion E D p, or the oppofite hyperbolas e, in the HZ 
points Ey Vy meet one another in a , and let the ftraight ^9^ 
line A B meet the curve or curves in b, d, and the 
ftraight line p: p in c ; the ftraight line a b is harmoni- 
cally divided in the points a, D, c, B. 

For through b, d draw the ftraight lines o M, H K 
parallel to e p, and let them meet the tangents e a, 

F a in G, M, and k and the curve or curves in 
and i>5 I- Then^ by Prop. IV, G e, l m are equals 
and therefore g l is equal to b m ; alfo h i k are 
equals and therefore n x is equal to d k. By equian- 
gular triangles g b is to h d as a b to a d, and b My 
or its equal g is to d k , or its equal H ly in the farne 
proportion. Confequently (ii. v.) G B : H o : : L G : 

I and by alternation g b : l g : : h d : i h ; and 
therefore {22, vi.) b G x G l : d H x H l : ; G : 

H But, on account of the parallels, g b'^ : h : : 

A ; A ; and, by Prop. XIII. Book 1 . b o x g l : 

D H X H I : : p: : E Alfo, on account of the pa- 

rallels, (10. vi.) E : E : : c B^ : c i>^ ,* and there- 
fore (II. V.) A : A ; C : c X)\ Confequently 
( 22 . vi.) A B ; A R : : c B : c D. ♦ 

If A 3 bife£t E p in c, by Cor. i. to Prop, Book 
04 IIL 
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® iv° ^ will be a diameter. If therefore in this cafe A b 

' meet the curve of the feftion in two points, or the 
curve of each of the oppofite hyperbolas in one, it muft 
be a diameter of an ellipfe, or a tranfverfe diameter of 
an hyperbola ; as a diameter of a parabola can meet 
the curve in one point only, and in the hyperbola a fe- 
cond diameter does not meet either of the oppofite 
curves. Conlequently, by Cor. 3 . Prop. VII. Book II. 
A B : A D : : B c : c p. 

> PROP. XVII. 

^ twsjkatgbt lines touching a conic fcBion, or oppojlle 
- fypmholaSj meet one another, and a fecant pafs through 
the point of concourfe, tangents pafjing through the points 
in which the fecant meets the curve or curves will either 
he parallel, or they will meet one another in the Jlraigbt 
line joining the points of contaB of the two firjl men- 
tioned tangents. 

Fig. I JO. Let the ftraight lines k l, k m, touching - the conic 

Iji! t- G M, or the oppofite hyperbolas l , m in the 

173; ^ints L, M, meet one another in k, and let the llraight 
line K B meet the curve* or p|)pofite curves, in the 
points G, B ; ftraight liti^ touching the curve or curves 
in G and b will either be pmllel, or they will meet in 
the ftraight line l M. 

For if the ftraight line k b bifed l m, by Cor. r. 
Prop. VI. Book III. K B is a diameter, and l m is a dou- 
ble ordinate to it; and, by Prop. II. Book III, tan- 
gents paffing through g, b will be parallel to l m , and 
therefore parallel to one another. But let k b meet 
L M in H, ^d not bife<9: it. Let the tangents g n, b n 
be drawn,, and meet one another in n, and if it be pof, 
fible let N not be in the ftraight line l m. Draw n l, 
and let it meet K b in v. Let the tangents n g, n b 
meet the tangent k t in s and t. Then, by Prop. XV. 
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tk:rs: :tl:ls; and therefore^ on account of BOOK 
the harmonicals n k, n g, n n by the twelfth ' 
Lemmaj b k : k g : : b y : v g. But, by Prop. XVL 

B K : K G : ; B H : H G ; and therefore v.) BY ; 

V G : : B H : H G. Confequently (17. and 18. v.) b g : 

V G : : B G : H G^ and (14. v.) v G is equal to H g ; 

which is abfurd. The tangents g b n meet there^ 
fore in the ftraightline l m. 

Cor. I. If a ftraight line as l not palling through 
the center^ cut a conic feftion, or oppofite hyperbolas, 
in L, My and from points n, d. See. in l m, tangents 
N N G, D E, 0 F, &c. be drawn to the curve, or op- 
pofite curves, the ftraight lines bg, fe, &c. each join- 
ing the points of contaft of two tangents drawn from 
the fame point in l m, will meet one another in thd 
point K, in which the tangents paffing through L, m , 
meet one another# 

Con 3. If the ftraight ^ 1 ^^^ not palEng 

through the center, meet the curve, or oppofite curves, 
in B, g and f, e, and one another in k, and if they be 
harmonically divided in b, h, g, k and r, a, e,k; ^ 
then tangents paffing through b, g, or through f, e, 
will meet one another in the ftraight line drawn through 
H, a. 

Cor. 3. If the tangents b K, g N meet in N, and the 
tangents f 0, e 0 in 0, and the ftraight lines b g, f e 
joining the points of^contafl: meet one another in K, 
and the ftraight line n 0 in h and a ; the ftraight lines 
K B, KF will be harmonicaHy* divided in k, g, h, b 

and in K, E, , 

PROP. XVIIL 

Jf the oppojite fides of a trapezhem infmhed in a conic fcc-^ 
tion be not parallel^ and neither pajs through the center^ 
the mterfeBion ofjlraight lines joining the oppofte an-- 
gular points the interfeBion of two of the oppojite fdesy 

and 
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BOO K and the interfcBlons fiiuated heUveen theje Jides^ of ian-^ 
ge?its pctffing through the points in which thefe ftdes 
meet the curve or curves^ will be all four hi the fame 
Jlraight line^ 

Fi^g. 154. Lg|. G B F E be a trapezium infcrlbed in a conic fee- 
tion^ or oppofite hyperbolas, having no two of its oppo- 
fite fides parallel, and no one of them paffing through the 
center ; the interfeftion i of the ftraight lines B e, p g 
joining the oppofite angular points, tlie interfe6tion of 
the oppofite fides b f, g e, and the interfedlions i>, isr, 
fituated between g v, by, of the tangents e d, f d,. 
and G B N, are all four in the fame ftraight line. 

Let the fides b g, f e meet one another in k ; and 
K D being drawn, let it meet k b in M, K f in l, and 
i F in V. Then, by Cor. 3. Prop* XVII. k b is harmo- 
mcally divided in k, g, m, b, and k f in k, e, l, f. 
Firfi, if the ftraight line g e do not pafs through 
draw V K, V E j and let y e meet k b in a. Then, on 
account of the harmonicals v k, v a, v m, v b, the 
ftraight line k b will be harmonically divided in r, q .^ 
M, b; lYhich is abfurd, by Cor. 2^. to the firft Defini- 
tion before Lemma XI. Confequently b f, g e meet 
" one another in the ftraight line n d. Secondly, if n n 
do not pafs through the point i, draw i k, m i, and 
let M I meet k p iii f. Then, on account of the har- 
monieals i k, g f, m f, b e, the ftraight line k f Is 
harmonically divided, by Lemma XII . in R, e, p, 
which, by Cor. 2. to the firft Definition, before Lemma 
XI. is abfurd. ConfeqUently the ftraight lines b e, g f 
meet one another in the ftraight line n b ; and i, v, 2>, 
B the points of the interfeftions are in the fame ftraight 
liie B ju. . ^ 


SCHOLIUM. 

In the foUdwing Rrobiems, when the expreffion Art. 

with 


i 



SOLUTIONS OF PROBLEMS* 2 , 0 ^ 

with a figure occurs^ the article fo numbered in the book 
S cholium at the end of the third Book is referred to. 

The firft fix of the following folutionsj although in 
feveral refpefils different, 2.pply to the 59th, 60th, and 
6 1 ft Problems in the Arithmetica Univerfalis, and alfo . 
to the 26th, and 27th propo- 

iitions in the firfi; Book of the Principia. 

PROP. XIX. PROS. L 

Given five points in the curve of a conic fcBion^ to de^ 
fcribe the JeBion^ 

Let E5 A, B, c, D be five points given in .the curve pig. 1^3^ 
of a conic feftion, to defcribe the feftion. 

Draw A B D, DC, c A, B c ; and through the 
point E draw e l parallel to A c, and e t parallel to 
A B . Let the ftraight line e l meet b c in l, and the 
ftraight line n c in h ; and let e t meet b d in n. In 
E T, and on the fame fide of eh with n, take the 
- fegoient e t fo that h e may be to e n as l e to e t. 

Then b t being drawn it will touch the fedlioii, by 
Cor. 3. Prop. V. In the fame way ftraight lines d f, 

A G may be drawn touching the fedtion in d, a. Then ^ 

if any two of the tangents, fuppofe d f, b t be paral- 
lelj the feftion will be an ellipfe, according to Prop. 

VIII. Book 1. and d e will be a diameter according to 
Cor. I. Prop. IL Book 11. In this cafe if a ftraight 
line be drawn from e parallel to d p, or b t, it wdll be 
an ordinate to b d 5 and the conjugate diameter to 
B D being found by art. 10. the feftion may be de« 
fcribed. 

But if no two of the stangents be parallel to one 
another, let b t meet d f iu f, and a g in g. Draw 
F K bife6ling m i> in k, and g i bifedling a b in i. 

Then, by Cor. i. Prop. VI. Book IIL f G i will be 

dia- 


maa'KL 

iV. 


Fig-. 11 ^. 

m*- 
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diameters^ and therefore if they are parallel^ the fectiont 
will be a parabola : but if they are not parallel^j they 
will meet in the center of the fefitlon. 

If the feftion be a parabola let f k be bifefited in 
and then it is evident, by Prop. V. Book IIL and art. 9. 
that the fe<£lion may be defcribed. But if the fee- 
tion be not a parabola, let f k, g i meet in o, and o 
will be the center. Between f o, o k let a mean pro- 
portional o p be found, and, by Prop. VII. Book II. 
o p will be a femidiameter of the fediion, to which 
ED Is a double ordinate. Confequently the diameter 
conjugate to o p being found by art 10. the fecUo^ 
may be defcribed^ 

PROP. XX. 

Jlraight lines A c, B D cutting a conic fe^mn 'im 
A, C and B, D, afid meeting one another in G, meet in 
T and F a Jlraight line T F zuhicb touches the JeBion 
in E, the fquare 0/*' e T u^ill he to the Jquare of E F i?® 
ra^o compmnded of the ratio of the re^angh under 
»: B 0 , G D to the re^migle mtder A 0 ^ g o of the 
fio of the re^mgle uftder A T, t the re^angle 
def B F, F D . 

Tirfk let the feftlon be a parabola or hyperbola,, 
and let the point x be on that fide of the figure on 
which the fedtion can be extended. Let the firmght 
line I K be drawn parallel to b d, and let it meet the 
curve in i, k ^ and let the fquare of the ftraight line 
rx be equal to the redangle i t k. Then, by Prop. 
XIII. Book 1. the fquare of e t is to the fquare of e f 
as the fquare of v x to the redangle b f b. But the 
fquare of v x is to the redtangle b f d in the ratiQ 
compounded of the fquare of y x to the redangl^ 
A T c and of the ratio of a t c to the redtangle e F x> ? 

, that 












SOLtJTlONS OF PROBLEM^. 3 . 0 j 

tliat IS5 by Prop. XIIL Book I. in the ratio com^ Uqok 
pounded of the ratio of the reftangle b g d to the 
redlangle a g and of the ratio of the rectangle a T c 
to the reftangle b f d. The fqiiare of e t therefore 
(ti. V.) is to the fquare of E f in the ratio com-^ 
pounded of the ratio of the rectangle b G D to the 
reftangle a g c, and of the ratio of the reftangie a 1: c 
to the reftangle b f d. 

Secondly, let the faction be an eyipfe^ of which o is ^ 77 * 
the center, and^ the reft being as above, let o £2; be the 
femidiameter parallel to b d, o the feniidiameter pa-^ 
rallel F T, and o ^ the femidiameter parallel to a c. 
let it be v : a t x t c : : oa"" : o and then, 
as by Prop. V. Book 11. a t x t c : b : : o j 
o we have 

V : A T X T c : E T* 

O : O z o d^i, 

Confequently {2%. v.) v x* : B x* r : O : o i and 
therefore by Prop. V. Book 11 . (and 1 1. v.) v x^ : e : 2 
B F X F D : E F^, and by alternation e x* : e : : v x^ : 

B F X F D. Alfo, by the above, and Prop. V. Book IL 
(and It. V.) V x"" : AT X TC : B G X G D : A G X G c* 

Again, the fquare of v x is to the rectangle under B 
F B in the ratio compounded of the ratio of the fquare 
of V X to the rectangle under a t, t c, that is, by the 
above, of the reftangle under bo, gd to the rectangle 
under A g, g c, and of the ratio of the reftangle under 
A T, T c to the refilangle under b f, f d. The fquare 
of E T therefore (ii. v.) is to the fquare of e f in the 
ratio eompounded of the ratio of the re6tangle under 
BG, GD to the reftangle under ag, gc and of the 
ratio of the reftangle under a x, x c to the reftangle 
under BFy’FD. 

. Cor. i. The next remaining as above, if the flraight f;^, 
line XF mek in the point h the ftraight line H t, 

. which 
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BOOK which touches the feftion in the point p and nieete 
T c In L, It may be demonftrated In the fame manner 
^that the fquare of e t is to the fquare of e h in the 
ratio compounded of the ratio of the iquare of p l to 
the reftangle under a l, l and of the ratio of the 
refitangle under a t, t c to the fquare of ii r. 

Cqi\ 2. If the fquares of the ttraight lines M 
R s, T Y z be equal to the reftangles b g x g 
AGXGC 5ATXTC5BFXFD, each to each ; then 
E T will be to E F as the rectangle under m n, t a to 
the recStangle under y z, r s. For, by the above, the 
r^iStangle Under a g, g o is to the re&angle under b g, 
GO as the redlangle under A t, t c to the fquare of v x 5 
and therefore as the fquare of r s is to the fquare of 
M N, fo is the fquare of a t to the fquare of v %*. Con- 
fequetitly {zz, vL) as r s is to m n, fo is t a to v x, 
and therefore (16. vi.) the reSangle under n s, v x is 
equal to the re^angle under ai n, t a. Again, from 
the above,, as the fquare of e t is to the fqriare of e f, 
fo is the fquare of v x to the reftangle under b f, f d, , 
or tlie fquare of Y Z3 and therefore, as e t to e f 
fo is y X to Y z, that is (i. vi.) the reftangle under 
V X, as to the rectangle under y z, r s. Confe- 
quently, on account of the equal redlangles, e t is to 
E F as the redangle under m n, t a to the rectangle 
under y z, r s. 

Co7\ 3 . Hence If any two fliraight lipes A c> B B 
cut a conic feftion in a, c and b, b, and meet one an- 
other in G, and meet in t and f the flraight line x 
which touches the feS:ion, the point of conta 6 l may 
be found. For let e be fuppofed to be the point of 
contafil, and as above b t is to ef as the rectangle 
under a mean proportional between b g, g b and a 
mean proportional between a t, t c to a reftangle 
under a mean proportional between b f, f b and a 

mean 
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meto proportional between a g, g c. In the fame book. 
way the point e may be founds If the tangent t f 
meet in h the flraight line h which touches the 
feilion in p, and meets in h the hraight line A c, which ■ 
cuts the feilion in a-j c, anti meets t f in t* 

PROP. XXL - PROS. IL 

Four points in the curve of a conic fcStlon^ and a Jlraight 
line touching the feSllon^ being give??, Li it he required 
to defer the the feition. 

Let the four points Aj, B, c in the curve of a conic Fig. 17S. 
feiiion^ and the ftraight line t f touching the fedllon, 
be given in pofition ; it is required to deferibe the fee-- 375?* 
tion. 

Cafe I. Let the tangent t f pafs through the point 
B, and draw a b d c, c a. Firft, let the oppofite 
fides A c , B D of the trapezium be parallelj^ and let ^ r 178, 
be drawn bife£):ing b d in and a c in r. Then k e 
is a diameter, by Cor. a. Prop. IL Book IIL and if it is 
parallel to the tangent f t, it will be the conjugate di- 
ameter to B D, by Cor. Pi'op. IV. Book IL and the 
point K will be the center of the fe< 3 :ioii. Confequent- 
ly, if from the point a a ftraight line be drawn ordi-^ 
nately applied to the diameter b d, the magnitude of 
the diameter k e will be determined, by art, 10. and 
the fedion may then be deferibed, by art. 8, But 
if the diameter k e be not parallel to the tangent f t, 
let them meet in f. Draw f d, and it will touch the 
fecSion, by Cor. Prop. VL Book IIL Through c 
draw the ftraight line c i parallel to the tangent f t, 
and let it meet the tangent f d in e, and b d in g. 

Let the fegment e i be fo taken in c g, that c e may 
be to E G as E G to ET ; and when the point g is with- 
out the fe6lion, let the point c be between e and i. 

Then 
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BOOK Then the point i will be in the curve of the feclioiT^ 
‘ by Prop. XVII. Book I. and the five points a, d, r 
being in the curve^ the fefliion may be defcribed as 
in Prop. XIX. 

Secondly, let the oppofite fides of the trapezium be 
tig. 175). not parallel, and let ab, c d meet in jl. Draw a d, 
c B, and let them meet in p. Through the points p, l 
draw the flraight line p l, and let it meet the tangent 
T F in F, and draw f d. Then f d will touch the fec- 
tion, by Prop. XVIII. and, as above, a fifth point i 
may be found in the curve. 

Fig. 175. Cafe 12. If the tangent t f do not pafs through a 
given point, the point of contaft may be found, by Cor. 
3. Prop. XX. and the fe<Stion may be defcribed as in 
Prop. XIX. 

PROP. XXII. PROB. III. 

TSree points being given in the curve of a conic feBtoriy 
and two firaight lines touching it being given in pojition^ 
let it be required td defcribe the feBion. 

Cafe X. If each of the two tangents prfs through 
.one of the given points, the points of contaft will be 
given, and a ftraight line drawn through the third 
given point in the curve, and parallel to the ftraight 
line joining the points of contact, will meet the tan- 
geuts. The fegments of this ftraight line between the 
given point in the curve and the tangents will there- 


fore be given j and if they are unequal, the line will be 
a fecant, and the other point in which it cuts the curve 
may readily be obtained, according to Prop. IV. The 
folution may then be completed, by Prop. XXL But 
if the fegments are equal, the line will be a tangent, 
and in this cafe call it the third tangent, and draw a 
ftraight line from its point of contaft to the point of 


con- 
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! contaA of the firft tangent. Draw a jftraight line from 

the point in which the firft and third tangents meet to 
t the point of contaft of the fecond tangent. Then^ by 

Prop. XVI. this ftraight line will be harmonically di- 
I vided in the point in which the firft and third tangents 

[ meetj the point in which it meets the ftraight line 

joining their points of contafity the point of contadk pf 
the fecond tangent^ and the other point in which it 
meets the curve. This other point may therefore be 
found by the fecond and third Corollaries in page I55jf 
and the folution may be completed as above. 

Cafe 2. Let the firft tangent pafs through one of the 
I given points, but let the fecond tangent not pafs through 

r either of the other two; and, firft, let the two tangents 
I be parallel. Through the two other points draw a- 

ftraight line, and if it be parallel to the tangents, a 
ftraight line drawn from the point of contadl of the 
I firft tangent and bifefting this fecaut will meet the fet 

cond tangent in its point of contadl, as is evident from 
Prop. I, Book II. But if the ftraight line pafling 
through the other two given points be not parallel to 
the tangents, it will meet them, and then, by Prop. 
XIII. Book I. the redlangle under its fegments be- 
tween the points and the firft tangent will be to the 
fquare of the firft tangent, as the reftangle under its 
fegments between the given points and the fepond tan- 
gent to the fquare of the fecond tangent. The point 
of contaft of the fecond tangent will therefore be ob- 
tained. Secondly, let d g be the firft tangent pafling 
i through B one of the given points, and let a, c be the 

^ ot^r two 5 and let d k the other tangent not be pa- 

rdilel to D G, but let them meet in d. Draw a c, and 
let it meet n r in k. Then if a c be parallel to one 
of the tangents, as in Fig. t8o, let k e be a mean pro- 
portional between c k, k a, the point e being In m 0 ; 

p and 


0^^ 


BOOK 

IV. 
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BOOK and a ftraight line drawn thrpugh b and e will meet d k 
in its point of contaS;, by Prop. XVII. Book I. But 
if the ftraight line AC be not parallel to either tangent, 
as in Fig. i8i. let it meet d g in g, and d p in k j 
and let g k be fo divided, that the rectangle under 
A K, K c may be to the rectangle under c g, o a as the 
fquare of k e to the fquare of e g. Draw b e, and it 
will meet the tangent 0 p in the point of contaft, by 
Cor. a. Prop. XVII. Book I. 

Fig. i8j. Cafe 3. Let neither of. the tangents k f or d G pafs 
through a given point, and let a, b, c be the given 
. points. Draw A c, and let it meet the tangent d g in 
0, and the tangent K f in k. Let k 0 be fo divided 
in E, that the rectangle under a k, k c may be to the 
redlangle under 0 0, n a as the. fquare of k e to the 
fquare of e 0, and the ftraight line joining the points 
, of contad will pafs through e, by Cor. a. Prop. XVII. 
Book I. Again, draw c b, and let it meet the tangent 
0 G in L, and the tangent k p in i. Let l i be fo di- 
vided, in M, that the redangle under c l, l B may be 
to, the re6tongle under b i, i c as the fquare of l m to 
th® dquare of m i, and the ftraight line joining the 
pointa of contad will pafs through M, by tlie fame as 
above. Confequeiftly the, ftraight line m e will meet 
the tangents in the points of contad. 

In every cafe, therefore, a fedion may be defcribed, 
by Prop. XIX. or Prop. XXI. 

Cor. If two tangents be given in pofition, and aJfo 
two points iji the curve of a conic fedion, but without 
the tangents, the point may be found in which the fe- 
cant, paffmg through the given points, meets the 
ftraight line joining the points of contad, provided the 
fecant be not parallel to the ftraight line joining the 
points of coptad. Fpr if the tangents and fecant be 
parallel to one another, the point in which the fecant 
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is bife(9:ed will be tbe point required, as ftated in tbe ^ ^ 

fecond cafe. In other cafes the Cor. is evident from 

the above ; for the tangents d g, b k being given in 
polition, and the fecant paffing through the given 
points A, c, as in Fig. i 8 o, i 8 i, 182 ^. the point e was 
afcertained. 


PROP. XXIIL 

IJ" three Jiratght lines touch a conic JeBion^ ajlraighf line 
drawn through the point in which thejirjl and fecond 
tangents meet one another will he harmonically divided 
in this point of concourfe^ in the point in which it meets 
•the third tangent^ and in the points in which it meets 
Jiratght lines drawn from thejirji and fecond points (f 
contaB through the third point qfcontaB* 

Let the ftraight lines e f, e g, g h touch the conic 
fe6lion in the points f, c, h, the ftraight line e n, 
drawn through the point e, in which the firft tangent 
E F and the fecond e g meet one another, is harmoni- 
cally divided in e, in the point R in which it meets 
the third tangent g h, and in the points p, n in which 
it meets the ftraight lines f h, c h, drawn from, ibe 
firft and fecond points of contad f, c through the third 
point of contact h . 

For let E N meet the curve of the fe&ion in the 
points s, i; and then, by Cor. t, Prop.XVIL Book I, 
s B X E I : s R X SI : : e : p R^ : : E : n r% 
Confequendy i.) e p : p R : : e n : n R. 

PROP. XXIV. PROB. IV. 

Two points heing given in the curve of a conic feBion, and 
three Jlraight lines being given in poftion and touching 
the curve^ let it be required to defcrihe ibefeBion* 

P % 


The 
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Fig. 183. 


Fig. 184. 
185. 


Fig. 184. 


The two points A, b being given in the curve of a 
conic fection, and the three ftraight lines c b, e g h 
being given in pofition and touching the feclion^ let it 
be required to defcribe the fedlion. 

Cafe I . Let c g h two of the given tangents pafs 
through the two given points A, and let them meet 
the other given tangent e f in d and g. If the tan- 
gent E F be parallel to a the ftraight line joining the 
points of contafb, and g d be bife6led in e, the point 
E will be that in which g d touches the fedtion^ by 
Prop. IV, But if G D, A B be not parallel, let them 
meet in and let g d be fo divided that d f may be 
to F G as D E to E G, and e will be the point in which 
G D touches the fedtion, by Prop. XV. Three points 
will therefore be obtained in the curve, and confequent- 
ly the folution may be completed, by Prop. XXIL 

Cafe a. Let g h one of the given tangents pafs through 
B one of the given points, and meet the given tangent 
E F in G. Let the ftraight line a b be drawn, and let 
it meet the given tangent c d in d ; and if a b be pa- 
rallel to E F, let the fegment d l be taken in b d a 
mean proportional between b d, d a, and the ftraight 
line joining the points in which e F, c d touch the 
fedlion, will pafs through the point l, by Prop. XVIL 
Book L Draw g l, and let it meet the tangent c d 
in K ; and if the tangents g h, c d be parallel, let l g 
be to L K as b g to k c, and c will be the point in 
which c 0 touches the fedlion. For let g k meet the 
curve of thp fedlion in p and n, and* the redlangle un- 
der p G, G N is to the redlangle under n k, k p as the 
fquare of g .l to the fquare of l k, by Prop. XVIL 
^ook 1. and the fquare of b.g is to the fquare of c d, 
the fegmeht between the point k and the point of con- 
tadt, in the fame ratio, by Prop. XIIL Book I. If the 
ftraight line a B be not parallel to the tangent E f, the 

point 
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point L may be found by Cor. ct>. Prop. XVII. Book I. B o o K ■ 
and the tangents g h, c d being parallel^ the point of 
conta6t c may be found as above. 

But if the tangent g h meet the tangent E p in Fig* 
and the tangent c d in let g h be fo divided in n, 
that H B may be to e g as h n to g isr, and the ftraight 
line joining the points of conta6t of the tangents e 
c D will pafs through n, by Prop. XV. Again^ let the 
ftraight line A b meet the tangent e f in and the 
" tangent c d in d, and as the rectangle under a p^ p b 
is to the rectangle under b d^- d a, fo let the fquare of 
p n be to the fquare of d l, and the ftraight line join- 
ing the points of contaft of the tangents e c d will 
pafs through by Cor. 2 . Prop. XVII. Book L Let 
the ftraight line l n therefore be drawn, and it will 
meet the tangents e f, c d in the points of contaft. 

If the ftraight line a b be parallel to the tangent f g, ^ 
the point l may be found, by Prop. XVII. Book I. as 
above. 

Cafe 3. Let the points a, b be without any one of Fig. 
the tangents, and let the ftraight lines a b, e f, g h be 
parallel. Let the tangent c d meet the tangent g h 
in g, and the tangent e f in e ; and let the ftraight 
line A B meet the tangent c o in d. Iii a d let the feg- 
ment d l be taken a mean proportional between a d, 
n B, and the ftraight line joining the points of contact 
of the tangents c o, e f wdll pafs thremgb the point i., 
by Prop. XVII. Book I. Let the ftraight line g l n 
be drawn 3 let it meet the tangent e f in k, and let a l 
be to L K as G N to K, and the ftraight line joining 
the points of contafi: of the tangents g h, e f will pal's 
through N, by Prop. XXIII. Again, let a p be bi- 
fecled in p, and the ftraight line joining the points of 
conta£t of the tangents g H;, e f will pafs through, 
by Prop. L Book II. Gonfequently if the ftraight line 
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B o O K NP be drawn, it will meet the tangents in the points of 
conta6t. 

Fig. 187. Cafe 4. Let the tangent c D meet the tangent g h 
in G and e p in e, and let the ftraight line a b be pa- 
rallel to the tangent c d, and meet the tangent g h in 
K, and the tangent e f in m. In the ftraight line k m 
let the fegment m p be taken a mean proportional be- 
tween A M, M B ; and let the fegment k l be a mean 
proportional between b k, k a ; and the ftraight line 
joining the points of conta£t of the tangents c d, e f 
will pafs through the point p, but the ftraight line 
joining the points of contafil of the tangents c d, g 11 
will pafs through the point l, by Prop. XVII. Book I. 
Let the ftraight line g p be drawn, and meet the tan- 
gent E F in I, and as g p to p i fo let g N be to n i. 
Again, let l e be drawn, and let it meet the tangent 
G H in a, and let a l be to l e as a n to r e. Then, 
by Prop. XXIII. the ftraight line n r pafles through 
the points of contaft of the, tangents e f, g h. 

Fig. 188. Cafe 5. Let the ftraight line a b be not parallel to 
any one of the tangents g h, n c, e f, and let it meet 
the tangents D c, e f in e, the point in which they 
meet one another. Let the ftraight line a b be divided 
in the point l, fd that b e may be to e a as b l to 
L A, and the ftraight line joining the points of contadt 
of the tangents d e, e f will pafs through the point jl, 
by Prop. XVL Let the ftraight line g l be drawn, 
and meet the tangent e f in k, and in the ftraight line 
G L let the fegment g n be fo taken, that g l may be 
to LK as GN to NK ; and, by Prop. XXIIL the ftraight 
line joining the points of contaiS: of the tangents e f, 
GH pafles through the point Again, let the ftraight 
line A B meet the tangent o h in m, and in a b let the 
fegment a r be fo taken that the Te< 9 :angle a e b may 
be to the rediangle a m a as the fquare of b r to the 

fquate 
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qnare of R and the ftraight line joining the points 

•f contaft of the tangents b f, g h will pafs through 

he point r, by Prop. XVII. Book I* Confequently 
he ftraight line n r will meet the tangents e g h 
IX the points of contaft. 

Cafe 6. Let the tangent c D meet the tangent g h Fig. 
n G-> and the tangent e f in e. Let the ftraight line 
1 ]B be drawn, and let it meet the tangent g h in m, 

:he tangent e f in k, and the tangent c o in d. Let 
:h.e ftraight line a b be fo divided in l and n, that the 
re<&angle under a k, kb may be to the reSangle iin- 
ier B M, M A as the fquare of k l to the fquare of m l 5 
md. as the redangle under a d, d b to the redangle 
Linder b m, m a, fo let the fquare of r> n be to the 
fq^nare of n m. Then the ftraight line joining the 
points of contad of the tangents e f, g h will pafs 
through the point l, but the ftraight line joining the 
points of contad of the tangents c d, oh will pafs 
through N, by Prop. XVIL Book L Let the ftraight 
line N E be drawn, and meet the tangent g h in r | 
and let n e be fo divided in p, that e n may be to w r 
as E B to p r ; and, by Prop. XXIII. the ftraight line 
joining the points of coritad of the tangents E f, g H 
paffes through p. Confequently if the ftraight line 
iLr I? be drawn, it will meet the tangents e f, g h in the 
points of contad. 

In every cafe therefore the fedion may be defcrlbed 
l>y Prop. XIX. as five points may be cafily found- 

PROP. XXV. 

-5^ the four fit aight lines A e, e g, g h, h d touch a co- Fig. i74« 
tiic fe&ion in A, b, c, d, and meet one another in e, 

H ; and f the fraight lines A C, B D drawn join-- 
ing^ the opfojzte fomfs c and B,' d and meeting one 
another ^ the fraight line f g drawn through the bfpo^ 

^ 4 
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SOLUTIONS OP PROBLEMS. 


BOOK Jlte points in M the tangents meet, one another ^ill 

pafs through the point in ^ubich the Jiraight lines a c 

B D meet one another^ ^ 

For iet Ae itralght line f g meet the fe<aion or op- 
pose feaions m n, m and the ftraight line a c in i, 
and, by Cor. 3. Prop. XVII. Book I. the reeWle un- ■ 
der N G G M :s to the redangle under n f, f m as the 
fquare of G i to the fquare of f i. But, if it be polS- 
ble, let the ftraight line f g meet the Hraight line b d 

reaangle under N g, g m is to 
the redangle under n f, f m as the fquare of p g to 

S G^Ttr^r' V.) as the fquare 

of G I to the fquare of f r, fo is the fquare of p g to 

the fquare of p pj and therefore (3s. vi.) as g r to f i 
fo IS P G to F P. Confequently (18. v.) as g i to f g 
o IS GPto p 6, and therefore (14. v.) the ftraio-ht 
lines G I, G p are equal j which is abfurd. “ 

nJerVf ^ ^ be a dia- 

N y w fb t 'be" fquam S 
^1 therefore g i, g p are 

equal ; which is abfurd. 

In any cafe therefore the firaight lines a c, b d p g 
meet one another in i, and if the firaight line e h be 
d™ jo„„g the re».ai„i„s.„pp„jte joints, i„ 

theMhft't”? ?“ '• P*'" 

le point I, for the fame reafons as above 
Cor, Hence, if four firaight lines a e, e g, g h h n 
touch a conic foaion and meet one other in e, g f h 
and if the firaight lines p r w u ' it. ^13 
points meet onA ZX • ’ ^be oppofite 

• fttoegh ft! ^LT '“'““a Paft 

, PROP. 


soLiririONs of problems. 


PROP. XXVI. PROB. V. book 

1 ¥. 

*The point A hctng given in the curve of u conic fcBion^ ^ 

and the four firaight lines B F, E G H D touching Fig. 174, 
the feBion being given in poftion^ let it he required to ^ 
defcrihe the feBion* 

Let the tangents meet one another in g, h> 
and let the ftraight lines f g^ B h be drawn^, joining 
the oppofite points g and and meeting one 

another in i. Let the ftraight line a i be drawn^ and 
let it meet the oppofite tangent g h in and if the 
point A be in one of the tangents^ the ftraight line gh 
will touch the fe<9:ion in as is evident from Prop, 

XXV. But if the point a be not in one of the tan- 
gents, let A c meet e f in and let the firaight line 
K c be fo divided in r that the fquare of ic 1 may be 
to the fquare of i c as the reftangle a k r to the re£fc- 
angle r c a j a$ by the laft Propl the firaight line 
joining the points of contafl: of e f, G H pafles through 
I, the point r will be in the curve of the fe6lion, by 
Cor. a. Prop. XVI 1. Book I. Confequently in any cafe 
the feftion may be deferibed, by Prop. XXIV. 

PROP. XXVIL PROB. VL 
Five firaight lines being given in pofitiori and touching a 
conic feBion^ let it he required to find the points in which 
they touch the feBion* 

Let the ftraight lines a B, B c, c d e, E A touch a Fig. ipo, 
conic feftion, and let it be required to find the points 
of contaft in them. 

Let A B c D E A be the quinquelateral figure con- 
tained by the tangents, and let a b be called the firft 
fide, B c the fecond, &c. and let p b c d be the qua-^ 
dril’ateral figure contained under the four firft fides> and ' 
draw the diagonals e d, f c meeting one another in m. 

The 






SOLtTTlCNS OF PROBLEMS^ 


BOOR The firft fide AB.of the quinquelateral figure being 
now omitted, let i c o e be a quadrilateral contained 
by the others, and let i d, c e the diagonals be drawn 
meeting one another in n. Then m n being drawn, it 
will pafs through the points in which the feccmd fide 
Bc and the fourth de touch the feftion, by Cor. Prop. 
XXV. In the fame manner the points may be found 
in which A B, CD, ae touch the fe< 9 :ion, and there- 
fore the feftion may be defcribed, by Prop. XIX. 

PROP. XXVIIL 

Fig. E D le an equilateral hyperlola^ of which A F, A c 

are the ajympiotes^ and let it cut in the point d the curve 
of the parabola ad, o/" which A F is the axisy and the 
fegment A f equal to the parameter of the axis ; let there 
he drawn to the curve of the hyperbola the fraight line 
F E parallel to the aJymptote A c, and from the point d, 
in which the curves of the hyperbola and parabola cut 
one another y let there he drawn to the afymptote a f the 
freight line D B parallel to the afymptote a c ; then 
will the Jlraight lines EDy AE he two mean proper^ 
iionals between A f, F E. 

For as e d is an equilateral hyperbola, the angle 
AF E is a right one, by Prop. XVI. Book III. (and 
29. i.) The ftraight line d b Is therefore an ordinate 
to the axis of the parabola, and, by Prop. Ill, Book III. 
(and 17. vi.) a f : b d : : b d : a b. Again, by Cor. 2. 

Xyil. Book III. A F : A B : : B D : p E, and 
therefore by alternation a f : b d : : a b ; f e. Con- 
fequ^liy (ti. v:) a f : b d : : b d : ab, and b d : a e 

JiABtFE. • 

Cor. Hence if two firaight lines as ap, fe be given, 
two mean proportiondb" may be found between them. 
For let the two^femght lines a f, f e be at right an- 









solutions 

gles to one another, an-d. the paralleJogittm A F e g ■ 
be completed. I^t the pa.rabola a i> be <iefcribed, of 
which A F is the axis^ ao<i the fegment a f equal to 
parameter. Again^ let an equilateral hyperbola be de-^ 
fcribed through the point: of which a Wj, a a are the 

afymptotes^ and let its cnrve cut the curve of the pa-: 
rabola in b. Let d b be drawn to a f and parallel to 
A ay and let D c be draw xx to a g parallel to a f. Then 
the ftraight lines 'b d, a wdll be two mean propor- 
tionals between a F - 

PROP- XXIX. 

Lei A B he a paraholay of *ujhich A D h the axtSy and A B 
a fegment in it equal to half its parameter % let the 
Jlraight tine B o be perparzdicular to the ctxis^ and dtaqjj 
A G ; zuitb the center O and dflance & A defcrihe the 
circle ac e mtfing the ezatis ht the point cx and the curve 
if the parabola In 'Ey orAci let E D he dta<u^n an ordindie 
to the axis ; the Jirad^ht lines E a x> vuill be two 
mean proportionals betojjeen A C and a Jirciighi line equal 
to the double o/' g b. 

For^ by the conftnxcStion^ (and 3. iii.) the ftraight 
line AC is equal to the parameter of the axis, and there- 
fore, by Prop. III. Book: III. the fquare of d e is equal 
to the red:angle under a c, ad. Let n e meet the 
circumference of the circle again in f, and let the feg- 
ment F K be equal to ttio fegment d e. Then the red- 
angle E D F will be ecqnal to the redfangle a d c, 
(35. iii.) and therefore tlie fquare of d K together with 
the redangle e 'd f are equal to the re«9tangles d a c, 
ADC together, that is (s. ii.) to the fquare of ad. 
But the fquare of d is together with the redangle 
E D F is equal to the re<^angle under de,, and a ftraight 
line equal to the fum of e d, d f (i. ii.) ; and there- 
fore 
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BOOK fore the fquare of d e together with the re(Si;angIe EOF 
is equal to the reftangle under d e, h d. Confequent- 
ly'(i 7 . vi,) db:Ad::ad:hd; and by the above 
A C : o E : : D E : A o. £ut D H is double of g b ; for 
let G I be drawn parallel to a d, and let it meet d h in 
I,. Then g i d (34. i.) are equal to one another^ as 
are alfo (3. iii.) e i, i f to one another, and therefore 
IT, I is equal to 10. The Propofition is therefore evi- 
dent, . ; . 

Cor. Hence, by means of a parabola and a circle, a 
method is evident of finding two mean proportionals 
between two given ftraight lines# 


PROP. XXX. 


Ftg. 193. From any folnt :B in tie curve of the equilateral hyperbola 
^len let tie Jlraight lines b A, B D be drawn to the 
ajympiotes c a, c £>, and let b a be parallel to c D and 
B D parallel to C A, and let A D the diameter of the pa^ 
rallelogram be drawn‘s with the center B and a dflance 
equal to the double of A V let a circle be deferihed^ and 
let it meet the cui've of the hyperbola in E ; from E draw 
E E to the afymptote c D and parallel to c A ^ then^ A f 
being drawn^ the angle B A r* will he a third part of 
the angle BAB. 


For let A p meet b n in g. Bife6): d f in k, and 
draw K I parallel to b d, and let it meet a f in the point 
I. Draw p I. Then as the hyperbola is equilateral, 
the angle a c 0 is a right one, and therefore (29. i.) 
tith of the angles f k i, d k i is a right one, and 
(4,1.) F X, i n are equal. But, on account of the equals 
F K, K D and the parallels K i, d g, f i is equal to i g. 
Again, (15, and 29. i.) the triangles a b «, f c a are 
equiangular, and therefore (4. vi.) a b : b g : : c f : 
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c A, and (16. vi.) the rectangle under b g. c f is equal 
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Ml 


to the reftangle under b A, a c. But, by Prop. XVIL 
Book III. the rectangle under b a, ac is equal to the 
redtangle under e c p, and therefore the redtangle 
under b c f is equal to the re£l;angle under e c f. 
Confequently b g is equal to ef^ and therefore (33. i.) 
B E is equal to g f j and therefore, by the conftruiftion, 
FI, I D, D A are equal. The angles D f i, f 0 i are 
therefore equal to one another, as are alfo the angles 
01A, DAI to one another. The angle d a i is there- 
fore equal to the double (31:^. i.) of d f i, or of its 
equal the angle bag. Confequently the angle bag 
is equal to a third part of the angle b A d. 

Cor. Hence, by means of an equilateral hyperbola 
and its afymptotes, an angle may be divided into three 
equal parts. 
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SECTION I. 
Of Conchoids^ 


DEFINITIONS, 

I. 

Ef the fixed point p be without the ftraight linePlatcXXVl, 
^ IL Xj and if the ftraight line d l of indefinite length 
aTs through p, and a be two fixed points in d l ; 
hien if the ftraight line d l, always paflSng through p, 
e moved in fuch a manner that the point a is always 
:i T R x, and the point d defcribe the curve d v g, the 
lirve D V G is called a Conchoid. 

II. 

The fixed point p is called the Pole or Center of the 
onchoid, and the ftraight line x B x is called the 
e^rix of the conchoid. 


a 



The ftraight line pr v perpendicular to the diredlrix^ 
meeting it in r and the curve in Is called the 
Axis of the conchoid j and the point v is called the 
Vertex of the axis. 

IV. 

If the diredtrlx be between the curve and the pole, 
as in Fig. x. the curve is called the Superior Conchoid^ 
or the Conchoid of Nichomedes» 

V. 

If the curve be between the dlredlrix and the pole, 
and the feginent r v of the axis be lefs than the feg- 
ment p r, as in Fig, 2. the curve is called the Inferior 
Conchoid, 

VI. 

If the curve and pole be on the fame fide of the di- 
rectrix, and the fegment v r of the axis be greater than 
the fegment p r, as in Fig. 3 . the curVe d p v g is 
called the Nodated Conchoid, 

Corollary to the preceding Defnitions, In any one of 
the three conchoids if a ftraight line pafs through the 
pole, and cut the direClrix and cun’^e, its fegment in- 
tercepted between the direCtrix and the curve will be 
equal to the fegment r v of the axis, betw^een the di- 
reClrix and curve* For the points d, a being fixed in 
the ftraight line d l, the magnitude of the fegment 
r> A^s the fame in every pofition of the moving line 
D L ; and when d l falls upon the axis the deferibing 
point D coincides with v, and the point a coincides 
with R. 

VII. 

A ftraight line drawn from any point in the con- 
choid perpendicular to the axis is called an Ordinate to 
the axis. 


OF CONCHOIDS. 


PROP. 



OF CONCHOIBS. 
PROP, I. 


S ECT- 
I. 


'3^he conchozd and tts .direarix being produced, on either 
Jide of the axis, continually approach nearer and nearer 
to one ciTiother j hut never meet^ 

For, the reft remaining as In the Definitions of each Fig- i- 
of the conchoids, let the ftraight line d b be perpendi- j' 
cular to the diredfrix t x. Then'P r, d b being per- 
pendicular to the diredlhx t x, the triangles (15. and 
29. i.) jv r* Rj A D B are equiangular; and therefore 
C-4- vi.) A : P R : : A D : D E. Confequently, as by 
'tile Cor. to the Definitions a d is equal to r v, the 
reaangle ( 1 6. vl.) under a p, d b is equal to the reft- 
angle under p r, r v. But o b is the diftance of the 
curve at the point o from the diredrix; and it is evi- 
dent that A p Increafes as the diftance of d from the 
axis increafes. The diftance of the defcribing point d, 
therefore, from the diredrix muft decreafe as d recedes 
from the vertex, as p r, r v are conftant; and as the 
redangle under a p, d b is a conftant magnitude, the 
points D and b cannot coincide. Hence the Propofition 
is evident. 

Cor. The diredrix is alfo an afymptote to the con- 
choid. 


PROP. ir. 

If an o rd27%ate be drawn from any point in either of the 
conchoids to the axis^ a ftraight line drawn from the 
foie to tZ^efamc point in the curve will he a fourth pro^ 
portioridxl to the dijiance of the ordinate from the dirac^ 
triXy the: dijiance of the vertex from^ the direStrlx, and 
the dyiczMce_ of the ordinate from the pole. 
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SECT, and the fix firft Definitions, let d e be an ordinate ( 

according to the feventh Definition, and let 

meet the axis in e ; and then b U trs ^ r 

iS to n V as p E t 

P D. 

For B E is a parallelogram, and therefore I ) r 
is equal to bo, and, by the Cor. to the Definiiions 
A D IS equal to R v. Confequently r e • r v • • ' 

A D. But the triangles (20. i.) b d . 

angular, and therefore (4. vi.) b d : a d : ; r e . p „ 

Confequently (11 . v.) r e ; r v : . j, ^ ^ 

Cor. I. The reft remaining as above, with r as - 

center and r v as a diftance defcribp ,, , j ‘ 

. -1 j 1 * -4. .. ® V I c a quadrani 

of a circle, and let it cut d e, or n t, 1 1 • 

j j rpu .•>*£>£ produced, in i, 

and draw i r. Then i r is equal to r y and kere' 
fore by the above re:ir;;pe. ’ 

perior conchoid the angle at e is common to the two 
triangles r e i,_pe d, and in the other two conchoids 
the angle at E in the triangle r e i is equal to the an^ 
gle at E in the triangle p e d, each l • 

right angle. Confeqnently (7, yi.) trknglesTf i" 
p E D are equiangular, and therefore (4 vi ) p e • e d 

Cor. 2. From the precedino- Cor tR.. 

each of the conchoids may be eafily deH e ” 

*1,^ * / reduced. For in 


each or them put b.vx=:^jPr=::;^^ 

E = and D E 

— -JK. 

" I. In the fuperior conchoid ; \ , , — 

as . B V .re equal i and a a = J + Ce„re,„e„t 
1^+ , = I a = ^ 

b ^ X X \/c^ — 0(^ 


; and y = 


%. In the inferior conchoid i e =; 
fame reafons as above \ and p e ^ 


for the 
Proceeding 
there- 
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therefore as in the laft article^ the equation of the in- s ect. 
tenor conchoid is^ = — . 


3. In the nodated conchoid ie = as In the 

other two^ and p e = 3 — a*; and therefore the equation 

of the nodated conchoid is alfo j»; :?= ^ — f ? 

4. The foregoing equations being cleared of the 
furd, the equation of the fuperior conchoid becomes 

+ Z i y" Z h X d' Id y 

and the equation of each of the other two becomes 
^ zhx^ Id ^ cd x^-\~%cdhx-=^(d Id^ 


Fig. 3- 


SCHOLIUM. 


NIcomedes, the Inventor of the conchoid, publithed 
an account of an Inftrument for the defcrlption of the 
Curve confixucled upon the principles ftated in the 
firft Definition, of which the following is the fub- 
fiance. 

Let T X, p R be two rulers of wood or metal, fixed Fig. 4^ 
at right angles to one another at n 5 and let them be 
of indefinite length, and have each a fmooth groove to 
a convenient extent, as reprefen ted. Let b l be ano- 
ther ruler of wood or metal, of indefinite length, and 
let it alfo have a fmooth groove of a convenient extent, 
as reprefented. Let P be a pin which may be fixed in 
the ruler p r at any requifite diflance from the point 
R. Let A be a pin which may be fixed in the ruler 
D L at any requifite diftance from the extremity d. 

Let the ruler d l be adapted to the other two by 
means of the pins a, p in fuch a manner, that the pin 
A, fixed in d l, may Aide fm oothly in the groove in 
T X, and that the groove in b n may always embrace^ 

* See the Oxford e<iitk)n of Archimedes, page 14.7. 

a 3 hnt 
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SECT, and the fix firft Definitions^ let d e be an ordinate to 
the axis according to the feventh Definition^ and let it 
meet the axis in e ; and then r e is to r v as p e to 

PD. 

For B E Is a parallelogram, and therefore (34. i.) r e 
is equal to b o, and, by the Cor. to the Definitions, 
A D is equal to r v. Confequently r e : r v : : b d : 
A D. But the triangles (29. i.) b d a, e P d are equi- 
angular, and therefore (4. vi.) bd.-ad ::pe;pd. 
Confequently (n - v.) r e : r v : : p e : p d. 

Cor. I. The refi: remaining as above, with r as a 
center and r v as a diftance defcrlbe v i c a quadrant 
of a circle, and let it cut d e, or d e produced, in i, 
and draw i r. Then i r is equal to r v, and there- 
fore by the above r e : r r : : p e : p d. In the fu- 
perior conchoid the angle at e is common to the two 
triangles r e i, p e o, and in the other two conchoids, 
the angle at e in the triangle r e i is equal to the an- 
gle at E in the triangle p e d, each of them being a 
right angle. Confequently (7. vi.) the triangles rex, 
p E B are equiangular, and therefore (4. vi.) p e ; e d 
: : R E : I E. 

Cor. From the preceding Cor. the equation of 
each of the conchoids may be eafily deduced. For in 
each of them put R v = p r = r e = and d e 

-j. ^ 

Fig. I. ' I. In the fuperior conchoid (47. i.) i e = 

as I R, R V are equal ; and p e = ^ 4. Confequent- 
ly i 4 a' ^ = I E = ; and jy = 

^4^ X ^/a^ ^ 

X * 

Fg- a. a. In the inferior conchoid i e = for the 

fame reafohs as above ; and p e = ^ Proceeding 

there- 
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therefore as in the laft article, the equation of the in- 
ferior conchoid is y ^ ~ 

X 

3. In the nodated conchoid lE = Va* — "P, as in the 
other two, and p e = h — and therefore the equation 

of the nodated conchoid is alfo y — - ^ ~ 

X 

4. The foregoing equations being cleared of the 
furd^ the equation of the fuperior conchoid becomes 

^ % bx^ x'''‘ ^y'^x'^ _ ^ ^ ^^32. 

and the equation of each of the other two becomes 
^%hx^ x'^ ^ ^ %a^hxz=za^ 

SCHOLIUM. 

Nicomedes, the inventor of the conchoid, publilhed 
an account of an inftrument for the defcription of the 
curve conftrucf e<i upon the principles fiated in the 
firft Definition^ of which the following is the fub- 
fiance. 

Let T X, p R be two rulers of wood or metal, fixed 
at right angles to one another at h ; and let them be 
of indefinite length, and have each a fmooth groove to 
a convenient extent, as reprefented. Let d l be ano- 
ther ruler of wood or metal, of indefinite length, and 
let it alfo have a Imooth groove of a convenient extent, 
as reprefented. Let p be a pin which may be fixed in 
the ruler p r at any requifite diftance from the point 
B. Let A be a pin which may be fixed in the ruler 
D L at any requifite diftance from the extremity d. 
Let the ruler d x. be adapted to the other two by 
means of the pins a, p in fuch a manner, that the pin 
A, fixed in d l, may Hide finoothly in the groove in 
T X, and that the groove in d l may always embrace^ 

* See the Oxford .edition of Archiniedes, page 147. 

a 3 but 


SECT. 

I. 


Fig- 3- . 


Fig. 4, 



PROP. HR PROB. L 


SECT, but Aide fmoothly over the pin fixed in p k. Then 
if a pencil or pen be attached to the fixed point d in 
D L, it will trace out the fuperior, inferior, or nodated 
conchoid, according as the conditions flated in the, 
fourth, fifth, or fixth Definition, are attended to in ad- 
jufting the inftrument. 


Two Jlraight lines being given^ let it be required to find 
two means in continued proportion between them by a 
conchoid. 


Fig. 5. Let L G, L A be two given ftraight lines \ it is re- 
quired to find two means in continued proportion be- 
tween them. 

Let A L, L G be at right angles to one another, and 
complete the parallelogram A l g b. Bifeft a b in p, 
and B G in e. Draw x d, and, being produced, let it 
meet g b produced in h. Draw e c perpendicular to 
B G, and let it meet g c equal to a d, or d b, in c. 
jDraw H c, and g f parallel to it. With c as a pole, 
g F as a dire<£trix, and a diftance equal to A d or g c 
between the directrix and vertex, let a conchoid be 
defcribed, and let it cut h g k in k 3 and f k will be 
equal to a d or gc, by the Cor. to the Definitions. 
Draw K L, and, being produced, let it meet B a in m. 
Then wiU g k, m a be the two mean proportionals re- 
quired. 

For (dvii.) the rectangle under b K, k G, together 
with the fquare of e g, is equal to the fquare of e k 3 
and therefore, by adding the fquare of e c to thefe 
equals, the rectangle under b KfiK G, together with 
the fquare of c g, (47. i.) is equal to the fquare of ck. 
By fimilar triangles ma:ab: :ml: lk: :bg: 
G K 3 and therefore (i 5 , vi.) m a x g k is equal to ab 

X B G, 
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X B G. Again j by limllar triangles, l G or A b : d b : : s E^CT. 
G H : B H, and as a b is double of d b, h g is double 
of B G> and therefore ad x h g is equal to a b x B g. 
Confequently (i6- vi.) ma:ad::hg:gk:: c f : 

F k: ; and (i8. v.) m d : a d : : c k : f k. But a d 
is equal to f k, by conftruftion, and therefore (14. v.) 

M D is equal to c k, and m is equal to c k^. By 
the above therefore the reftangle under B k, k g, to- 
gether with the fquare of c g, is equal to the fquare 
of M D, which (6. ii.) is equal to the reAangle under 
B M, M a together with the fquare of a d, or its equ’al 
c G. Confequently b k x k G is equal to B m x m A, 
and (16. vi.) b m : b K : : G K : m a. But by liinilar 
triangles b m : b k : : g l : g k : : m A : A l. Con- 
fequently (II. V.) G L : G K : : G K : M A : : M A : 

A L } and therefore g k, m a are two means in con- 
tinued proportion between the given ftraight lines a l, 

PROP. IV. PROB. II. 

jln angle heing given^ let it he required to divide it into 
three equal partSy and bjy means of a conchoids 

Let A c B be a given angle, it is required to trifefik Fig, 6. 
it, or divide it into three equal parts. 

With c as a center, and any convenient dlflance 
c A, defcribe the circle a b f, and produce the diame- 
ter B F indefinitely. With a as a pole, b f as a direc- 
trix, and a diftance between the diredtrix and vertex 
equal to c A, let a conchoid be defcribed, and let it cut 
the circumference of the circle in e. Draw a e, and 
let it meet b f in d, and the angle a d c is a third part 
of the given angle a cb. 

For c E being drawn, e d c is an ifofceles triangle, 
and (5, i.) the angles e d c, e c d are equal, as are 

a 4 alfo 
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S ECT, alfo the angles c e A, c A e. In Fig. 6 . the angle A e c 
(cja. i.) therefore is double of the angle a d c, and 
confequently the angle ca d is double of the angle 
A D c. But the angle a c b (33. i.) is equal to the an- 
gles c A Dj A p c together^ a^d therefore the angle 
A D c is a third par^of the angle a c b. In Fig. 7. 
the angle E A c, { 3 *. 1.) and therefore its equal a e c, 
is eqrud to the a®^es e d c, a c d together ; and the 
angle d a c Js equal to the angles a e c, a c e toge- 
ther. Coirfequehtly the angle n a c is equal to the 
angles E D c, A c d, A c e taken together ; that is, the 
angle D A c is equal to the angles e d c, e c d toge- 
or to the, double of the atjgle adc. Conle- 
quently, as the angle AC b (33. i.) is equal to the an- 
gles D A c, A D D togeih^^ the angle a d c is a third 
part of the an^e A c B. 


sacTibN 
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the Cijfoid, 


LEMMA* 

Let E a F H be a circle of which c is the center, and 
E F, H G- two diameters at right angles to one another^ 
Let E F be produced to p, fo that f p may be equal to 
c F ; and A being .any point in c g draw a p, and upon 
A p as a diameter defcribe the femicircle a b p. Then 
if from A a ftraight line a b, equal to c p, be infcribed 
in the femicircle, the point in which A b is bife&ed 
will be on the fame fide of c p with the point A. 

For let K be the point in which A p is bife<£tod, and 
draw K p ; and draw K D perpendicular to a b. Then 
as A c p is a right anglcj the circumference a b p 
(31. iii.) pafles through c 5 and as A b, c p are equal, 
the circumference A c b (;^8. iii.) is equal to the cir- 
cumference p B c ; and therefore the circumference A c 
is equal to the circumference b p. The angle A p c 
{ZJ, iii.) is therefore equal to the angle p A b ; that is, 
ihe angle k p f is equal to the angle k a d. Again, 
as p K is equal to k a, and p f equal to f c, P K : K A 
: :,P F : F c ; and therefore {' Z . vi.) K f is parallel to 
c A, and {zg- i.) the angle p f k is a right angle. The 
triangles p k f, a k d are therefore equiangular, and 
{ z 6 . i.) K F is equal to k d, and a d to p f. Confe- 
quently if with e: as a center and k f as a diftance a 
circle be defcribed, it will pafs through d, and C p will 
be a tangent to this circle (i 5 . iii.) as it is at right au-t 
gles to K. F. The ftraight line a b is alfo bifefted in Df 

for 
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S E C T. for A D is equal to p p. Confequently the point 10 
which A B is bifefted is on the fame lidp of c p with 


Fis- 5 - 


the point a. 


DEFINITIONS. 

L 


Let E G p H be a circle, of which c is the center, and 
E F, n G two diameters at right angles to one another. 
Let E F be produced to p, fo that p p may be equal to 
c p the radius, and let h g be produced indelinitely on 
one fide towards a a point in h g. Let the ftraight 
lime B L, of indefinite length towards l, pafs through 
p j and let b a^ equal to e f or c p, be at right angles 
to B X., and let d be the point in which b a is bifected. 
Then if the ftraight lines b l, b a be fo moved that 
B i> always pafs through p, and the extremity A of b A 
be always in h g, the point d wall deferibe a curve 
F G D which is called a CiJJoidy or the Cijjoid of Dio-- 

dsSik 

IL 

The circle e g f h is called the Generating Circle of 
the cifloid ; and the point p is called its Pole, 

III. 

’ The ftraight line k G A is called the DireBrix of the 
cilToid* 

IV. 

The diameter e f of the generating circle is called 
the Axis of the ciflToid, and the point f is called its 
Ckfp. 

V. 

The ftraight line e k perpendicular to the axis is 
called the JJympiote to the dffoid. 

VI. 

A ftraight line drawn from any point in the ciffbid 
perpendicular to the axis is called an Ordinate to the. 
. . ^ axis. 
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axis> and tlie fegrt^^nt of the axis between the cufp and s E CT, 
an ordinate is an Ahjctfs of the axis. 

PROP. I. 

The cijfoul commences eit the and the curve is entirely 

one fide of axis it . alfo fqjfes through the point 

in n.uhich the ^i^TeSirix cuts the generating circle ^ and 
being continuctZZy produced it approaches nearer and 
nearer to the afy-^p^ote^ hut never meets it^ 

For^ the reft remaining as in the Definitions^ draw Fig. 9 * 
the ftraightline a- Then as p c a, pb a are riglit 
angles, a femicirole deferibed upon p a as a diameter 
will (31. iii.) pa.ls through b and c; and the ftraight 
line A B, equal t:o c p, will be inferibed in this fenii- 
circle, in every litigation of A, regulated according to the 
jfirft Definition. Oonfequently when a coincides with 
c the ftraight line a b will coincide with c p, and the 
point D will coincide with f. If therefore the deferip- 
tion of the curve he fuppofed to begin from this fitua- 
tion, the cufp f will be the point at which it com- 
mences, and as looti as a has moved from c towards g 
the deferibing point d will be removed from e f to- 
wards a, accor<iing to the Lemma prefixed to the De- 
finitions, When the diftance of a, in the direSrix, 
from c is equal to c p or a b, then the point b will co- 
incide with c, a.n<i the deferibing point d will coincide 
with G. Throngh. n draw k m perpendicular to c a, 
and let it meet the afyniptote in k. Let b p cut c a 
in N. Then ais p c n, nba are right angles, and 
,(15. i.) as the angles p n c, a n b are equal, the trian- 
gles p c N, A B 3sr are equiangular. The triangles pc n, . 
AMD arc therefore equiangular, and the angle c Fwr 
is equal to the a.ngle m a d. But as the point a re- 
cedes from G tho point N alfo recedes from it, and 

there-' 
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SECT* therefore the ciffoid being continually produced the 
angle p n c becomes lefs and lefs^ and confequently 
the angle c p n, or its equal mad, becomes greater 
and greater* The perpendicular d m muft therefore 
continually increafe, as the length of d a is conftant, 
and confequently d k, the diftance of the curve from 
the afymptote, muft continually decreafe, as km (34.!.) 
is equal to e c* The point d however can never fall 
into B K, as D M can never become equal to d a or 
B c ; for if it did then p b would become parallel to 
c A 5 which is impolEble. 

Cbr. From the above it Is evident, that an ordinate 
drawn from any point in the ciffoid to- the axis will cut 
the generating circle* 

PROP. IL 

ordinate^ drawn from any point in the ciffoid to the 
axisy is a third proportional to its fegment between the 
generating circle and the axis^ and the correfponding 
ahjcijs* 

Fig:. 10. From n, any point in the ciffoid F d g- whofe cufp is 
F, let D R be drawn an ordinate to the axis f e, and 
let it cut the generating circle in t ; then t k is to 
K F as R F to R B. 

For, the reft remaining as in the Definitions and pre- 
ceding Propofition, let b r cut the generating circle 
again in s, and draw c s. Then as A d is equal to c s, 
and (34, i.) b m equal to r c, and d m a, c r s right 
angles, the fqiiares of m a, s r are (47. i.) equal ; and 
confejnently m a^ s r are equal. Again, as in the 
triangles A b n, p c n, a b, p c are equal, and as the 
angle r n a is equal to the angle c n p, and the angle 
ABN equal to the angle p c n, the fide b n is equal to 
the fide c By fimilar triangles alfo b a : m a : ; 

N A 


OF THE CISSOIP. 


N A : B A, and Me:ma:: nb :bA. Confequcntly 
on account of the equals (24-- ^nd its firH Cor. v.) f r : 
s R : ’ ^ ^ ^ ^ F B >c E p is equal to s r x c a. 

But (3. ii') F R X E F is eq^nal to e R x k f together 
with the fquare of f r ; and (35, iii.) E R X r f is 
equal to the Iquare of s r. Confequently f r X e f is 
equal to the fum of the fqiaares of f s r. Again^ 
SR X c A is equal to s r >c s for (34. h) R O:, c m 
are equal, and by the above M a is equal to s r. But 
s R X s i> ( 3 - iii.) is equal to s r x R d together with 
the fquare of s r. By the above therefore the fum of 
the Iquares of f r, s r is ecqual to s r X r d together 
with the fquare of s r. Confequently s r x r d is 
equal to the fquare of f r 5 and therefore (3. iii.) as 
T R is equal to s r^ (17. vi.> t r : r f : : R f : r d. 

Cor. I. The ftraight lines e r, r R f, r d are iu- 
continued proportion. For (Cor. 8. vi.) e r : r t : : 
r T : R F ; and as above R'a?:RF::RF:RD. 

Cor. ( 2 ,. The equation of tlie ciffoid is eafily deduced 
from the laft Corollary. For put e f = <2, f r = 
and R D 5 and then e r. = — x, and r = e k. 


X R F, or R T =: ^/ ax — 

X i y- ■ — =^j and 


Confequently ^/ax‘ 


a/ ax ■ 
and therefor x^ 
the curve* 


=jy',or = 




4XX — X a — X 

z a — .r X % which is the equation of 


PROP. Ill* 

Jfjrom the cufp of a cijfoid ci Jlraight line he drau/n cut-^ 
ting the cijfoid and the gierierativg circle^ Jlraight lines 
dra^n through the points of Jedlioriy and perpendicular^ 
to the axis, <ivill be equally dijlant Jrom the diredirix. 

Let F D G E be a ciffoid^ of which f is the cufp, f 3 S 
the axis_5 h c g the diredfrix^ and e g f h the generate 

ing 
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SECT, ing circle. From f draw any ftraight line f k cutting 
the cifibid in d and the circle in k, and let d k m 
be perpendicular to the axis ; the ftraight lines d 
K M are equallj^ diftant from h c g. 

For let c be the center of the circle, and let the dl- 
rebirix cut the circle and cillbid in g. I.et b d meet 
the circle in and let k m meet it again in n, and 
draw E K. Then, by Prop. II. a b : b F : : b F : B d ; 
and (4. vi.) b f : b d : : m f : m k. Confequently 
(ii. v.) A B : B F : : M F : M K ; and therefore (6, vi.) 
the triangles a f b, f k m are equiangular, and the an- 
gle A F B is eqqial to the angle m k f. The circutnfe- 
rence a e therefore (26. iii.) is equal to the circumfe- 
rence N Fj which is equal to the circumference f k* 
The circumference f a is therefore equal to the cir- 
cumference E K, and confequently (29. iii.) the ftraiglit 
lines F A, E K arc equal. But (Cor. 8. vi.) k m is a 
third proportional to e f, 'e k ; and f n is a third pro- 
portional to E F, a f. Confequently e m, f b are 
equal, and therefore c m is equal to c b. 

Cor. I. Hence it is evident that the arch gk is equal 
to the arch g a. 

Cor. 2. If equal arches as g k, g A be fet off in tlie 
circumference of the circle, on theoppofite fidcs of h g, 
and perpendiculars k m, a b be drawn to tlie diameter 
E F, a ftraight line drawn from f to k will cut the per- 
pendicular A B and the cilfoid in the fame point. For 
the fame realbns a ftraight lin^ drawn from f to a wi\l 
cut the perpendicular m k and the ciflbid in the fame 
point. For it may be proved, as above, if the ftraight 
Fme F A cut the generating circle in a and the cilfoid 
in L, and if a a, l m be drawn perpendicular to the 
axiwS, that c c m are equal. 


SCHO- 
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SCHOLIUM. 

Diodes^ the inventor, confidered the property ex- 
prefled in the laft Corollary as the primary one of the 
ciiTold 3 and he fuppofed the defcription of the curve 
to be efte£led by means of an indefinite number of 
points, as D and l, obtained from equal arches as G k, 
G A, and the interfefliions of the ftraight lines f k, f A 
with the perpendiculars a b, m l Sir 1. Newton 
firft (liewed how the cifToid might be defcribed by con- 
tinued motion according to the conditions exprefled in 
the firft Definition in this feftionf. The method will 
be eafily underjftood if r c a, l b a be fuppofed to be 
two fquares of wood or metal, p being a fixed point in 
p c one arm of the one, and a a fixed point ii,i b a an 
arm of the other ; and if the adjuftment of the inflru- 
mcnt and its adfion be fuppofed to be regulated as 
mentioned in the firft Definition. 

It is evident from the Definitions, and the Propofi- 
tions and their Corollaries, that with the fame gene- 
rating circle e g f h, the fame pole p, and the fame 
cufp F, another ciffoid f h e may be defcribed on the 
oppofite fide of e p to that on which f g d is defcribed. 
It is alfo evident that s e k, touching the generating 
circle in e, is the common afymptote to thele two cif- 
foids, and that e F is their common axis ; and it may 
feadily be perceived that the properties proved of the 
one equally apply to the other. 

f 

* See the Oxford edition of Archimedes, page 138. 

t See the Appendix to the Arlthmetica UnWerlaiis, 
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Fig. 5?. 
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SECTION III. 

Of the Quadratrix. 


Fig:. 13. 


DEFINITIONS. 

I. 

Let A D E be a femicircle, and let c be the center of 
the circle, and a e a diameter. Let c d be at right 
angles to a e and meet the circumference in d, and 
let it be produced to s fo that d s may be equal to cD. 
Let a ftraight line c h of indefinite length revolve 
about c, begin its revolution from a coincidence with 
c E, and move towards d ; and at the fame time that 
c H begins to revolve let a ftraight line f g move from 
a coincidence with c e towards s, and let F g be al- 
ways parallel to A e, or perpendicular to c s. Let ch 
revolve and f g move with an uniform velocity, and 
let the arch e h pafled over by the revolution of c h 
be to the diftance c f moved over by the extremity of 
F G in the fame time, as the quadrantal arch e d to the 
radius c e \ the curve bid defcribed by the point i, 
in which c h, f G cut one another, is called a Quadra^ 
trix^ or the Quadratrix of Diruf rates, 

II. 

The circle a d e Is called the Generating Circle of 
the quadratrix. 

III. 

The ftraight line c s is called the jdxis of the qua- 
dratrix. 


IV, 

If B be the point at which the lines c h, f o com- 


mence 
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nience their interfeffion^ the ftralght line c b Is called SECT, 
the Bafe of the quadratrix. 

^ .V. 

The ftraight line s t perpendicular to the axis is 
called the Ajymptote to the quadratrix. 

PROP. I. 

The curve of the quadratrix pajfcs through the point in 
'Lvlnch the axis cuts the generating circle ] and being 
continually produced it approaches nearer arid nearer to 
the ajymptote^ hut never meets it. 

Part I. Every thing remaining as in the Definitions^ Fig- 33* 
as c H revolves and f g moves with an uniform velo- 
city^ and as the velocity with which c h revolves is to 
the velocity with which fg moves as the qiiadrantal. 
arch E D to the radius c d, the arch e h is to c p as 
the quadrantal arch e d to the radius c d. When the 
revolving line c h therefore coincides with c d, the 
point F in f g will coincide with and i will alfo 
coincide with d. Confequently the. curve of the qua- 
dratrix nmftpafs through d. 

Part II. The reft remaining as above, let c l repre- 
fent the revolving line after it has proceeded beyond 
c D from E, and let l m reprefent the fituation of the 
line moving parallel to A e at the fame time, and let 
c L, M L interledt one another in l, and let c e cut the 
generating circle in le. Then it is evident, from the 
firft Definition, that the point l is in the curve of the 
quadratrix j and, for the fame rcafons as above, the 
arch E D K is to c M as the quadrantal arch e d to the 
radius CD. Hence it is evident, that, if the curve of 
the quadratrix be continually produced, the revolving 
line will cut off greater and greater arches of the ge- 
nerating circle, reckoning from the extremity and 

K con- 
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SECT, confequently the diftances of the moving line parallel 
to A E muft become greater and greater. The diftance 
of the moving line parallel to A e from the afymptote 
T s muft therefore continually decreafe. Confequently 
the curve of the quadratrix muft approach, nearer and 
nearer to the afymptote upon being continually pro- 
duced^ but they can nev^er meet, for if they did then 
the revolving line would coincide with A E, and a e, 
T s would meet. But this is impoflible, for, by the 
fifth and firft Definitions, (and i8. i.) they are parallel. 

Cor. Any arch e h and diflance c f, paffed over by 
the revolving line c h and moving line f g in the fame 
time, are to one another as the quadrantal arch e d to 
the radius c b. Alfo (19. v.) the arch d h is to B f as 
the quadrantal arch b d to the radius cd. 

PROP. 11 . 

The hafe of the quadratrix is a third proportional to the 
quadrantal arch of the generating circle and its radius. 

tig. 14. Let B I D be a quadratrix, of which c B is the bafe^ 
A D E the generating circle, and c e or CD the radius 
of the circle, c being its center ; the quadrantal arch 
B H D of the generating circle is to its radius c k as 
c B to c B. 

For let c H be a pofition of the revolving line, and 
B I a correfponding pofition of the line which moves 
parallel to a e, and let them interleft one another in 
as in the firft Definition, fo that i may be in the curve 
of the quadratrix. Let c h, f i be indefinitely near to 
C E, fo that the arch e u of the goierating circle may 
be indefinitely fmall ; and let h n, 1 R be perpendicu- 
lar to c B. Then, by the Cor. to Prop. L the arch e h : 
c F : : arch b H B : c E. But it is evident that f ic is 
a parallelogram, and therrfbre (34. i.) c f is equal to 
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K i; and as the arch e u indefinitely finally, It is SECT, 
equal to its fine jl h. Confequently l h : k I : : arch. 

E H D : c E ; and therefore (ii. v. and 4. vi.) arch 
BHD: ce::cl:ck. But when the arch e h is in- 
definitely fmall, and equal to l h, c l is equal to th^ 
radius, and c k becomes equal to c b. Gonfequently 
the quadrantal arch ed: ce::ce:cb. 

Cor, I- As by the above and inv-erfion c b : c e : t 
c e : the quadrantal arch e n, by the Cor. to Prop. I. 

(and ii.v.)cB:cr>::Fi:>: the arch D h. Alfo by 
the above^ Cor. to Prop. I. (and 11. v.) c b : cn : £ 
c p : the arch e h . 

Cor. a. The equation of the quadratrix may be ob- 
tained from the above in the fGllo^^iisg manner. Pat 
CB Z= CB — EH = %, CF = and then, as 

in the Propolltlon a : : « : the quadrantal 

arch E D. Confequently — : a : ; z : — = c f =jy ; 
and h % = ajy, the equation of the curve. 

LEMMA. 

A circle is equal to a right angled triangle, which 
has one of the fides round the right angle equal to the 
radius of the circle, and the other fide equal io the cir- 
cumference. 

Let A I E D E be a circle, as in Fig. 15. of which c 
is the center, and c i a radius, and let K m n, as ia 
Fig. 16. be a right angled triangle, having k m one oF 
the fides round the right angle at m equal to c i, and 
the other m n equal to the circumference of the circle^ 
the circle A i b d e is equal to the triangle k m n. 

For, if it be polEble, let the circle be greater -than 
the triangle, and firft by itifcribing a fquare in it, aiid 
afterwards by a repeated bifeaion of circular arches, 

« let 
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SECT. 

III. 


let a polygon of an even number of ficles be infcribed 
in the circle ; and let the excefs of the circle above 
the polygon be lefs than its excefs above the triangle. 
Then the polygon thus infcribed in the circle will be 
greater than the triangle. Let i b be a fide of this po- 
lygon^ and let c at right angles to it, meet it in n. 
Then c l is Icfs than k m, and as the ilraight line i b 
is lefs than the circular arch i u, the perimeter of the 
polygon is lefs than the circumference of the circle. 
The rectangle under c l and the perimeter of the po- 
lygon is therefore lefs than the reSangle under k m, 
M N. But it is evident (from x. ii. and 34. i.) that the 
rCiStangle under c l and the perimeter of the polygon 
is double the area of the polygon and the redlangle 
under k m, m n is double the area of the triangle 
K M N. The polygon is therefore lefs than the trian- 
gle; ic M N ; ^and it is alfo greater ; which is abfurd. 

But, if it be poffiblc, let the circle be Ids than the 
triangle ; and firft by defcrlbing a fquare about the 
circle, and afterwards by a repeated bifehtion of circu- 
lar arches let a polygon be deferibed about the circle, 
and let the excefs of the polygon above the circle be 
lefs than the excefs of the triangle above the circle. 
And that this may be done is evident from (i. x. and 
I. xii.) confidering that if b h, a h touch the circle in n 
and A and meet one another in h, then if c h be drawn 
cutting the circle in i, and f g touch it in i and meet 
B H in F and a h in g, and e i, i a be drawn, the tri- 
angle H I F is greater than the triangle b i f, and the 
triangle xi i g is greater than the triangle a i g. For 
(x8. hi.) H I F, H I G are riglit angles, and therefore 
(18. I,) F H is greater than f i, and g h greater than 
G I. But it is evident (from 3d. hi.) that b f is equal 
to F I, and G X to G A, and therefore (i. vi.) the trian- 
gle H I F is greater than the triangle b i f, and the 

tri- 
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triangle h i G is greater than the triangle A i g. Let SECT, 
F G be a fide of the polygon defcribed about the circle^ 
whofe excefs above the circle is lefs than the excels of 
the triangle k m n above the circle, and then the poly- 
gon, of which F G is a fide, is lefs than the triangle 
K M N, But as the perimeter of the circumferibed po- 
lygon is greater than the circumference of the circle^ 
and as the recl'angle under c i and the perimeter of the 
circumferibed polygon is equal to the double of the 
area of the polygon, it is evident for the fame reafons’ 
as above that the circumferibed polygon is greater 
than the triangle k m n. The circumferibed polygon 
tlierefore is both lefs and greater than the triangle 
, K M N 3 which is abfurd. Confequcntly the circle 
A I E D E is equal to the triangle k m n. 

Cor, I. A circle is equal to a reftanglc which has 
one of its fides equal to the radius of the circle, and 
tlie other fide round the fame angle equal to half the 
circumference. 

Cor, !Z, The diameter of one circle is to the diame- 
ter of another as the circumference of the firfl: men- 
tioned to the circumference of the other. For put d 
equal to the diameter of the one and c equal to its cir- 
cumference, and put d equal to the diameter of the 
other and t: equal to its circumference. Then, by the 
preceding Cor, (and s. xii.) x> x c : d x c : : 
and D X c : i i d x c : Confequently (i. vi.) 

C : 'D I c : d. 

Cor, 3. If the two circles f h g B, k l m e haye the Fig, 1 
common center c, and c a, cb be drawn cutting the 
outer circle in a, b, and the inner in d, e, the radius 
c B is to the radius c e as the arch a B to the arch d e. 

For let F G, n B be two diameters of the outer circle 
at right angles to one anotther, and let f g cut the in- 
ner circle in m, and h b cut it in l, e. Th#n 
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(33. vi.) the arch ? b : the arch a b : : the angle fob: 
the angle a c b : : the arch k e ; the arch d e ; and 
therefore, by alternation, the arch f b : the arch ic e : : 
the arch a b : the arch be. Eat the arch f b is a 
fourth part of the circumference f H gb, and the arch 
K E is a fourth part of the circumference k l m e. 
Confequently, by the laft Cor. (and 15. v.) c b : c e : : 
the arch a b : the arch d e. 

Such feftors as a c b, d c e which have the angles 
a^t their centers equal, are called Similar SeSiors. 

PROP. III. 

Jrom any poini in the quadratrix a Jlraight line he 
drawn to the center of the generating circle, and alfo a 
Jlraight line perpendicular to the axis, and if with the 
center of the generating circle^ and the baje as a dij^ 
tance, a circle he defcribed, the arch of this circle inters 
cepted between the extremity of the hafe and the fraight 
line drawn from the quadratrix to the center, will he 
equal to the fegment of the axis between the center and 
perpendicular* 

From any point L in the quadratrix b d l let a 
flraight line l c be drawn to c the center of the gene- 
rating circle a D e, and with c as a center and cb, the 
bafe of the quadratrix as a diftance, let a circle be de- 
fcribed ; the arch b f of this circle, intercepted be- 
tween B and c L, is equal to c m, the fegment of the 
^s c D M between c the center and l m the perpen- 
dicular. 

by Prop. II. and inverfion, c b : c d : : c d : 
the qiiadrantal arch b ej and, by Cor. i. to Prop. 11 . 
"c B : qu^dr^tal ajrch be: ; cm: the arch b K ; and, 
by Cor. 2 . to the preceding Lemma, (and 15. v.) c b : 
c B or c E ; : the quadrantal arch B G : the quadrantal 

arch 
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rch DE. Again (33. vi.) the angle e c d : the angle ^ v' : 

OK.:: the quadrantal arch e d : the arch e k ; 

the fame reafons the quadrantal arch b g is to the 
rch B p in the fame proportion. Confeqiiently (1 1. v.) 
he quadrantal arch e d : the arch e k : : the qna- 
rantal arch b g : the arch b f; and, by alternation , 
he quadrantal arch b d : the quadrantal arch b g : : 
he arch e k : the arch b f. By the above thereTore 
and II, V.) the arch b f : the arch e k : : c m : the 
rch E k: ; and (14. v.) confequentlv the arch b F is 
qual to c M. 

Cor. The quadrantal arch b G is equal to the radius 
2 D. For^ as above, by Prop. II. c b : c d : : c x> : 
he quadrantal arch d e ; and, by Cor. 2- to the pre- 
ceding Lemma, c b : c d : : the quadrantal arch BO: 
he quadrantal arch e d. Confequently (1 1. v.) c d : 

:he quadrantal arch ed : : the quadrantal arch bg : 
he quadrantal arch e d 5 and therefore (14. v.) c d is 
iqual to the quadrantal arch b g. 

SCHOLIUM. 

If the flraight line c h revolve, and the ftraight line Fig. 38, 
p G move with the fame relative velocities as Hated in 
the firfl Definition, but on the fide of a e oppoCte to 
that before fuppofed, thS quadratrix l d b may be ex- 
tended as reprefented by l d b k o in Fig. 18. and if 
the generating circle be completed, and d c be pro- 
duced to M fo that c M be equal to c s, then a firaigjit 
line M 'N at right angles to c m will alfo be an afymp- 
tote to the curve. It is alfo evident that the curve 
will pafs through the point k in which c m cuts the 
generating circle. 

It is much to be wiflied that an Inftrument were de- 
vlfed for defcribing the quadratrix by continued mo- 
tion^ as the two following important Problems could. 

R 4 , then 
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SECT, then be folved geometrically. In the following folu- 
tions the poffibillty of defcribing the quadratrix is ne- 
ceffarily fuppofed. 

PROP, IV. PR OB. L 

From a given reFtilineal angle to cut off' any fart required^ 
hy means of the quadratrix. 

Fig. 13. K c E be a given rectilineal angle ; it is required 

to cut off any part from it^ by . means of the quadratrix. 

With c as a center^ and any convenient dllbince c e, 
let a circle a d e be deferibed. With the generating 
circle A D E let the quadratrix b i d l bo del’cribcd, 
and let it meet c 'k in l. Let c d m be the axis of the 
quadratrix, and let l m be perpendicular to it.. Let 
c M be fo cut in f (9. vi.) that c m may be to c f as 
the whole given angle k c e to the part required. 
Draw p G parallel to c e, and let it cut the quadratrix 
in I. Draw c i and let it meet the circle in H ; and 
the angle e c h will be the part required . 

For, by the Cor. to Prop. I. (and 1 1. v.) cm : cf : : 
the arch k e : the arch h e ; and (33. yi.) the arch 
K E : the arch he:: the angle r c e ; the angle h c e- 

PROP. V. PROB. IL 

To find a fquare equal to a given circle^ hy means of the 
quadratrix. 

Fig. i8. Let AD E K be a given circle; it is required to find 
a fquare equal to it, by means of the quadratrix. 

Let c be the center of the circle, and with a d e k 
as a generating circle, and its diameter d k as an 
axis, let the quadmtrix l d b K o be deferibed, 
and let c b, in the diameter ace, be its bafe. 
Through B draw p a parallel to d k, and let it meet 
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B p perpendicular to d k in p, and k a perpendicular 
to D K in a. Draw c p, c and let them meet rev 
parallel to d k in u and v. Draw r V x perpendi- 
cular to D K. Then the right angled parallelogram 
w R V X is equal to the given circle a d e k, and a 
mean proportional between the licles w R v is the 
fide of the fqiiare required. 

For with c as a center^ and c b as a diftance^ let the 
circle g b i be defcribed^ and let it meet d k in g and 
I. Then^ by the Cor. to Prop. III. the quadrantal 
arch B G is equal to c d, and the quadrantal arch b i is 
equal to c k. Again, by the above conftruftion^ d b, 
w E are parallelograms^ and therefore (34. i.) d p is 
equal to c and w r is equal to c e. The triangles 
c D c w R are alfo equiangular, (29. i.) and there- 
fore (4. vi.) D p : w R : : c D : c \v. Confequently, 
by Cor. 2. to the Lemma in this fe£lion, (and 35. v.) 
the quadrantal arch d e is equal to c w, and for the 
fame reafons the quadrantal arch k e is equal to c x ; 
and therefore w x is equal to half the circumference of 
the circle adek. The right angled parallelogram 
w R V X is therefore, by Cor. i. to the Lemma in this 
feftion, equal to the circle adek; and a mean pro- 
portional (13. vi.) being founds it will be equal to the 
fide of the fquare required. 

Cor. It is evident, from the Cor. to Prop. III. and 
Cor. I. to the Lemma in this Seftlon, that the right 
angled parallelogram d p a k is equal to the circle 

G B I. 
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SECTION IV, 
Of Cycloids^ 


DEFINITIONS, 


If the circle awe roll along the flralght line A b fo 
that every part of the circumference may touch it in 
regular fucceffion, and if at the commencement of the 
revolution of the circle it touch a b in and if du- 
ring the revolution the point a remain fixed in the cir- 
cumference, and at the end of it meet the flxaight line 
m the curve a v b defcribed by the point a, during 
the revolution, is called a (yclmd. 


The circle A w e is called the Generating Circle of 
the cycloid. 

in. 

The ftraight line A b is called the Mafe of the cy- 
cloid. 

Cor. As every part of the circumference of the cir- 
cle touches the bafe, in regular fucceffion, the bafe of 
the cycloid is equal to the circumference of the gene- 
rating circle. 

IV. 

The ftraight line h v, bifeaing the bafe a b at right 
angles and meeting the curve in v is called the Axis of 
the (peloid/ 

V. 

The point v is called the Vertex of the cycloid. 

VI. 

A firaight line drawn from any point in the curve 

per- 







perdendicular to the axis is called an Ordinate to the 
axis ; and the fegment of the axis between the vertex 
and an ordinate is called 2Ln Abfcifs* 

PROP. 1. 

During the revolution of the generating circle its center 
deferibes a firaight line equal to the hafe of the cycloid ; 
a7id the axis of the cycloid is equal to the diameter of 
the generating circle 

For^ the reft being as in the Definitions^ let c be the 
center of the generating circle, and a e the diameter . 
pafling through a. Then as the circle a w . e always 
touches the ftraight line a b, the center c is at the 
fame diftance from a b throughout the revolution, and 
therefore it muft deferibe a ftraight line. At the com- 
mencement of the revolution, and alfo at the end of it, 

A c- (i5. iiiv) is perpeadicular tO A b, and therefore it 
is evident that if thefe perpendiculars and the line de- 
feribed by the center were drawn, a parallelogram 
would be formed, of which the line deferibed by the 
center and a b would be oppofite fides. The ftraight 
Tine deferibed by the center is therefore equal to the 
bale df the cycloid. Laftly, let a w e be the pofltion 
of the generating circle at the beginning of the revo- 
lution, and then it is evident,. from the firft five Defini- 
tions, that at the middle of the revolution the point k 
will coincide with H and the deferibing point A with 
y. The asis h v therefore of the cycloid is equal to 
the diameter of the generating circle. 

Cor. A circle deferibed on the axis of a cycloid is 
equal to the generating circle. 
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OF CYCLOIDS. 

PROP. IL ‘ 

jin '~or3;i7iale drazurt from any point in the cycloid to the 
axis is equal to the arch of the generating circle^ de- 
fcribed on the axisy beUveen the vertex and ordinatcy /o- 
getber zuith the fine of the fame arch. 



Fig. JO. From any point f In the cycloid a v f b let f m be 
drawn an ordinate to h v the axis^ and let it cut the 
circle v p h defcribcd on the axis in the point p 5 the 
ordinate f m is equal to the arch v p, between v the 
Tertex and the ordinate^ together with p m the fine of 
the fame arch. 

For let s F L X reprefent tlie generating circle when 
the deferibing point coincides with and in this 
fituation let t denote its center^ and let i. be the 
point in which it touches a b. Draw the diameters 
L T F T and let L T s meet f m in n. Then s l 
(18. iii.) is perpendicular to a b 5 and, as f m is per- 
pendicular to V M L is a parallelogram, and therefore 
(3:4. i.) M H is equal to N l, and m n is equal to H l. 
But, from the Cor. to the third Definition, the femi- 
circle I L F is equal to xi B half the bafe, and from 
the defcriptioti of the curve the circular arch l f is 
equal to the remaiuing part l b of the bafe. Confe- 
quently h L is equal to the arch i l, or to its equal 
{a6. iii.) s F ; and as h m, l n are equal, it is evident 
(from Cor. 8. vi.) that m p is equal to N Wy and 
the arch v. p equal to the arch s f. The arch v p is 
therefore equal to m N ; and as n f is equal to p m, tlue 
ordinate f m is equal to the arch v P together with 
p H the fine of the fame arch. 

I 

Cor. The equation of the cycloid is immediately 
obtained from the above. For put fm the arch 
V r = Zy and p M = Sy and -then x; 4- 5 the equa- 
tion, of the curve. 
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■IV. 


24 - 


Let AW E be a circle in which c is the center, A e Fis- 21. 
a fixed dianictcr, and d a point in A e or m A e pro- 
duced ; and let tlie circle a w e roll along the ftraight 
line A B fo that every part of the circumference may 
touch it in regular fucceffion from the beginning of 
the revolution at A to the end of it at b ; the curve 
V V u deferibed by the point t> during the revolution 
is called a Cnrfah- Cycloid if the point D be withont 
the circle as in Fig. 21. but if d be within the circle 
as in Fig. 24. tlte curv^e d V f G- is called a Prolate or 
JitflcClcd Cycloids 

VITI. 

The cin:lc a av e is called the Generating Circle ci- 
ther of the Curtate or Prolate Cycloid. 

IX. 

Tlie flraight: line d Cr joining the points in which 
the generation of the citrve begins and ends is called 
the Bafc of eitlier of the two Cycloids. 

X. 

The flraight line k v bilefling the bafe d G at right 
axiglcs and meotlng the curve in v is called the 
and the point v is called the Vertex of either of the 

t.vvo cycloids. , 

XI. 

A ftraight line drawn from any point in the enrve 
perpendicular to the axis is called an Ordinate to the 
axis; and the fegment of the axis between the vertex 
and an ordinate is called an yJbfcifs. 

PROP. in. , 

In either the curtate or prolate cycloid the bafe ts eqt^l to 
the circumference of the generating circle i md the 
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SECT. 

IV. 


Fig. at. 


curtate cycloid the axis is greater^ hut in the prolate it is 
lefsy than the diameter of the generating circle. 

For the reft remaining as in the Definitions, the ge- 
nerating circle both at the beginning and end of the 
revolution touches the flraight line a b ; and therefore 
DAB (r8. iii.) is a right angle. And, as at the end of 
the revolution A d is reprefented by b g, b g is equal 
to A D, and A B G is a right angle. Confequently 
(28. i.) AD, BG are parallel, and therefore (33. i) 
AB, D G are equal and parallel. But as the revolution 
of the generating circle begins at a and ends at B, the 
circumference of the circle is equal to a b, and there- 
fore the bafe d g is equal to the circumference of the 
generating circle. Again, as R v bifedls d G at right 
angles, r h is parallel to d a or g b, and therefore A b 
is bifefted in i-i, and a h is equal to half the circumfe- 
rence of the generating circle. Confequently in tlie 
middle 'of the revolution the point e will coincide 
with H, and the diameter e a as to polition will coin- 
cide with the axis n v. Hence it is evident, that in 
the curtate cycloid the axis r v is greater than the dia- 
meter of the generating circle by the double of A d | 
but in the prolate cycloid the axis r v is lefs than the 
diameter of the generating circle by the double of 

A D. 

Cor, From the above it is evident that in the middle 
of the revolution the center of the generating circle 
bifedls the axis r v ; and it is alfo evident that during 
the revolution the center of the generating circle is at 
the fame diftance from the bafe d g. 

PROP. IV. 

If an ordinate he drawn from ary point in the curtate or 
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prdaie cychid to the axis and cut a circle defcrihcd on 
the axis as a diameter^ the arch of the circle between 
the vertex and ordinate will be to the fegment of the or^ 
dinate between the cycloid and circle as the ciremTfermee 
of the circle to the lafe of the cy cloids 

Let D V G be a curtate or prolate cycloid, of which 
D G is the bafe, r v the axis, and v the vertex, and 
from any point p in the cycloid let p m be drawn an 
ordinate to the axis, and let it cut the circle v p r, de- 
Icrlbed upon v r as a diameter, in p ; the arch v p is 
to the fegment f p as the circumference of the circle 
V p R to the bafe d g. 

For, the reft remaining as in the Definitions, let x 
be the center of the generating circle when the de- 
fcrlbing point d coincides with f. Through t draw 
the firaight line s l a perpendicular to d g, and let it 
meet a b in l. Then, as a b, d g are parallel, t l is 
perpendicular to a b ; and, by the Cor. tb the preced- 
ing Prop, and the defeription of the curve, t t is equal 
to the radius of the generating circle, and t a is equal 
to the radius of the circle v p r. Through the points 
F and T draw the flraight line f k i. With t as a 
center and t <i as a radius let the circle s f a k be de- 
feribed ; and with the lame center and t l as a radius 
let the arch l i be deferibed. Then, for the fame rea- 
fons as in the demonftration of the fecond Propofidon, 
M L is a parallelogram, p f is equal to h l, and the 
arch V p is equal to the arch s p. But the arch s f 
{% 6 . iii.) is equal to the arch a k ; and as x l is equal 
to c a, from the generation of cither cycloid, the arch 
L I is equal to the ftraight line h l. Again, as x a ic, 
T L I are fimilar fe&ors, by Cor. e. and 3 . to the Lem- 
ma in the preceding Se 6 Hon, (and ii. v.) the arch k a 
: the arch l i : : circumference of the circle $ r a K : 

the 
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OP CYCLOIDS* 


the circumference of the circle l i. Confeqiiently, on 
account of the equals^ the arch.v p the fegoiciit f p 
‘i: : the circumference of tlie circle v p r : the bafc d g. 


Cor. The equation of the curtate cycloid^ and alfo 
that of the prolate cycloid, is obtained from the above. 
For put a = the circumference of the circle- v p r, Z? = 
the bafe d g, « == the arch y s ^ p and ji' = f m ; 


hz 


ConfequentlyjK = 


hz. 


and then a \ h i i % i — = p F. 

^ a . ^ a 

-f 5, the equation of the curtate and alfo that of the 
prolate cycloid* . 
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s ECTION V. 

OJ' the Logarithmic Curve. 


13EFINITIONS. 

L 

If in the flraight line x of an unlimited lengthy Fig. 
fegments A b Sec. be taken equal to one an- 

other, but indefinitely fmall, and if from the points of 
fefitloii perpencdicula-rs a Ej b f, c g, d h Sec. be drawn, 
and be in geometrical progreffion ; the perpendiculars 
will be indefinitely near to one another, and the line 
drawn tbrougli.' their extremities e, f, g, h. See. is 
called the JL.og'o^rithmtc Curve, 

JI. 

The ftraight line :x y is called the jixis to the loga- 
rithmic curve, and the perpendiculars ae, b f, c g, 

B H, &c. are called Ordinates to it. 

PROPOSITION. 

Tbe^axis is cin a/^^7nptote to the logarithmic curve. 

For, the reft remaining as in the Definitions, let tire 
ordinates b f- o g, r> h, he. on the right of a e conti- 
nually increafe 5 and, the fegments aJ, cdy &c. in 
the axis being equal to one another, and each equal to 
A B, let the ordinates eg, dhj he. on the left of 
A E continaally decreafe; that is, let b f be to a e as 
A K to h f, and let A E, eg, dh, he. be in geo- 
metrical progreffion ^ Then ending the firft rank, and 
beginning the fecood with ordinates equally diftanl 
from A E, we have tlie two following ranks of magni- 
tudes proportioi^al taken two and two in the fiime ^der, 

.... S . A 

* . ■ 
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Ae:BF:CG:dh 
dh : c g i bf ■. XV., 

and therefore (aa. v.) a e : d h : wf /j : a e ; or d h : , 

xv. X B : d b. Hence it is evident that the re>5f- j 

angle under any two ordinates equally diftant from a e i 

is equal to the fquare of a e ; and therefore if an ordi- * 

nate on the right of a e be indefinitely great, an ordi- 
nate on the left of A e, and equally difiant from it, will 
be indefinitely fmall, but it can never become equal to j 

nothing, or vanifli. Confequently the axis x Y is an ! 

afymptote. i 

SCHOLIUM. 

As A A c, A D, &c. conflitute a feries in arithme- 
tical progrefGon, and a E, b r, c G, d h, &c. a corre- 
fpondlng feries in geometrical progrefiion, the fegments 
A B, A c, A D, See. are analogous to a feries of natural j 

numbers, and the ordinates b f, c g, d ii, &c. are ana- f 

logons to the logarithms of thele numbers. The curve 1 

is named from thefe analogies. 

The equation of the curve is deduced from the firft j 

Definition, in the following manner. Put a e = i, j 

B F = ay and then i i a z z a z ^ cq^ and a i z i I 

: <3^ = D H, See. Hence it is evident that if x de- ^ 

note any number of equal parts a b, b c, c d in the 
axis, then will be equal to tlie ordinate drawn 
through the extremity of the fegment in the axis de- 
noted by x-y and therefore if this ordinate be put equal 
tojy then = jr, which is the equation of the curve. 

The logarithmic curve, on account of its equation, 
is aifo called an Exponential Curve ^ ^ 
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OF SPIRALS. 


SECTION VI. 

OJ" the Logarithmic Spiral. 


DEFINITIONS. 

1 . 

f any nurober of ftraight lines CA, CB, CD, ce, &c. Fig. 23; 
wn from the point c within the curve A b d e con- 
i equal angles with it, the curve is called the Loga^ 
mic Spiral. 

ir. 

"he point c is called the Center of the Logarithmic 
al ; and any ftraight line drawn from the center to 
curve is called an Ordinate. 

PROPOSITION. 

' number of ordinates of the logarithmic curve are in 
eometrical progreffion^ if they contain equal angles at. 
he center. 

cCt AB D E be a logarithmic curve, of which c is 
center and c a, c b, c d, c e, &c. ordinates, and let 
angles A c B, b c d, d c e, See. be equal to one 
:her ; the ordinates c a, c B, CD, c e. See. are in 
aietrical progreffion. 

or let the angles a c b, b c d, d c e, &c. be indefi- 
ly fmall, and then the portions a b, r d, d e, &:c. 
le curve may be coufulercd as ftraight lines, and as, 
s 2 by 


r o 
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T, by the firft Definition^ the angles c a cbd^ cde, 
&c. are equals the triangles a c b, bcd^ d c &c. are 
equiangular. Confequently (4. vi.) a c : b c : : b c : 
b c ; and b c : d c : : d c : e c. The Propofition is 
therefore evident. 

Cor. I. If the ordinates b c, d c, e c. See. on the 
right of A c fuccellively increafe, the ordinates b c^dc^ 
e &c. on the left of a c will fucceffively decreafe. 
For the reft remaining as above, if the angles a c r, 
Ach^b c equal to one another, it may be 

proved as above that b c : a c : : a c : ^ c, and a c : 
hex : b C i dCy &c. 

Cor.. 2. It may be proved, as in the logarithmic 
• curve, that a c is a mean proportional between ordi- 
nates equally diftant from it ; and therefore as the lo- 
garithmic curve cannot meet ^its afymptote at any af- 
figned diftance, fo the logarithmic fpiral cannot fall in- 
to its center at any affigned number of revolutions. 

SCHOLIUM. 

As the angles a c e, a c d, ace, &c. conftitute a 
feries in arithmetical progreffion, and the ordinates ac, 
B c, D c, E c, &c. a feries in geometrical progreflion, 
the ordinates are analogous to natural numbers, and the 
angles to their logarithms ; and from this confideration 
the fpiral receives its name. 

If a c be put = I, B c = = any angle in the 

arithmetical feries, and j/ = the correfponding ordinate, 
then = jr, the equation of the logarithmic fpiral, for 
the fame reafons as ftated in the fcholium on the loga- 
rithmic curve. ‘ 
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vSECTION vir. 

Of the Spiral of Archimedes. 


DEFINITIONS, 

I. 

If the ftraight line c l revolve in a plane about one i 
of its extremities c as a center, with an uniform velo- 
city, and if at the commencement of the revolution a 
point begin to niov^’c from c and proceed in c l to- 
wards L with an uniform velocity, the line deferibed 
by the point moving in c l is called the Spiral of 
chimedcs. 

IL 

The line c g a deferibed in the firft revolution of 
c L is called the Firjl Spiral ; the line A H B deferibed 
in the feccnid revolution of c l is called the Second Spi-- 
rai 5 tlie line B K n deferibed in the third revolution 
of c L is called the Third Spiral^ &c. 

III. 

If A be a fixed point in c n, and'C A be the didance 
moved over by the deferibing point during the firfi: re- 
volution, the circle deferibed by the point A during 
the revolution is called the Generating Circle ; and 
the point c is called the Center of any one of the Ipi- 
rals. 

IV. 

A ftraight line drawn from c to the point in which 
any one of the fpirals ends is called the Axis of that 
fpiral I and a ftraight line drawn from c to any othey 
point in the fpiral is called an Ordinate. 

s 3 
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OP THE ARCHIVED E AH SPIRAL. 

PROP. L 

If a7Z ordinate he drawn to any 'point hi thcfirfi fpiraf 
and he produced till it cut the generating circle^ the or-- 
dinate will be a fourth proportional to the circumference 
of the generating circle^ the axisj and the circular arch 
generated from the hcginnhig cf the revolution to the 
point oj JcBlon* 

Let A G be an ordinate to the lirll- fpiral a g of 
which B K H z is the generating circle, and a being 
the center, let a b be the axis, and let a g be produced 
and cut the circle in h ; the ordinate a g is a fourth 
proportional, to the circuniference b k u z, the axis 
A B, and the circular arch b k ir, generated from the 
beginning of the revolution to ii the point of fecStion. 

For the line in which the fixed point .b is fituated 
revolves about a with an uniform velocity, and the 
point deferibing the fpiral moves from a towards b 
with an uniform velocity, according to the third and 
firft Definitions. The circumference of the circle 
therefore and the axis a b are deferibed by uniform 
velocities in the fame time; and for the fame reafons 
the arch b k h and the ordinate a g are deferibed by 
the fame uniform, velocities in the fame time. But 
fpaces deferibed by the fame uniform velocity are to 
one another as the times in which they are deferibed, 
and therefoie the circumference of the circle b k h z 
is to the arch e k h as the time of one revolution to 
the time of deferibing the arch b k h, and a b is to 
A G as the fame portions of time are to one another. 
Confequently (it. v. and alternation) the circumfe- 
rence of the circle b k h z is to the axis ab as the arch 
B K H to the ordinate a g. 

Cor. I. Tlie reft remaining, if a f another ordinate 
be produced and cut the generating circle in z, by the 

above 


Lyor. 1^. a.xis ot the tint ipiral, or^ which is tne 

fame thing, the T-a.dius of the generating circle, be put 
equal to r, the oircuniference of the generating circle 
equal to c, any a.rch b k h from the axis equal to 
and the correfportding ordinate a g equal to ji', then 
rz 

c : r : : z : ~ ~ the equation of the firft fpiral. 

PROP- IT. 

yf/z ordinate dra^z^y^, fo any point in the fecond fpiral is a 
J^ourth proportioTzczl to the circumference of the generating 
circle^ the Taclzzz,s of the circle^ and the fum of the cir-^ 
cumfererice of circle and its arch generated from the 

beginning of tZ>4e 'i'' evolution to the ordinate. 

Let A E be an ordinate drawn to any point e in the Fig. 
fecond fpiral be: i> m, and let it cut the generating 
circle b K H z in h. Let a be the center and a m the 
axis, and conleq^nently the lituation from which the 
revolution begins. The circumference b k h z of the 
generating circlo is to its radius a b as the fum of the 
circumference b 3ec n z and the arch b k h to the ordi- 
nate A E. 

For^ as A Jj revolves with an uniform velocity^ the 
circumference b k: h z is to the fum of the circumfe- 
rence B K H z aodi the arch b k h as the time of one 
revolution to the time in which the circumference and 
the arch b k h: are generated by b the extremity of 
the radius. And thefe portions of time are to one an- 
other as the radiias a b to the ordinate a e, as the point 
moving in A l vs/itli an uniform velocity pafles over a b, 

A Ein thefe portions of time refpe&ively. Confequently 
(II. V. and alternation) the circumference bkhz : 

the 
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SECT, the radius ab : : the circumference b k h z -f the arch 
B ic H : the ordinate a e. 

Cor, I. The reft remaining as above^ if a d another 
ordinate to the fpiral b e d m cut the generating circle 
in Z5 then, by the above, (and ii. v.) the circumfe- 
rence B K H z + the arch b k h : a e : : the circum- 
ference B K H z + the arch b k z : a d. 

Cor. 2 . Put c = the circumference of the generating 
circle, r = its radius, = the ordinate a e, and z = 
the, arch b k h ; and then, by the Propofition, c + z : 
jr : : c :ry and therefore the equation of the fecond fpi- 
ral is r X + z = cjy. 

Cor. 3. If r denote the circumference of the gene- 
rating circle, r its radius, jr an ordinate drawn to any 
point in the nth fpiral, and z the arch of the generat- 
ing circle generated from the beginning of the revolu- 
tion to the ordinate, it may be proved, as above, 
that c : r : : w — i x c 4- ^ •’ J'. Confcquently r x 
nc^c4-z±=cj/ is a general equation for any one 
of the fpirals of Archimedes. 

Cor. 4. The reft of the notation remaining as above, 
let an ordinate v contain an angle with the ordinate j, 
and let d denote the arch in the generating circle 
■which ineafures this angle. Let z denote an arch of 
the generating circle, generated from the beginning of 
the revolution to the ordinate y ; and let the ordinate 
Y and the ordinate x contain an angle equal to the an- 
gle contained byj^ and and confequently alfo mea- 
sured by an arch d in the generating circle. Then by 
tbelaft Cor. (and ii. v.) tz — i x c + z :jy : :n'^ x 
c+z + d:*ir::n----xxc-l-z : .1 xc+z 

4- d : x and therefore;^ by Lemma X. page 154. (and 
Zi. V.) d w M d i X y, Confequently (14. v.) 

the 


OP THE ARCHIMEBEAN SPIRAL. 

the excefs of ^ above j. is equal to the excefs of 
above y. 

Cor. 5 . From the laft Cor. it is evident, that if any 
number of o dinates contain angles which conffitute a 
fenes m arithmetical progreffion, the ordinates them- 
felves will be m arithmetical progreffion. 
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SECTION VIIL 

Of tie Hyperbolic or Reciprocal Spiral. 


DEFINITIONS. 

r. 

If with one of the extremities of the firalght line 
c L, as a center and diftances c a, c b, c d, &c. in c l, 
arches of circles a g, b h, d &c. be defcribed, and 
if thefe arches be equal to one another^ and indefinite- 
ly near; the curve G h i, &c. drawn through their ex- 
tremities is called the Hyperbolic or Reciprocal Spiral. 

II. 

The ftraight line c l is called the Axis of the hyper- 
bolic Ipiral, the point c its Center^ and any ftraight 
line c K drawn from the center to the curve is called 
an Ordinate. 


PROP. L 

In the hyperbolic fpiral any tzt'O ordinates are reciprocally 
to one another as the angles they contain with the axis. 

Let E G I be a hyperbolic fpiral, of which c is the 
center, c l the axis, and c i, c g any two ordinates ; 
c I Is to c G as the angle l c g to the angle l c i. 

For Jlet the circular arches g a, i d be deferibed, 
and let them meet the axis in a and d . Let c g pro- 
duced meet the arch r> i produced in m ; and then as 
B c M, A c G are fimilar fe6tors, by Cor. 3. to the 
Lemma in the third feftion, c d : c a : : the arch d m : 
the arch a g. But c i is equal to c d, and c g to ca, 

^ and 
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^nd by the firft Definition the arch a g is equal to the S E b X.' 
arch D I ; and therefore c i : c g : : the arch d m : the 
arch D I. Again (33. vi.) the arch d m : the arch d i 
: : the angle d c m or l c g : the angle d c i or l c i. 
Confequently (i i. v.) c i is to c g as the angle l c a 
to the angle l c i. 

Cor, Every thing remaining as above^ let c i be a 
given ordinate^ and put it equal to r ; put the arch d i 
= ^5 c G = j/, and the arch d m = 2;. Then, by the 
abovCj r :j : : z : and ar z^ the^equation of the 


PROP. IL 

IfJ'rom the center of aii hyperbolic fpiral a Jlraight line he 
drawn at right angles to the axis and equal to one of 
the circular arches intercepted between the curve and 
axisy a Jlraight line drawn through the extremity of this 
perpendicular parallel to the axis will be an afymptoic 
to the curve, 

- Let E G I be an hyperbolic fpiral, of which c is the 
center and c l the axis, and let the flraight line c b at 
right angles to c l be equal to i d any circular arch 
intercepted between the curve and the axis ; the 
ftraight line B f drawn through b parallel to c l is ar\ 
afymptote to the curve. 

For through i draw n f parallel to c b, or perpendi- 
cular to c L, and let it meet b f in f ; and then n p 
(34. i.) is equal to c b, and therefore equal to the arch 
i> I. But the arch d i is greater than its fine n i, and 
therefore the point f in b f is without the curve* 
Again, from the preceding Propofition it is manlfeft, . 
that if the ordinate c i be indefinitely great when com- 
pared to another ordinate c g, the angle d c i is inde- 
finitely fmall when compared to A c g 5 and when an 

angle 
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angle is indefinitely fixiall, the excefs of the arch which 
meafures it above its fine is lefs than any afiigned mag- 
nitude. Conrequently as i p is the excels of the arch 
D I above its fine n if the curve e g i be continued 
till the angle d c i become indefinitely finally the dif- 
tance i p of the curve from b f will be lefs than any 
afligned magnitude. The ftraight line b F is therefore 
an alymptote to the curve. 


THE END. 





